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Abstract

This thesis addresses the problem of the optimal timing of investment decisions. A
number of models are formulated and studied. In these, an investor can enter an
investment that pays a dividend, and has the possibility to leave the investment,
either receiving or paying a fee. The objective is to maximise the expected dis-
counted cashflow resulting from the investor’s decision making over an infinite time
horizon. The initialisation and abandonment costs, the discounting factor, and the
running payoffs are all functions of a state process that is modelled by a general one-
dimensional positive It6 diffusion. Sets of sufficient conditions that lead to results of
an explicit analytic nature are identified. These models have numerous applications
in finance and economics.

To address the family of models that we study, we first solve the discretionary

stopping problem that aims at maximising the performance criterion
E, [6_ i T(XS)ng(Xr)l{moo}

over all stopping times 7, where X is a general one-dimensional positive It6 diffusion,
r is a strictly positive function and g is a given payoff function. Our analysis, which
leads to results of an explicit analytic nature, is illustrated by a number of special
cases that are of interest in applications, and aspects of which have been considered
in the literature and we establish a range of results that can provide useful tools for

developing the solution to other stochastic control problems.

il
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1. INTRODUCTION

We formulate and solve a number of stochastic optimisation problems that are con-
cerned with the optimal timing of investment decisions. In the course of our analysis
we investigate the solvability of an ordinary differential equation, which plays a fun-
damental role in solving the associated Hamilton-Jacobi-Bellman (HJB) equations,
and we solve a discretionary stopping problem, which is closely related to our in-
vestment models.

An investment is characterised by making a known payment in order to receive
an unknown cashflow in the future. The holder of an investment may relinquish
the cashflow once it has been initiated, for example, if the payoff of stopping is
greater than the expected value of future cashflows. A simple example could be the
decision to buy an equity, which has a transaction cost. Holding the equity gives
the investor a dividends stream. If the investor feels that the equity is undervalued,
and the current market price is less than the net present value of future dividends,
they would buy the equity. Alternatively, if the investor held the equity and it was
overvalued, they would sell it. The investor could repeat the process any number of
times. Another example could be the decision to build a production facility, which
will have a cost but will provide an income based on the demand for its product. At
some point in the future the demand for the product may fall or, equivalently, more
producers may enter the economy, and so the cashflow generated by the facility
becomes negative. At this point, the investor may be tempted to abandon the
production facility, which could incur a cost. This type of decision may be only
possible once. As the investor is under no obligation to either initiate an investment

project or to abandon an existing project, we describe the problem as discretionary.
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The motivation for the thesis came about whilst the author was working in
industry and so called “real options” models were being promoted, with the classical
real options model being that introduced by McDonald and Siegel | ]. The

problem considered aims to choose the stopping time 7 that maximises
E, [(e7"X, - K)].

The model addresses the question of when is it optimal to initiate an investment
project, the value of which is modelled by the state process X and initiating the
project incurs a cost K, while r is a discounting rate. This model is closely related
to the widely studied perpetual American call option, first considered by Samuel-
son | ] and McKean | . When X is modelled by a geometric Brownian
motion a result of this model is that an investor in a project would either act im-
mediately, or, wait forever. This strategy is counter-intuitive to managers, whose
gut feeling tells them there are some projects that should be initialised at some
trigger level. The author was interested in whether generalising the payoff, state
process dynamics and discounting would result in more intuitive results, and how
cases where a stopping boundary, the boundary between stopping and continuation
regions, could be identified from the problem data. Another limitation of the ap-
proach taken by McDonald and Siegel was that X represents the net present value
(the discounted sum of all future cashflows) of the project. It would be preferable
to develop models that represented the whole life of the investment, of initiation,
running and abandonment. Once the partially reversible problem of initiating and
then abandoning a project is solved in a general setting, it becomes a relatively
straightforward exercise to address the reversible investment problem in a general
setting.

Models relating to single entry and exit problems have been studied in the con-
text of real options by various authors. For example, Paddock, Siegel and Smith
[ ] and Dixit and Pindyck [ , Sections 6.3, 7.1] adopt an economics per-
spective. More recent works include Knudsen, Meister and Zervos | |, who

generalise Dixit and Pindyck’s model, but consider the abandonment problem alone,
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and Duckworth and Zervos | |, who extend Knudsen, Meister and Zervos to in-
clude the initialisation problem. In fact, the model studied by Duckworth and Zervos
[ ] can be seen as an extension of a fundamental real options problem introduced
by McDonald and Siegel | ], which is concerned with determining the value of a
firm when there is an option to shut down. McDonald and Siegel [ | implicitly
considered the payoff being the discounted future cashflows of the project, Knudsen,
Meister and Zervos | | explicitly model these payoffs in solving the abandon-
ment problem, and Duckworth and Zervos | | combine the two approaches. All
these papers assume that the underlying state process is represented by a geometric
Brownian motion, and that the entry and exit costs as well as the discounting rate
are all constants.

With regard problems involving sequential entries and exits, Brekke and Qksendal
[ | analyse a general model, without providing explicit results. Duckworth and
Zervos | | consider the special case where the state process is represented by a
geometric Brownian motion, the entry and exit costs as well as the discounting rate
are constants, and they provide explicit results. Other authors, such as Lumley and
Zervos | |, Hodges | |, Pham [Pha] and Wang | |, consider related
problems.

The objective of this thesis is to study general investment models with a view to
obtaining results of an explicit nature. We consider models where the state process
driving the economy is modelled by general one-dimensional Ito diffusions, rather
than specific diffusions such as a geometric Brownian motion. We assume that
the costs associated with taking or leaving the investment and the cashflow of the
investment are deterministic functions of the state process. In addition, there is
discounting, which again may be state dependent, and the investor has an infinite
time horizon. Within this general context, we consider two investment models. In
the first one, only one entry and/or exit into the investment may be made, this is
closely related to “real options” problems were the decision is not reversible. In the
second one, any number of entries and exits can be made and is more closely related
to general investment problems. In addressing our objective, results are obtained

that are useful not only in addressing optimal stopping problems but also in solving
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more general stochastic control problems.
In the models we study there is some stochastic process that represents the state
of the economy, such as the price of an equity or the demand for a product. We

model this state process, X, by the one-dimensional Ito diffusion
dXt = b(Xt) dt + O'(Xt) dVVt, XO =T > O,

where W is a standard, one-dimensional Brownian motion, and b, o are given deter-
ministic functions such that X; > 0, for all ¢ > 0, with probability 1. Generalising
the existing theory so that it can account for stochastic processes modelled by gen-
eral Ito diffusions is motivated by a wide range of practical applications. These
include financial and economic applications where the assets exist in equilibrium
market conditions and tend to fluctuate about some long-term mean level, rather
than, on average, grow or fall exponentially, as modelled by a geometric Brownian
motion. Such assets include interest rates, exchange rates and commodities, where
there is empirical evidence of mean-reversion (e.g., see Metcalf and Hassett | ]
and Sarkar | ]). Considering general It diffusions also facilitates modelling of
non-financial applications, such as those found in biological systems.

Introducing state dependent discounting enables a more realistic modelling frame-
work of decisions. In the context of financial decision-making, the discounting rate
accounts for the time-value of money, for the associated investment’s depreciation
rate and for the likelihood of the investment’s default. In view of this observation,
discounting should reflect the effect of the economic environment on the likelihood of
default of an investment project, which may well be related to the underlying asset’s
value or demand. Specifically, if a firm’s income relies on the price of one product,
they will find their borrowing costs higher if the price of that product falls. In a
biological setting, state dependent discounting reflects the dependence of extinction
likelihood on the environment.

State dependent payoffs are motivated by a number of applications. First, they
allow for utility based decision making, which, apart from the work of Henderson and

Hobson | ], and despite its fundamental importance, has hardly found its way
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into real options theory. Second, they allow for financial modelling based on non-
monetary state processes, for example, when the underlying process is the demand
for a product, which may be appropriate if the demand for a product can be modelled
more easily than the product’s price. Third, state-dependent payoff functions are
useful when dealing with cases where inputs are a finite resource. For example,
consider the case where a financier has decided to invest in a widget production
facility, because the price of widgets is high. In this situation, one would expect
there other financiers to be investing in other widget production facilities, and, if
widget producers are a scarce resource, their cost may go up. Within this general
framework, we identify the investment strategies that are optimal, depending on the
dynamics of the state process as well as the structure of the payoff functions and
the discounting factor.

To address the investment problems that we study, we first solve the discretionary

stopping problem that aims to maximise

t
E, [e‘A*g(XT)l{KOO}}, where At:/ r(Xs)ds,
0

over all stopping times 7, where r is strictly positive and g is a given payoff function.
This stopping problem is related to perpetual American options whose payoff is
given by g. One of the attractive features of perpetual options is that one can
obtain explicit analytic expressions for their values and they are important in the
theory of finance because their prices provide upper bounds for the corresponding
finite maturity options. In addition, our analysis provides the prices of perpetual
American “power” options, which have been studied in discrete time by Novikov
and Shiryaev | |, for a range of underlying asset price dynamics.

The theory of optimal stopping has numerous applications and has attracted

the interest of numerous researchers. Important, older accounts of this theory in-

clude Shiryaev | |, El-Karoui | | and Krylov | ] , while more recent
contributions include Salminen | ], Davis and Karatzas | ], Oksendal and
Reikvam | |, Beibel and Lerche | ], Guo and Shepp | |, Dayanik and

Karatzas | | and Alvarez | |]. We solve the problem that we consider by
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means of dynamic programming techniques, specifically we employ Bellman’s prin-
ciple to identify a variational inequality, we verify that the solution to this equation
identifies with the value function of our stopping problem and we provide a solution
to the variational inequality by appealing to the so-called smooth pasting princi-

ple. This is an approach that differs from the one taken by, for example Beibel

and Lerche | |, who use a martingale technique to identify the free-boundary
between the continuation and stopping region, or Dayanik and Karatzas | ] and
Alvarez | |, who employ r-excessive functions.

In order to address our investment models in a general setting the solution of
the ODE

%(72(56)11)//(1') + b(x)w'(z) — r(z)w(z) + h(z) =0, = €]0,00].

needs to be understood. This understanding is developed in Chapter 2. Many of
the key results, in Section 2.4, were developed in the course of studying the discre-
tionary stopping problem presented in Chapter 3, and can be best appreciated in
hindsight. In particular, the importance of the transversality condition, introduced
in Section 3.2, in enabling explicit results to be obtained cannot be understated.

Once we have the results from Chapter 2, we solve the discretionary stopping
problem in Chapter 3. We solve this stopping problem under general assumptions
on the underlying state process X, the payoff function g and the discounting rate r.
We consider a number of special cases in Section 3.4.

The results of Chapter 3, in turn, can be applied in answering the investment
problems in Chapter 4. We presented two types of investment problems, in Sec-
tion 4.3 we addressed cases where there the structure of the problem prevents de-
cisions from being reversed, and they could all be re-cast as versions of the dis-
cretionary stopping problem studied in the preceding chapter. In Section 4.4 we
considered the case where decisions could be reversed. However, even if a decision
can be reversed, it may not be optimal to reverse a decision, and in these circum-

stances the problems reduce to the problems studied in Section 4.3.



2. STUDY OF AN ORDINARY
DIFFERENTIAL EQUATION

2.1 Introduction

In this chapter we study an ODE that plays a fundamental role in our analysis in
the following chapters. The results of this chapter have applications not only in the
field of optimal stopping but also in more general control problems.

In Section 2.4 we study the solution to the non-homogeneous ODE

%0‘2(1’)1{}”(33) +b(x)w'(x) — r(x)w(z) + h(z) =0, x €]0,00], (2.1)

which is related to the variational inequalities we solve in addressing our investment
models. Prior to addressing the non-homogeneous ODE we investigate the solution
to the associated homogeneous ODE in Section 2.3. In Section 2.2 we consider a
positive one-dimensional It6 diffusion that is closely related with the ODE that we
use in solving our problems in Chapters 3 and 4.

Most of the results presented here have been established by Feller | | and
can be found in various forms in several references that include Breiman | ],
Mandl | |, It6 and McKean | ], Karlin and Taylor | ], Rogers and
Williams | ] and Borodin and Salminen | ]. Our presentation, which is
based on modern probabilistic techniques, has largely been inspired by Rogers and
Williams | , Sections V.3, V.5, V.7 | and includes ramifications not found in

the literature.
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2.2 The properties of the underlying diffusion

We consider a stochastic system, the state process X of which satisfies is modelled

by the positive, one-dimensional 1t6 diffusion
dXt = b(Xt) dt + O'(Xt) th, XO =T > O, (22)

where W is a one-dimensional standard Brownian motion and b, 0 :]0,00[ — R are
given deterministic functions satisfying the conditions (ND)" and (LI)" in Karatzas

and Shreve | , Section 5.5C], and given in the following assumption.

Assumption 2.2.1 The functions b,o :]0,00] — R satisfy the following conditions:

o*(z) > 0, for all x €]0,00],
LA [b(s))|

——d .
2(s) 5 < 00

for all x €]0,00][, there exists € > 0 such that /

r—e&

This assumption guarantees the existence of a unique, in the sense of probability
law, solution to (2.2) up to an explosion time. In particular, given ¢ > 0, the scale

function p. and the speed measure m.(dz), given by

pel(z) = / " exp (-2 / ) :522) du) ds, forz >0, (2.3)

2
me(dz) = de, (2.4)

are well-defined. In what follows, we assume that the constant ¢ > 0 is fixed.
We also assume that the diffusion X is non-explosive and the boundaries of the
diffusion at zero and infinity are inaccessible. In particular, we impose the following

assumption (see Karatzas and Shreve | , Theorem 5.5.29]).

Assumption 2.2.2 [f we define

wle) = [ [ple) = )] mta) (25

then lim, o ue(r) = lim, o0 uc(z) = 00.
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2.3 The solution to the homogeneous ODE

The objective is to show that the general solution to the ODE

1

is given by

w(z) = Ap(x) + Bo(x).
Here, A, B € R are constants and the functions ¢, 1 are defined by

1/EJe =], forz < c,
E,[e ], for z > ¢,
E,[e"A],  forx <c¢,

1/E.fe A=), forz > c.

respectively, with

t
At:/ r(Xs)ds.
0

502(x)w”(x) + b(x)w'(x) — r(x)w(z) =0, for z > 0.

(2.6)

(2.8)

(2.9)

Here, and in what follows, given a weak solution to (2.2), E, represents an expec-

tation with the diffusion starting at X, = z and given a point a € ]0, oo[, we denote

by 7, the first hitting time of {a}, i.e.,
7, = inf{t > 0| X} = a},

with the usual convention that inf ) = oc.

Since X is continuous, a simple inspection of (2.8) (resp., (2.9)) reveals that ¢

(resp., v) is strictly decreasing (resp., increasing). Also, since X is non-explosive,

these definitions imply
lim¢(z) = lim ¢(x) = co.

z|0 T—00

We also need the following assumption.
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Assumption 2.3.1 The function r :]0, 00[— |0, o[ is locally bounded.

One purpose of the following result is to show that the definitions of ¢, 1 in (2.8),

(2.9), respectively, do not depend, in a non-trivial way, on the choice of ¢ €0, oo[.

Lemma 2.3.1 Suppose that Assumptions 2.2.1-2.5.1 hold. Given any x,y €0, 00|
the functions ¢, 1 defined by (2.8), (2.9), respectively, satisfy

o(y) = ¢(@)Byle =] and ¢(x) = ¥(y)By[e ], forallz <y.  (2.10)

Moreover, the processes (e M ¢(X;), t > 0) and (e~ (X;), t > 0) are both local

martingales.

Proof. Given any points a, b, ¢ €0, oo[ such that a < b < ¢, we calculate

where the second equality follows thanks to the strong Markov property of X. In

view of this result, given any x < z < y, the choice a = x, b = z and ¢ = y yields
E,[e ] = B [e ™= ]E,[e" "],

which, combined with the definition of ¢, implies the second identity in (2.10). We
can verify the second identity in (2.10) when x < y < z or z < x < y as well as the
second identity in (2.10) by appealing to similar arguments.

Now, given any initial condition x and any sequence (z,) such that z < z; and

lim,, o0 , = sup |0, 0o[, we observe that the second identity in (2.10) implies
V(X)) y<n, 1 = Y(2,)Ex, [e Mn]1lpe,, 3, forall t > 0.

In view of this identity, we appeal to the strong Markov property of X, once again
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to calculate

B, [ (0, )[51] = ) [ O] Ly + o001
= e_At¢(Xt)1{t<TIn} + e_ATzn ¢(xn)1{Tzn <t}
— eiA(t/\Tzn)lp(Xt/\Tzn)'

However, this calculation and the tower property of conditional expectation implies

that, given any times s < ¢,

B [ Ko, 5] = B [Bs e Ko, |9 5]
_ e*As/\T;cn w (Xs/\mn )7

which proves that (e ™4 (X), t > 0) is a local-martingale. Proving that

(e*Atgb(Xt), t> 0) is a local-martingale follows similar arguments. O

We can now prove the following result.

Theorem 2.3.1 Suppose that Assumptions 2.2.1-2.5.1 hold. The general solution
to the ordinary differential equation (2.6) exists in the classical sense, namely there
exists a two dimensional space of functions that are C' with absolutely continuous
first derivatives, and that satisfy (2.6) Lebesque-a.e.. This solution is given by (2.7),
where A, B € R are constants and the functions ¢, ¥ are given by (2.8), (2.9),
respectively. Moreover, ¢ is strictly decreasing, 1 is strictly increasing, and, if the

drift b =0, then both ¢ and i are strictly convex.

Proof. First, we recall that, given | < x < m,

Pu(n < 1) = 2D = pelm) (2.11)

pc(l) - pc(m)

(e.g., see Karatzas and Shreve | , Proposition 5.5.22] or Rogers and Williams

[ , Definition V.46.10]). Also in view of the second identity in (2.10), we can
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see that

P(x) < P(m)Ey [r,cny] + ©m)Ey [e74 17 9]

= ?TJ 1{Tl<7'm}j| .

= P(M)Py(Tn < 71) + P(M)E, [E, [e7
Now, since X has the strong Markov property we can see that

E, [e_ATm

S’F,T_lj| 1{Tl<Tm} = B_A”]Ex |:6_A<Tm77'l)|9:7_l] 1{Tl<7'm}
0
= e lml{nqm},

with the last equality following thanks to (2.10). Combining these calculations we
can see that

(x) < Ym)Pu(tn < 71) + Y(DE, [ 1many]

< Y(m)Po(n < 71) + D(DP2( < 7Tn). (2.12)

Now, let us assume that b = 0, so that the diffusion X defined by (2.2) is in

natural scale, in which case p.(r) = x — ¢. Combining this fact with (2.11), it is
straightforward to verify that

x=1IP. (1 < ) + MP(70n, < 7).

However, this calculation and (2.12) imply that v is strictly convex. In this case,
we have also that

r—m

— (2.13)

P.(1 < ) =

Under the assumption that b = 0, which implies that 1 is strictly convex, we
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can use the Ito-Tanaka and the occupation times formulae to calculate

1 1

o) = [ P ds = v+ [ L 50t o) = apoto) do

T / ¢ (X)o(X,) dW,.

where ¢’ is the left-hand-side first derivative of ¢, u”(da) is the distributional second
derivative of ¢, and L is the local time process of X at level a. With regard to the

integration by parts formula, this implies

—Ae = (x te_As o 102(1 "(da) — r(a)y(a)da
) = o)+ [t [ et o) = (o)
+ / e M (X,) o(Xy) dWs.

Since (e7%(X;), t > 0) is a local-martingale (see Lemma 2.3.1), this identity
implies that the finite variation process () defined by

t 1 1
Qs :/0 e_ASd/m,oo[Lg () [502@ 1" (da) — r(a)p(a)da| , fort >0,

is a local martingale. Since finite-variation local martingales are constant, it follows
that () = 0, which implies

/ L{v(da) =0, forallt>0, (2.14)
10,00]
where the measure v is defined by

v(da) = %u”(da) — %. (2.15)

To proceed further, fix any points [ < a < m, define

Tm =1nf {t > 0| X; €], m[},
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and let (7)) be a localising sequence for the local martingale [, sgn(X, — a)dX,.
With regard to the definition of local times and Doob’s optional sampling theorem,

we can see that

lem/\Tj
Em |: |XTl,m/\Tj - a‘ } - |.T - CL| + Em |:/ Sgn(XS - (l) dXS:| + Ez |:LZZ m/\Tj:|
o ,

= |z —a|+E,; [Lﬁl,m/\TJ .

However, passing to the limit using the dominated convergence theorem on the left
hand side and the monotone convergence theorem on the right hand side, we can

see that this identity implies

E.[L8, | = B[ X, —a| | = lo —al

_(m _nj)_(";_l) L e _TQ(Z_ ) o, (2.16)

the second equality following thanks to (2.13). Now, (2.14), the fact that ¢ — L¢

increases on the set {t > 0| X; = a} and Fubini’s theorem, imply

0= Ex[/ LS V(da)} = Ez[/ Lz V(da)}
10,00( 1I,m]
- / E.[12 ]v(da).
Jlm[ ’

Combining this calculation with (2.16), it is a matter of algebraic calculation to

verify that
/ h(a;l,z,m)v(da) =0, (2.17)
l
where h(-; 1, x,m) is the tent-like function of height 1 defined by

h(a;l,z,m) = (a—10)/(z 1), for a € [l z],
(m —a)/(m —x), for a € [z, m].
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Now, fix any points z; < x,, in ]0,00[ and let (/;) and (m;) be strictly decreasing

and strictly increasing, respectively, sequences such that

T+ T,

L < 5

<mq, liml;=x and lim m; = x,,.
]—)

0o j—00

We can see that

13, 2,.(a) = lim Hj(a), for all a €]0,00],

J—o0

where the increasing sequence of functions (H;) is defined by

o (o 7,

+mh(a;w7u)
T — T} 2

2m; — (21 + x) B (a' T+ T

+ T

,mj,xm) , fora€]0,00[ and 5 > 1.
Ty — X

Using the monotone convergence theorem and (2.17), it follows that

which proves that the signed measure v assigns measure 0 to every open subset
of ]0,00[. However, this observation and the definition of v in (2.15) imply that
the total variation of v is zero, and, therefore, 1”’(da) is an absolutely continuous

measure. It follows that there exists a function )" such that
1
w'(da) = 9"(a)da and 502(a)¢”(a) =r(a)y(a), Lebesgue-a.e..

However, the second identity here shows that 1 is a classical solution to (2.6).

Now, let us consider the general case where the drift b does not vanish. In this
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case, we use Ito’s formula to verify that, if X = p.(X), then
dXt = 5(Xt)th, XO = pc<.’L'),
where

o(2) = bl (0 (2) o (0 (2)) . for 7 €]0, 00

Since X is a diffusion in natural scale, the associated function 1 defined as in (2.9)

is a classical solution of

5@ (@) — r{a)d(a) = 0. (2.18)

Now, recalling that p. is twice differentiable in the classical sense, we can see that
if we define ¢)(x) = ¢(pe(z)) then

& () = ' (pel)) (),
P (@) = 9" (pe(2)) [pL(@)]* + &' (pel))pl ().

However, combining these calculations with (2.18), we can see that Y satisfies the
ODE (2.6).

To prove that 1, namely the classical solution to (2.6), as constructed above,
identifies with v defined by (2.9), we apply [t6’s formula to e_A(TyATMZ(XTy AT), Where
T > 0 is a constant, and we use arguments similar to the ones employed in the proof
of Theorem 3.3.1, to show that

Eqo[e v (Xp ar)] = d(z),  forall z <y.

Since 1) > 0 is increasing, the monotone and the dominated convergence theorems

imply

lim E, [e_ATyATiz(XTy/\T)] =Y (y)E, [e_ATy], for all x < y.

T—o00

However, these calculations, show that 1 satisfies the second identity in (2.10) and
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therefore identifies with ¢ defined by (2.9). Proving all of the associated claims for

¢ follows similar reasoning. a

Remark 2.3.1 Although we have chosen to undertake this analysis for a positive
diffusion, similar results can be obtained for a regular Ito diffusion with values in

any interval J where J C R.

Using the fact that ¢ and v satisfy the ODE (2.6), it is a straightforward exercise
to verify that the scale function, p., defined by (2.3) satisfies

¢(x)¢Y'(x) — ¢'(x)¢ ()

pl(z) = W) , forall z >0, (2.19)

where W is the Wronskian of ¢ and v, defined by

and W(z) > 0 for all z > 0.
2.4 Study of a non-homogeneous ordinary differential equa-
tion

We now study the non-homogeneous ODE (2.1),

%O'Q(ZL‘)’(UH(ZL‘) + b(z)w' (z) — r(x)w(x) + h(z) =0, =z €]0,00].

We need to impose the following assumptions, which are stronger than Assump-

tion 2.2.1 and Assumption 2.3.1, respectively.

Assumption 2.2.1" The conditions of Assumption 2.2.1 hold true, and

the function o is locally bounded.
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Assumption 2.3.1" The conditions of Assumption 2.3.1 hold true, and there exists

a constant rq such that

0<r9<r(z)<oo, forallz>0O0. (2.20)
We can now prove the following propositions.

Proposition 2.4.1 Suppose that Assumption 2.2.1, Assumption 2.2.2 and Assump-

tion 2.3.1" hold. The following statements are equivalent:

(I) Given any initial condition x > 0 and any weak solution S, to (2.2),

< 00.

E, [ / M R(X))| dt
0

(II) There exists an initial condition y > 0 and a weak solution S, to (2.2) such
that

Ey UOOO e Mh(X)| dt} < 0.
(IT) Given any x> 0,
| v mas) <o0ond [ hs) o) mias) < o0
(IV) There egists y > 0 such, that
[ owmias) <o ana [T i) otamias) < o

If these conditions hold, then the function

¢(x) [* b(a) [
W(c)/o h(S)l/J(S)m(ds)JrW(C)/x h(s)p(s)m(ds), x €]0,00],

(2.21)

Rh(ZE) =
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18 well-defined, 1s twice differentiable in the classical sense and satisfies the ODE

(2.1), Lebesgue-a.e.. In addition, Ry, admits the expression
Ryu(z) =E, [/OOO e Mh(X,) ds} ., for all z > 0. (2.22)
Proof. Suppose that (IV) is true and let y be such that
4 .—/ |h(s)|(s)m(ds) < oo and Cy:= /Oo|h(s)|¢>(s)m(ds) < 0.
y
and so

/$|h(3)|@/) m(ds), / |h(s)|v(s) m(ds) < Cy, for all x €]0,y], (2.23)
/ I(s)|(s) m(ds), / Ih(s)|6(s) m(ds) < Cy, forall z €]y, 0. (2.24)

Combining these inequalities with the fact that ¢ is increasing and ¢ is decreasing,

we can see that

[ et mas) = [ inolots mds) + [ hisos) mias

o(x)

§¢@)xMUW®mM$+%
o(x)

< ¢(x)01 + (Y

< 00 (2.25)
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and

[ s mias) = [Tl mias) + [ bk md
v [

[(s)|p(s) m(ds)

< . (2.26)

However, (2.23)—(2.26) imply that (III) holds. The reverse implication is obvious.
To proceed further, assume that h = hf; where hf; is a positive and bounded mea-
surable function. In this case, it is straightforward to verify that (I) and (II) are both
satisfied. Since ¢ and 1) are continuous functions satisfying lim,_ . ¢(x), lim, o ¢ (z) <
oo and m is a locally finite measure, the function Rhgl[l/k,k] 110, 00[ — R given by
(2.21), or, equivalently, by
()

Rigny @) = o o) [ L BLs) ms)

vlz)

W) Luwa @) / his (5)¢(s) m(ds), (2.27)

is well-defined and bounded for all £ > 1. In light of the calculations

i@ = S [ )51 i)

@»Dv((g /x his (5) 111 (8)9(5) m(ds),

Rggl[l/k,k] (x) - ('\b/:)((i)) /0:E h]—g(s)l[l/k,k}(s)@/)(S) m(ds)

+ 1\%8 /:O his ()11, (5)p(s) m(ds)

t(x
- ?QB—((x))l[l/k,k] ()

_|_

we can see that R+, is twice differentiable in the classical sense, because this
B

(1/k,k]
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is true for the functions ¢ and ¢, and satisfies the ODE

%a%x)w”(m) + b(z)w' (x) — r(z)w(z) + hif () Lp e (z) =0, (2.28)

Lebesgue-a.e. in ]0, 0o.
Now, fix any k& > 1, any initial condition x > 0, any weak solution S, to (2.2)
and define the sequence of (F;)-stopping times (7;) by

n=inf{t >0 Xy ¢&[1/L1]},

Using Ito’s formula and the fact that Rhgl[l/k | satisfies (2.28), we calculate

TIANT
_ATLATRh 10 (X—rl/\T) + /0 G_AShE(XS)l[l/kyk] (Xs)ds

() + M, (2.29)

+
hel/kk

where MW" is defined by

TNt
@ _ —As /
MO = /O Mo(X)R, (X)) dW,
Combining the fact that Rh+ ) is locally bounded, because R, +, is continu-
[1/k,k] BL[1/k,k]

ous, with the the fact that o is locally bounded from Assumption 2.2.1’, we can see

(@)

that the quadratic variation of the local martingale M, satisfies

o 2
= 40

< sup [0’ Y / ’QA ds
vel/L) WA, tn
1
< o— sup [0( }
27“0 ye[l/l ” 1/k k]
< 00,

the second inequality following as a consequence of (2.20) in Assumption 2.3.1". This
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proves that M©® is a martingale bounded in L?, so, E, [Mt(l)] =0, for all t > 0.
This observation and (2.29) imply

TNT
E, [e* T Rysy o (Xoar) + /0 e M (X)L dS} = Ry Lk (2)-

(2.30)

Since Rhgl[l/k . 8 bounded, the dominated convergence theorem implies

]

lim lim B, [ 40 Ry (Xr)| =0,

T—o00 l—00

while the monotone convergence theorem yields

T—o00 l—00

AT 00
lim lim E, {/ e_AShE(Xs)l[l/M](XS)ds} =E, {/ e_AShg(Xs)l[l/k’k](Xs)ds )
0 0

These limits and (2.30) imply

EI |:A eiAShE(Xx?)]‘[l/k,k] (XS) ds} = Rh§1[1/k,k] (x)

Recalling the definition of Rhglu/k g 2 in (2.27), we can pass to the limit k — oo

in this identity to obtain
Rhg(x) =E, {/ e Mt (X,) ds} . (2.31)
0

Note that, since, hi; plainly satisfies conditions (I) and (II), this identity also implies
that hf; satisfies conditions (IIT) and (IV).

Now assume that h = h*, where h™ is a positive measurable function. Using
(2.31) with hy = h™ An, for n > 1, and applying the monotone convergence theorem,

we can see that, given any initial condition z > 0 and any weak solution S, to (2.2),

E, { /0 h eASfﬁ(XS)ds} = Ry+(z), (2.32)
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where both sides may be equal to infinity. However, with reference to the definition
of Ry+, this proves that (I) and (III) are equivalent and that (II) and (IV) imply each
other. Recalling the equivalence of (III) and (IV) that we proved above, it follows
that statements (I)—(IV) are all equivalent. Furthermore, given any h satisfying
(D—(IV), we can immediately see that (2.32) implies (2.22) once we consider the
decomposition h = h™ — h™ of h to its positive and its negative parts h™ and h~,

respectively. O

The following result is concerned with a number of properties of the function Ry,

studied in the previous proposition.

Proposition 2.4.2 Suppose that Assumption 2.2.1', Assumption 2.2.2 and Assump-
tion 2.3.1" hold.. Let h :]0,00[— R be a measurable function satisfying Condi-
tions (I)-(1V) in Proposition 2.4.1. The function Ry given by (2.21) or (2.22)

satisfies

Rala) _ o Ralo)

Mo o ew 25
ir;% % < Rp(z) < iti%) %, for all x > 0, (2.34)

R (z)¢(x) — Rp(2)¢' (x) = pl(z) /00 h(s)p(s)m(ds), forallz >0,  (2.35)
Ry (x)(x) — Ry(2)¢'(z) = —pe(x) /Ow h(s)y(s)m(ds), for all x>0,  (2.36)

if h/r is increasing (resp., decreasing), then Ry, is increasing (resp., decreasing).
Also,
R.(x)=1, forallxz > 0. (2.37)

Furthermore, given a solution S, = (2, F, F, P, X, W) to (2.2) and an (F;)-stopping



The Optimal Timing of Investment Decisions 24

time T,

E, e By(X.)Lrany] = Ba(x) — B, [ [ e dt] e

E, [6_A7Rh(XT)]_{T<OO}} =E, |:/ G_Ath(Xt) dt:| , (239)
while, if (1) is a sequence of stopping times such that lim,, .. 7, = 00, Py-a.s., then

lim E, [e—Am |Rh(XTn)| 1{7n<00}] =0. (24())

n—oo

Proof. Fix asolution S, = (2, F,F;, P, X, W) to (2.2) and let 7 be an (F;)-stopping
time. Using the definition of A and the strong Markov property of X, we can see
that (2.22) implies

Ri(o) =B, | [ e Mh(Xde+ VB, { / e—<As-AT>h<Xs>ds|a} 1{7@0}}
0 T

~E, / e MR(X,) dt + e M Ex, { / e-Ash<Xs>ds] 1{T<oo}]
0 0

= E, / e‘Ath(Xt)dtJre‘A*Rh(XT)l{KOO}},
0

which establishes (2.38). Also, this expression and (2.22) imply immediately (2.39),
while (2.40) follows from the observation that |R,| < Ry, (note that h satisfies
conditions (I)-(IV) of Proposition 2.4.1 if and only in |h| does), (2.39) and the
dominated convergence theorem.

Now, let ¢ > 0 be the point that we used in (2.3) and (2.4) to define the
scale function and the speed measure of the diffusion X. Given a solution S, =
(Q,F,F,P., X, W) to (2.2) and any = > 0, we denote by 7, the first hitting time of
{z}, and we note that lim, o7, = lim, o 7 = 00, Pc-a.s., because the diffusion X
is non-explosive by Assumption 2.2.2. In view of this observation and the fact that

r(z) > 1o >0, for all z > 0, by Assumption 2.3.1', we have that (2.40) implies

Tr—00

1;?01 E. [e™"=] Ry(z) = lim E, [e "] Ry,(z) = 0.
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However, these limits and the definitions (2.8) and (2.9) of the functions ¢ and 1)
imply (2.33). Also, a simple inspection of the ODE (2.1) reveals that if we set
h = r then R, satisfies (2.37), noting that R, is well-defined thanks to (2.20) in
Assumption 2.3.1". We can verify (2.35) and (2.36) by a straightforward calculation
using the definition (2.21) of R, and (2.19).

To proceed further, let us assume that h/r is increasing, let us fix any x > 0,
and let us define C, = h(x)/r(x). In view of (2.38), the monotonicity of h/r, and
the definition (2.9) of ¢ we calculate

Riy—cur(y(x —€) = Bqe { / e M [h(Xy) = Cor(X)] dt | + Rug)-cor()(2)Eoe [e747]
0

Yz —¢)

, forall e >0, 2.41
9(a) 240

< Rip()—cpr() ()

which shows that

Br)-cur()(®) = Br)-cur()(@ =€) Ba)-cur()(@) $() — Pz — €)

for all £ > 0.
€ = ¢(l‘) - 5 or all €
Recalling that Ry)—c,r() is C', we can pass to the limit ¢ | 0 in this inequality to
obtain
¥'(x)
Ry —cor()(T) = Bu(y—cpr() (2) o) (2.42)

Making a calculation similar to the one in (2.41) using the definition (2.8) of ¢ this

time, we can see that

¢(x +¢)
¢(x)

Rh(.)_(jﬂ(.)(l’ + 8) > Rh(.)_(jﬂ(.)(l’) for all € > 0.

Rearranging terms and passing to the limit ¢ | 0, we can see that this inequality
implies

¢'(z)
o(x)

Riy)—ar(y(®) = Bi()-cur() () (2.43)
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Recalling that the strictly positive function v is strictly increasing and that the
strictly positive function ¢ is strictly decreasing, we can see that (2.42) implies
Ry,(y_cory(@) = 0f Rpey—cury(z) = 0, while, (2.43) implies R}y o () = 0
if Rpy—c,r(y(x) < 0. Now, combining the inequality Rp()—c,r()(z) > 0 with the

identities

that follow from the definition (2.21) of R, and (2.37), we can see that Rj(x) > 0.
However, since the point z > 0 has been arbitrary, this analysis establishes the claim
that, if A/r is increasing, then R}, is increasing. Proving the claim corresponding to
the case when h/r is decreasing follows similar symmetric arguments.

Finally, to show (2.34), let us assume that h := inf,~o h(z)/r(x) > —oc. In this

case, we can use (2.37) and the representation (2.22) to calculate

R(x) — inf ig; = Rp(z) — Ry (2)
=, { /O e [h(Xt) — inf %T(Xt)l dt]
>0

which establishes the lower bound in (2.34). The upper bound in (2.34) can be

established in exactly the same way, and the proof is complete. O
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The following lemma gives result useful for practical applications.

Lemma 2.4.1 Suppose that Assumption 2.2.1, Assumption 2.2.2 and Assump-
tion 2.5.1" hold. Let h :]0,00[— R be a measurable function satisfying Condi-
tions (1)-(IV) in Proposition 2.4.1. If, in addition, h/r is increasing, then if 0 is a

natural boundary (not an entrance boundary) then

. . h(z)
1;11%1 Ry(x) = 1;{13 ek (2.44)
and if 0o is a natural boundary then
h(x)

lim Rp(x) = lim

T—00 T—00 T(:L‘)

(2.45)

Proof We have

Ry(x) < sup %Ex [/Oood(e_“))}
(z)

and

o)
>
&
S~—
vV
E
—
=
&
S~—
=
8
—
O\
8
QL
—
|
g
S~—
N
"
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For b < x

Ry ()

while for x < b

Rh(x)

E, { / ’ h(Xt)e—Atdt] +E, [ / h h(Xt)e‘Atdt}

0

E, { /0 K h(Xt)e—Atdt] + R(b)E, [e ]

n %EI [ /0 Tb d(@‘“))} + RO)E, [e ]
o % (1 =B, [e7*]) + ROE, [e7"]

. h(x) (0 d(@) (x)

@) (1 ¢(b)> FROT

E, { /0 ’ h(Xt)eAtdt] +E, [ / h h(Xt)eAtdtl

Tb

E, { /0 K h(Xt)e—Atdt] + R(b)E, [e ]

aup MO { [ d(wf))} + RO)E, [e]

r<b T('T)

s % (1-E, [e*]) + R(D)E, [e 7]
hiz) (. Y(@) ¥(z)

o () (1 ¢<b>) RO g

28

If oo is a natural boundary (not an entrance boundary) then lim, ., ¢(z) = 0

and we can say

lim Ry(z) < lim supM
r—00 T—00 7’(:[,‘)
> liminf i)

@)

and we have the result for the limit as x tends to infinity. Similarly if 0 is a natural
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boundary then lim, . ¥ (x) = 0 and we can say

| )
<
l;%l Ry(z) < hn;lsoup )

> liminf Mz)
210 r(x)

and we have the result for the limit as z tends to zero.

29

O

Remark 2.4.1 In the cases where we do not have a natural boundary point, Rj

does not converge to a value determined in a straightforward way by h and 7 in

the limit. To see this, consider the case of the so-called square root mean reverting

process, defined by

dXt:l{(Q—Xt)dt—i—J\/Xtth, X0:x>0,

where x, § and o are positive constants satisfying x6 — %O‘Z > (. Note that this dif-

fusion has an entrance boundary point at zero. It is a standard exercise to calculate

that
E.[Xi] =0+ (z — 0)6”“,

2K

E, [X2] - ("—29 i 92> et <20(x )

20

2K

20 2
+ 72t <0 _IT (x — 6)2> :

2%

Now, let us consider the following three cases for the payoff function, h:

hi(z) = 0, hy(x)= = and hy(x) =

xT.

2

2

g

g0 o

K

and assume that r is a constant. In all these cases lim, o h(x)/r(x) = 0. However,
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we can see that

lim Ry, (z) = 0,

z|0

Ok
lim R = 0
210 ha () r(r+/£)> ’

o0 252
I — (ZY 2
Q%Rh‘"’(x) <2/§ 0 ) [r(r+m)(r+2m)

> 0.

30



3. A DISCRETIONARY STOPPING
PROBLEM

3.1 Introduction

In this chapter we address a discretionary stopping problem as a prelude to address-
ing our investment problems. We solve this stopping problem general conditions on
the underlying diffusion, the payoff and the discounting. Also, we consider several
special cases. Although all of the special cases of interest that we are aware of are
associated with stochastic differential equations that have unique strong solutions,
we adopt a weak formulation. Working within this more general framework, which
involves no additional technicalities, has been motivated by the extra degrees of free-
dom that it offers relative to modelling and has a view to applications in stochastic
control beyond optimal stopping.

Section 3.2 is concerned with a rigorous formulation of the stopping problem that
we solve. In this section, we consider the case of the perpetual American call option
which highlights an issue related to waiting forever, which is mentioned in the intro-
duction in relation to McDonald and Siegel | ], namely that the problem data
may not conform to standard economic theory. Combining the observations from
this special case with the results of Section 2.4 we develop Assumption 3.2.1 that is
sufficient for our problem to conform with applications in finance and economics.

In Section 3.3 we solve the discretionary stopping problem. With reference to
the motivation of the thesis, we are particularly interested in identifying the nature
of the stopping boundary given the problem data and in solving the discretionary

stopping problem we distinguish cases based on the nature of the stopping boundary.

31
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In Section 3.4, we address a number of special cases of interest. These cases
involve a number of choices for the underlying state process X that have been
considered in the literature, while the payoff functions identify with standard utility
functions with the discount rate being assumed to be constant. In particular we
consider the cases that arise when X is a geometric Brownian motion; a square-
root mean-reverting process as in the Cox-Ingersoll-Ross interest rate model; and a
geometric Ornstein-Uhlenbeck process, which has been proposed by Cortazar and
Schwartz as a model for a commodity’s price and has been used in population

modelling.

3.2 Problem formulation and assumptions
We start by defining a stopping strategy.

Definition 3.2.1 Given an initial condition = > 0, a stopping strategy is any pair
(Sg, 7) such that S, = (Q,F, F,,P,, X, W) is a weak solution to (2.2) and 7 is an
(F;)-stopping-time. We denote by 8, the set of all such stopping strategies.

The objective is to maximise the performance criterion
J(San T) = Ew e_ATg<XT)1{T<oo} )

where A; = fgr(Xs) ds and ¢ :]0,00[— R and r :]0,00[—]0, 00] are given deter-
ministic functions, over all stopping strategies (S,,7) € S,. Accordingly we define

the value function v by

v(r) = sup J(S;7), forxz>0.
(Sz,7)ESs
Now, with a view to developing an understanding of the problem under con-
sideration, we consider the case of a perpetual American call option written on an
underlying asset, the stochastic dynamics of which are modelled by a geometric

Brownian motion.
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Lemma 3.2.1 Suppose that X is a geometric Brownian motion, so that b(z) = bz
and o(x) = oz, for some constants b and o, and r(x) = r > 0, for some constant
r. Suppose also that the payoff function is given by g(x) = v — K, where K > 0 is a
constant. If b > r (resp., b <r), then the process (e "Xy, t > 0) is a submartingale
(resp., supermartingale) and v(zx) = oo (resp., if K =0, then v(z) = x).

Proof. Given any initial condition x > 0,
1
X, = xe(b*”te*?’QH"Wt, fort > 0.

Combining this observation with the fact that the process (e’%UQH‘TWt, t>0)is a

martingale, we can see that all of the claims made are true. a

In the context of this lemma, we can see that (S.,0) is an optimal strategy if
K=0and b <r. Given any K > 0, if b —r > %(72, then the stopping strategy

(Sk, 1), where S is a weak solution to (2.2) and
" =inf{t > 0| W; = —a},

where a > 0 is any constant, provides an optimal strategy. Indeed, since 7" < oo,

P,-a.s., and E, [7*] = oo, this claim follows from the calculation
Eule”™ (X7 — K)] > ze” R, [e(b*T*%UQ)T*} - K

1
> ze [1 + (b —r— 502) EI[T*]] - K

= OQ.

When b > rand b —r < %02, we have not been able to find an optimal stopping
strategy. As a matter of fact, we have been tempted to conjecture that there is no

optimal stopping strategy in this case.
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We note that, when b > r, which is associated with v = oo, and when b = r,
which is a case that we have not associated with a conclusion,

lim E, [e g(X;)] = lim E, [e7X,] >0,

t—o0 t—o0
for all initial conditions x > 0. In this case, the problem data does not satisfy the
so-called transversality condition

lim E, [e_Atg(Xt)} = tlirglo E, [e_TtXt} = 0.

t—o00

Such a condition has a natural economic interpretation because it reflects the idea
that one should expect that the present value of any asset should be equal to zero
at the end of time, given that nobody can benefit by holding the asset after the
end of time. We expect that problems in finance and economics should satisfy this
condition.

Based on this observation and the results in Section 2.4, we impose the following

assumption in order to be able to carry out our analysis of the problem.

Assumption 3.2.1 The function g :]0,00[ — R is C* with an absolutely continuous
first derivative. In addition, given any weak solution, S, to (2.2) the function g

satisfies
E, [/ e’At‘Lg(Xt)|dt < oo, forall x>0, (3.1)
0

where

Lo(a) 1= 50 (x)g’ (2) + b(a)g'(x) — r(x)g(z).

Remark 3.2.1 If we define the measurable function A as

h(z) = —Lg(x), for x>0, (3.2)
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then, the function ¢ satisfies the non-homogeneous ODE
1
502 (@0)g (&) + b(a)g () — r(@)g(x) + () =0, = €]0, 00|

Therefore, by identifying R; with g and by Propositions 2.4.1 and 2.4.2 in Sec-

tion 2.4, the following statements are true.

a. Given any weak solution, S, to (2.2) and any (F;)-stopping time, 7, the function

g satisfies

E, [eATg(XT)l{T<OO} < oo, forallz>0. (3.3)

In addition, Dynkin’s formula holds,

e o1 em| = o0+ B ([T L0000 1] rata s
0

(3.4)

b. The function g satisfies the following transversality condition. Given any weak
solution, S,, to (2.2), if (7,) is a sequence of stopping times such that lim,, . 7, =
o0, P,-a.s., then

i B, e 90X,)| Lir, )] =0 (35)

c. With reference to the functions ¢ and v, defined by (2.8) and (2.9), respectively,
and the scale function p. defined by (2.3), the function ¢ satisfies the following

identities

80 9t)

g (@)p(x) — g(z)¢(x) = —pe() /OO Lg(s)¢(s) m(ds), forall x>0, (3.7)

(@) — 9@ (z) = pi(x) / " Lg(s)d(s)m(ds), forallz>0.  (3.8)
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Remark 3.2.2 In relation to the case of a perpetual American option, studied

above, we observe that

E, [/ e s
0

and so the conditions laid out in Assumption 3.2.1 are not satisfied if b > r, which

Lg(Xs)| ds] =|(b— r)\/ e 3ds + K
0

reflects some of the comments made earlier.

3.3 The solution to the discretionary stopping problem

In solving our stopping problem we shall employ the tools of dynamic programming
and break our overall problem into a series of sub-problems. We do this by consid-
ering, without loss of generality, our options at time zero, which are either to wait
or stop. Consider the case when we wait for a time At and then continue optimally,

we expect that the value function v should satisfy the following inequality
v(z) > E, [e‘AATU(XAT)] )
Using It6’s formula, dividing by At and taking the limit At | 0 yields
%02(93)11”@) b (2) — r(@)o(z) < 0.
Alternatively, we can stop, and so we expect that

v(z) > g(x).

We therefore expect that the value function v identifies with a solution w to the

Hamilton-Jacobi-Bellman (HJB) equation

max {%02(27)10”(17) + b(x)w' (x) — r(z)w(x), glx) — w(x)} =0, z>0. (3.9)
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To develop our intuition of the problem in hand further, consider the case where the
payoff is increasing. In this case we expect that there is a single boundary point,
x*, separating the continuation and stopping regions and we postulate that it is
optimal to wait for as long as the state process X assumes values less than z* and
stop as soon as X hits the set [z*, co[. With reference to the heuristic arguments

given above, we therefore look for a solution w to (3.9) that satisfies

%JQ(x) w’(z) + b(z)w'(x) — r(z)w(z) =0, for z < z*, (3.10)

g(x) —w(x) =0, foraz >z (3.11)

Such a solution is given by

{ A¢(z) + By(z), if x < 2,
w(z) =
g(x), if x > 2,

where ¢ (resp., ¥) is the strictly decreasing (resp., increasing) function given by
(2.8) (resp., (2.9)). In addition, we expect that the value function is positive and
bounded near zero and so we must have A = 0. To specify the parameter B and
x*, we appeal to the so-called “smooth-pasting” condition of optimal stopping that
requires the value function to be C*, in particular, at the free boundary point z*.

This requirement yields the system of equations

By(z*) = g(«*) and  BY'(z%) = g'("),
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and we note that ¢(z*) = 0 corresponds to a turning point of g/1, since ¢ (x) > 0
for all x > 0.

To develop an intuition as to how g/v affects the stopping problem, consider a
different approach to solving the problem. Instead of looking for the stopping time

look for the stopping boundary, for example define the value function as

o(x) = s%p E, [e‘ATbg(b)]

— sup. o]t
b
Now, starting in the “continuation” region, so x < x* since g is increasing, we have

E,[e™] = ¢(2) /1 (b)

and
i g(b))
v(x) = sup | =—% | ¥(x).
1= s (§35) o
This approach is adopted in Beibel and Lerche | |, and provides a clear expla-

nation of why maxima of g/v¢ or g/¢ are of interest. Unfortunately, this approach
is of limited value when = > x*.

With these comments in mind, we now provide the following verification theorem,
as a prelude to our main results. Note that the theorems in this section all rely on
Assumptions 2.2.1’, 2.2.2, 2.3.1', 3.2.1, which are, respectively, that the SDE has
a weak solution, it is non-explosive, discounting is strictly positive and the payoffs

satisfy the transversality conditions.

Theorem 3.3.1 Suppose that Assumptions 2.2.1', 2.2.2, 2.53.1" and 3.2.1 hold. In
addition, suppose that the HIB equation (3.9) has a solution w and w € C*(]0, 00[)N
C%(]0,00[\ S), where S is a set of a finite number of points, then the value function
v defined in Section 3.2 identifies with w.
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Proof: Fix any initial condition z > 0 and any weak solution S, to (2.2) and define
t
M, = / e Mo (X )w'(X)dW, (3.12)
0
t
I, - / e Mea(X,)g (X, )dW,. (3.13)
0

In addition, we note that our Assumptions mean that Dynkin’s and It6’s formulae

imply
E, [L:l{rco0y] =0 (3.14)

for any stopping time 7. Now, fix any initial condition x > 0 and any stopping

strategy (S, 7) € 8,, define
7, = inf {t > 0’ X; < 1/n}, forn > 1/x".
and we have
t
M — L = / Lperge Mo (X,) (W/(X,) — (X,)) dW..  (3.15)
0

Given (3.9) and the nature of our problem imply that w(z) = g(x) for all x > z*

and that o2, w’ and ¢’ are all locally bounded and that r is strictly positive,

oo 2
B L~ L)) = B | [ Loy o (000 (o - o) (X s
0

< s @) (W) - ¢(@)E [ | e ds}

z€[1/n,x*]

< sup
z€[1/n,x*] 2rg
< 0.
With reference to | , Chapter IV, Proposition 1.23], this implies that {(Mt —

L), t < oo} is an L2-bounded martingale. Therefore, by appealing to Doob’s op-
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tional sampling theorem, it follows that E, [(MTT" = L:”) | <Oo}} = 0, which com-
bined with (3.14) implies that E, [M 1, <c}] = 0. Now, since w € C*(]0,00[) N
C?(]0,00[\ {*}) and w’ is of bounded variation, we can use It6’s formula to calcu-

late

TNATh
e’A”T”w(XT/\Tn)l{r/\m@o} = w(x) + (/ LX) ds + MTTH) Hram<os)
0

(3.16)

adding the term e*ATg(XT)l{KTn@o} to both sides of this equation, taking expec-

tations and given that w satisfies (3.9), we have

E, [e_ATg(XT)l{KTn@O}] < w(z) —w(l/n)E, [e_AT” L <reoo}] - (3.17)

Applying the dominated convergence theorem, given (3.3), implies

lim E, [e " g(X;)1irarcot] = Eu [e 4 9(X0)1eony] - (3.18)

n—oo

The fact that w remains bounded as = tends to 0 together with the fact that 0 is

inaccessible imply

lim w(1/n)E, e 1{;, <r<o0}] = 0. (3.19)

n—oo

In view of (3.18)—(3.19), (3.17) implies

E. [ g(X ) 1jreoy] < w(a),

which proves v(z) < w(x).
To prove the reverse inequality, given any T > 0, let (S%,7*) be the strategy

considered in the statement of the theorem. By following the arguments that lead
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to (3.17) we can see that

E, [e " g(X5) L irecrnry] = w(z) — E, [e_A:ﬁw(l/n)l{T;STQ*}}

—E, [e_A*Tw(X;“)l{T<T;<r*}} .
This calculation and (3.18)—(3.19) imply
E, [e (X5l cony] = w(z),

which proves v(z) > w(x), and establishes the optimality of (S%,7*), and the proof
is complete. O

The motivation for the thesis was to develop the theory of discretionary stopping
such that we could understand under what conditions z* exists in the interval |0, oo.
The discussion around the perpetual American call, in Section 3.2, demonstrate
that some problems do not conform to standard economic theory, and we impose
Assumption 3.2.1 in order to restrict ourselves to those problems that do conform
to standard economic theory. Given this verification theorem, we can now prove our
main results, which we split into three theorems. Theorem 3.3.2 focuses on the two
cases where immediately stopping or never stopping is optimal, and the stopping

*

boundary, x*, is not in the interval ]0,00[. Theorem 3.3.3 focuses on the cases
where there is a single, continuous, continuation region, separated from a single,
continuous stopping region by a single point x* €]0,00[. Theorem 3.3.4 considers

two cases when two stopping boundaries exist in ]0, co.

Theorem 3.3.2 (No stopping boundaries) Suppose that Assumptions 2.2.1', 2.2.2,
2.3.1" and 3.2.1 hold. We have the following solutions to the discretionary stopping

problem formulated in Section 3.2 when there are no stopping boundaries in |0, 0o].

Case I. If Lg is positive for all x > 0 then given any initial condition x > 0,
the value function v identifies with w(xz) = 0 and there is no admissible

stopping strategy.

Case II. If Lg is negative for all x > 0 given any initial condition x > 0, the
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value function v identifies with w(x) = g(x) and the stopping strategy
(St,0) € 8., where St is a weak solution to (2.2) is optimal.

Proof of Case I. The structure of this case implies that x,, = oo, hence the HJB

equation is equivalent to

%a%x}w”(w) +b(x)w'(x) — r(x)w(z) =0 for all z €10, o], (3.20)

w(x) > g(x) for all €10, ool. (3.21)

Clearly, w(z) = 0 satisfies (3.20) and given the arguments preceding these theorems,
we have g(x) < 0 for all z, and (3.21) is satisfied. Also, w € C(]0, oo[) NC?(]0, o0]),
and so appealing to Theorem 3.3.1, we complete the proof.

Proof of Case II. The structure of this case implies that z,, = 0, hence the HJB

equation is equivalent to

%(72(1’)11}”(1’) + b(x)w'(z) — r(z)w(z) <0 for all z €]0, oo, (3.22)

w(z) = g(x) for all z €10, oo]. (3.23)

Clearly, w(x) = g(x) satisfies (3.23) and given the arguments preceding these theo-
rems, we have Lg(z) < 0 for all z, and (3.22) is satisfied. Since g satisfies Dynkin’s
formula, (3.4), and the transversality condition, (3.5), we can use a modification

Theorem 3.3.1 to complete the proof. O

Remark 3.3.1 It is important to appreciate how the integrability condition, As-
sumption 3.2.1 impacts our problem. Firstly, it ensures our problem data satisfies
the transversality condition, and so it conforms to standard economic theory. In ad-
dition we have (3.8), which implies that if Lg is positive then ¢/ is increasing, and
we have (3.6), that lim, .., g(x)/¢(z) = 0. These immediately imply that g(x) < 0
for all z, and, since our stopping is discretionary, we would never stop. In the case

where Lg is negative, then g/v is decreasing, and the corresponding consequence of
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(3.6) is that g(x) > 0 for all x. We also note that (3.4) implies that

E.|e g(X;)1ircooy | < g(x), forallz >0,

and so it would be optimal to stop immediately.

For future reference, we associate an increasing g/t (resp., decreasing g/¢) with

the continuation region, while a decreasing g/ (resp., increasing g/¢) is associated

with stopping.

Theorem 3.3.3 (One stopping boundary) Suppose that Assumptions 2.2.1', 2.2.2,

2.3.1 and 3.2.1 hold. We have the following solutions to the discretionary stopping

problem formulated in Section 3.2 when there is one stopping boundary in |0, col.

Case 1.

Case 1I.

If g/ achieves a mazimum for some x4 €10, 00[, but g/¢ does not, and
Lg(xz) <0 for all x > xy then the value function v identifies with the
function w defined by

w(z) = By(z), ifr <zy, (3.24)

with B = g(zy)/1(zy) > 0 being the value of the mazimum. Further-
more, given any initial condition x > 0, the stopping strateqy (S&, 7*) €

8., where S is a weak solution to (2.2) and
™ = inf{t > 0| X; > 2y},

s optimal.

If g/¢ achieves a mazimum for some x4 €0, 00[, but g/ does not,and

Lg(x) <0 for all x < x4, then the value function v identifies with the
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function w defined by

w(z) = Ap(x), if x > xy, (3.25)

g(%), fo < Lo,

with A = g(xy)/d(xs) > 0 being the value of the mazimum. Furthermore,
given any nitial condition x > 0, the stopping strateqy (Si,7*) € 8.,

where S% is a weak solution to (2.2) and
T = Hlf{tz 0‘ Xt S $¢},

1 optimal.

Proof of Case I. Firstly, we note that since g/v¢ achieves a maximum at z = x,
and Lg(x) <0 for all x > zy then g/v is decreasing for all x > x,,. Given that (3.6)
holds if there is a maximum of g/v at x, its value is positive, and so B > 0.

To prove that w given by (3.24) satisfies the HJB equation (3.9), we need to
show that

<0, forxz>xzy, (3.26)
Lw(x) <0, forx < zy. (3.27)

Using the fact that B is given by the value of the maximum, we can see that (3.26)

is equivalent to

~g(zy) _ glo)
5= ) = @)

for all x < xy,

which is true, given g/ has a maximum. Similarly, with regard to the structure of

w, given by (3.24), (3.27) is equivalent to
Lg(z) <0, forall x> zy, (3.28)

which is true by assumption.
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To complete the proof, we apply Theorem 3.3.1.
Proof of Case II. This case is symmetric to Case I. We note that Lg(x) < 0 for
all © < x4 combined with the fact that g/¢ achieves a maximum at x = z, ensures
that g/¢ is increasing for all x < z,. Given (3.6) holds, then the maximum of g/¢
at x4 is positive, and so A > 0.

To prove that w given by (3.25) satisfies the HJB equation (3.9), we need to
show that

<0, forxz <uwxy, (3.29)
<0, forx> xy. (3.30)
With regard to the structure of w, given by (3.24), (3.29) is equivalent to

Lg(x) <0, forall z <y, (3.31)

which is true by assumption. Similarly, using the fact that A is given by the value

of the maximum, we can see that (3.30) is equivalent to

A 9(zo) > M, for all x > x4,

which is true, given g/¢ has a maximum.

To complete the proof, we apply Theorem 3.3.1. O

Theorem 3.3.4 (Two stopping boundaries) Suppose that Assumptions 2.2.1,
2.2.2, 2.3.1" and 3.2.1 hold. We have the following solutions to the discretionary
stopping problem formulated in Section 5.2 when there are two stopping boundaries

in 10, ool..

Case I. This statement is incorrect. If g/¢ achieves a mazimum for some
x4 €10,00][, and g/ achieves a mazimum for some xy €|y, 00[. If, in

addition, Lg(x) < 0 for all x < x4 and for all x > xy then the value
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function v identifies with the function w defined by

g(l‘), if v < L,
w(z) =  Ap(z) + B(z), if 1y < < T, (3.32)
g(z), if v = xy,

with A = g(x4)/d(xs) > 0, and, B = g(xy)/1Y(xy) > 0 being the values of
the maxima. Furthermore, given any initial condition x > 0, the stopping

strategy (S%,7*) € 8, where S is a weak solution to (2.2) and
T = mf{t > O| Xt §é]$¢,l’w[},

1 optimal.

Case II. If g/ achieves a mazximum for some x, €10,00[, and g/¢ achieves a
mazimum for some xy €|Ty,00[. If, in addition, Lg(x) < 0 for all
T € [xy,xe], then the value function v identifies with the function w
defined by

Bi(x), ifx < xy,

Ap(z), if x> xy,

with B = g(xy) /¢ (xy) >0, and A = g(x4)/d(x) > 0 being the values of
the mazxima. Furthermore, given any initial condition x > 0, the stopping

strategy (St,7*) € 8., where S is a weak solution to (2.2) and
T = 1nf{t > Ol X, € [37¢,(13¢]},

1 optimal.

Proof of Case I. As above, we note that given the condition on Lg and (3.6),
then the maxima of g/¢ and g/v are positive.
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To prove that w given by (3.32) satisfies the HJB equation (3.9), we need to
show that

Lw(z) <0, forx <y, (3.34)
g(x) —w(x) <0, forxy <z <my, (3.35)
Lw(x) <0, forx > xy. (3.36)

We can see immediately that (3.34) and (3.36) hold, given the structure of w, given
by (3.32), and the structure of Lg, given by assumption. We can see that (3.35) is

equivalent to
g(z) < Ap(x) + BY(2) if 24 < x < xy. (3.37)

This is true for all g(z) < 0 given z €]0,00[ and A, B, and ¢ are positive. If

g(x) > 0, we can write (3.37) in two ways

(4)
(zo)  O(xy) O(x) ()

<9
9

which are true given that g(z,)/¢(x4) and g(zy)/¢(xy) are maxima and that all the
parameters are positive.

To complete the proof, we apply a modification of Theorem 3.3.1.
Proof of Case II. As above, we note that given the condition on Lg and (3.6),
then the maxima of g/¢ and g/v are positive.

To prove that w given by (3.33) satisfies the HJB equation (3.9), we need to
show that

g(z) —w(x) <0, forx < xy, (3.38)
Lw(xz) <0, forzy <z <y, (3.39)
g(x) —w(x) <0, for x> xy. (3.40)

Again, (3.39) is true given the structure of w and the assumption of Lg in the
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interval [z, z,]. Similarly we can show that (3.38) and (3.40) are true given that A
and B are maxima.

To complete the proof, we apply a modification of Theorem 3.3.1. O

Remark 3.3.2 These results are similar to those derived, in a general sense, in
Beibel and Lerche | ]. The main difference is that Beibel and Lerche consider
the case where you look for a stopping boundary, with the assumption that you start
in a continuation region. They do not investigate the nature of the problem beyond
the stopping boundary. By doing this, we are able to propose Case 11, which is not

considered in Beibel and Lerche.

Theorem 3.3.3 depends on the nature of ¢ and ¢ and whether g/¢ or g/ achieve
maxima, which are conditions not exogenous to the problem data. We have the
following sufficient conditions on the existence of turning points of g/¢ and g/¢
that satisfy the conditions in Theorem 3.3.3 and can be deduced from the problem
data.

Lemma 3.3.1 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1" and 3.2.1 hold and if

g(x) > 0 for some x €]0,00[. Then we have the following two cases
(a) If

>0, forx<ux,
Lg(z) x>0, (3.41)

<0, forx >z,

then g/v achieves a unique mazximum for some x, € |1, 00[ and x, is the unique

solution to qu(x) = 0, where qy is defined by

qy(z) = pl(z) /Ox Lg(s)y(s)m(ds), for all z > 0. (3.42)
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(b) If

<0, forx < xo,
Lg(x) x9 > 0. (3.43)
>0, forx> xs,

then g/¢ achieves a unique maximum for some x, €10, z2] and x4 is the unique

solution to q,(x) = 0, where g4 is defined by
gp(z) = p’c(:z:)/ Lg(s)p(s)m(ds), for all x > 0. (3.44)

Proof of Case a. We have that g/1 is increasing for x < z;, given (3.8) and the
fact that Lg is positive for z < x;. Since g(z) > 0 for some x € )0, o[, then for the
same interval g/t is positive. Given (3.6), then g/t achieves at least one maximum.

Given (3.41) and (3.8), this maximum is unique. Using (3.8), (3.42) is simply

gy(r) = 1”2(‘6)% (zgﬁ((i)))

and noting ¥ (x) > 0 for all x > 0, the proof is complete.

Proof of Case b. Similarly, we have that g/¢ is decreasing for x > x5, given (3.7)
and the fact that Lg is positive for x > z5. Since g(z) > 0 for some z €]0, o0,
then for the same interval g/¢ is positive. Given (3.6), then g/¢ achieves at least
one maximum. Given (3.43) and (3.7), this maximum is unique. Given (3.41) and

(3.8), this maximum is unique. Using (3.7), (3.44) is simply

() = () (%)

and noting ¢(z) > 0 for all = < oo, the proof is complete. O

Remark 3.3.3 We may be interested in cases where the discount function r has a
hyperbolic term, to reflect the difficulty of borrowing if the economic environment is
poor. In these cases we might be confronted with £g making more than one crossing

of Lg(x) = 0. In these cases we have the following heuristic.
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1. If Lg(z) > 0 for all z < 2y and Lg(z) < 0 for all © > x5, 21 < x4, then Case |
of Theorem 3.3.3 is most likely to apply.

2. If Lg(z) < 0 for all z < xy and Lg(x) > 0 for all x > x4, x1 < x4, then Case II
of Theorem 3.3.3 is most likely to apply.

3. If Lg(x) < 0 for all z < x; and Lg(x) < 0 for all z > x9, x1 < x, then Case |
of Theorem 3.3.4 could apply.

4. If Lg(x) > 0 for all z < x; and Lg(z) > 0 for all x > x5, 21 < 9, then Case 1
of Theorem 3.3.4 could apply.

3.4 Special cases

We now consider a number of special cases of the general discretionary stopping
problem that we studied in the previous section. Our aim here is to establish under
what conditions the boundary, x*, between the continuation and stopping region
lies in |0,00[. This is in line with the motivation for the thesis discussed in the
introduction.

We focus on cases where the discounting is constant, 7(x) = r > 0. This is
motivated by the fact that we can find explicit solutions to the relevant ODE.
Remark 3.3.3 can provide insights into the cases where we have state dependent
discounting. We consider state process dynamics that are widely used in finance and
economics and payoffs associated with commonly used utility function. In particular,

we investigate the situation when X is a geometric Brownian motion, in which case
b(z) =br and o(x)=ox, forallz>0,
a square-root mean-reverting process, which arises when

b(z) =k(0 —z) and o(x) =0z, forallz >0,
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or a geometric Ornstein-Uhlenbeck process, in which case
b(x) =k(0 —z)r and o(r)=ox, forallz>0.

The payoff function, g, is given as

g(x) =& - K (3.45)
g(x) =&In(z +1n) — K, (3.46)
glz) =v(1 = &™), (3.47)

where £,7,7 > 0 and K € R are constants. For n €]0,1[ and K = 0, the choice of ¢
as in (3.45) identifies with a power utility function, while for n > 1, such a choice is
associated with a perpetual American power option, discussed in the introduction.
Choices of g as in (3.46) and (3.47) are associated with logarithmic utility and
exponential utility functions, respectively.

The Ito diffusions under consideration have been well studied in the literature,
and they all satisfy Assumptions 2.2.1" and 2.2.2. In all cases, we assume that
r(z) = r, for some constant r > 0, so that Assumption 2.3.1’ is satisfied. So, our
first objective is to establish under what conditions these state process dynamics
and payoffs satisfy the transversality condition, which is true if Assumption 3.2.1
holds. Secondly, we wish to find the conditions under which z* €0, co[. Our final
objective in this section is to derive expressions for ¢ and v, once these are known,
with the knowledge that =* €]0, o[, it is a straightforward exercise to identify the
value of * and the value function.

Our choices of g are increasing and positive for some interval, so we would expect
them to be associated with Case I of Theorem 3.3.3. Therefore, given that all our
payoffs are positive for some z, we need to investigate under what conditions Lg
crosses the y-axis once, and we have the cases in Lemma 3.3.1. Clearly if our
Assumptions hold for g, then they will hold for —¢g with (3.43) replacing (3.41), and
we would expect the choice of —¢g to be associated with Case II of Theorem 3.3.3.

To show (3.1) of Assumption 3.2.1 is satisfied, it is sufficient to show that there
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exists a constant 7 > 1 such that

|Lg(z)| < C(1+47), forallz>0, (3.48)
E [X!] < oo. (3.49)

To see this, consider any weak solution, S,, to (2.2), and combine (2.20) from As-
sumption 2.3.1; (3.48) with (3.49), fact that X; > 0 and Fubini’s Theorem, and

SO

E, V eAt|Lg(Xt)\dt] < C/ e Mdt + CE, U eAthdt]
0 0 0

< ¢ + CE, U eAsxgdt]
0

To

<%ic / e "'E, [X]] dt
To 0

< oQ.

It is a matter of calculation to verify that if ¢ is as in (3.45) then j in (3.48)
corresponds to 1 for a geometric Brownian motion and square root mean reverting
diffusion and n + 1 for an exponential and geometric Ornstein-Uhlenbeck diffusion.
If g is as in (3.46), 7 = 1 for all the diffusions under consideration, where as for g is
as in (3.47), Lg(z) < C for all x. Hence, verification of Assumption 3.2.1 is a case
of verifying (3.49) for these values of j. However, (3.49) holds for all the diffusions
under consideration apart from geometric Brownian motion, as they all have finite
moments of all orders.

We now turn our attention to identifying the functions ¢ and 1 that are associ-
ated with the four diffusions under consideration. It turns out that a number of the

cases considered are related to Kummer’s ordinary differential equation
2u"(z) + (8 — 2)u'(2) — au(z) =0, (3.50)

where «, 3 > 0 are constants. Independent solutions to this ordinary differential

equation can be expressed in terms of the confluent hypergeometric function |F},
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defined by

1 (a
Fila,5i0) = 3 e,

m=0

3

where (a)g =1 and (), = a(a+1)--- (o +m — 1), and the function U, which is
defined by

Ula, B: 2) = — @ [ 1F1(a, 85 2) _ 16 1Fi(a+1-05,2-0;2)
sinf |[I'(1+a— B)L(B) C(a)(2 = 3)
(see Magnus, Oberhettinger and Soni | , Chapter VI| or Abramowitz and
Stegun | , Chapter 13]). We have, in addition, that

d d
_1F1(Oé7ﬁ;z>:glFl(a—i_l?ﬁ—i_l;Z) and —U(a,ﬁ,z):—aU(a—i—l,ﬁA—l,z)
dz 16} dz

For future reference, observe that for o, 3 > 0, 1 Fy(a, 3;-) is positive and strictly
increasing on |0, 00[, 1Fi(«, 3;0) = 1 and lim, ., 1 Fi(a, 3;2) = oo. Also, recalling

the identity

T
=131 —
=T - ),
(see Magnus, Oberhettinger and Soni | , Chapter I] or Abramowitz and Stegun
[ , 6.1.7]), we can see that
It —p) LB s

Co) — F c2) — F 1—-08,2—-75;2).

U<047572) F(].—f-()é—ﬁ)l 1<Oé7ﬁ72) (1—5)F(Oé>z 1 1(05+ Ba ﬁuz)

With regard to this expression, it is worth noting that, although the gamma function
x +— I'(x) has simple poles at © = —m, m € N* U is well defined and finite for
06 =2,3,4,.... Although we do not need this result in our analysis, it is worth noting
that lim, o U(w, B;2) = o0 if § > 1. Also, for « > 0 and 8 > 1, U(«, ;) is positive,
strictly decreasing in |0, co[ and lim,_,. U(a, f;2) = 0 (see Magnus, Oberhettinger
and Soni | , Chapter VI] or Abramowitz and Stegun | , Chapter 13]).
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3.4.1 Geometric Brownian motion

Geometric Brownian motion is the most commonly used model in finance for the

value of an asset. In this case, the state process dynamics are given by
dXt:bXtdt—f—O'Xtth, X0:17>0,
where b, o are constants and the ODE associated with (3.9) is given by

1
502x2w"(x) + brxw'(x) — rw(x) =0, for z > 0. (3.51)

We start by establishing the conditions under which (3.49) holds. Given

> : > 1 1 . .
([ e - [ conf (o= el
0 0

Assumption 3.2.1 is satisfied if
I 9
r > jb+ 5](] —1)o”.

It is a straightforward, all be it tedious, exercise to verify that (3.41) is satisfied

when

1
g is given by (3.45), K > 0 and r > nb+ 577(7] — 1)o7,

g is given by (3.46) and K > {Inn,
g is given by (3.47) and £ > 1.

The proof of the following well-known result is straightforward and omitted.

Lemma 3.4.1 The increasing function ¢ and the decreasing function ¢ spanning

the solution set to (3.51) are given by

o) =a" and ofx) =™,
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where the constants m < 0 < n are defined by

3.4.2 Square-root mean-reverting process

The diffusion X defined by
dXt:K,(Q—Xt)dt + U\/Xtth, X0:$>0,

where k, 6 and o are positive constants satisfying x6 — %0’2 > (0 models the short
rate in the Cox-Ingersoll-Ross interest rate model, and has attracted considerable
interest in the theory of finance. Note that the assumption that x6 — %O’Q > 0 is
imposed because it is necessary and sufficient for X to be non-explosive, in particular
for the hitting time of 0 to be infinite with probability 1. Also, the ODE associated
with (3.9) takes the form

%azxw"(m) + k(0 — 2)w'(z) — rw(z) =0, for z > 0. (3.52)

We can verify that (3.41) is satisfied when

g is given by (3.45) and K > 0,
0
g is given by (3.46) and K > ¢ <1n7] — K—) ,

g is given by (3.47) and £ >

r+nkl’

Lemma 3.4.2 The increasing function 1 and the decreasing function ¢ spanning

the solution set to (3.52) are given by

() = 1 F) (—,—Q;Ex) and ¢(@:U(f 2r0. 26 >

——=x
M) )
Kk 02 o2



The Optimal Timing of Investment Decisions 56

Proof. Setting y = 2xx/0? and h(y) = w(z), the ODE (3.52) becomes

yh" (y) + (QU—KQQ - y) W (y) — %h(y) =0,

which is Kummer’s equation for a = r/x > 0 and 3 = 2xk6/0? > 1, the inequality

1

102 >0, and the result follows. O

as a consequence of the assumption that 6 —

3.4.3 Geometric Ornstein-Uhlenbeck process

The diffusion X defined by
dXt = /43(9 — Xt)Xt dt + O'Xt th, XO =T > O, (353)

where k, # and o are positive constants, has been proposed by Cortazar and Schwartz
[ | as a model for a commodity’s price and has played a role in population
modelling. The ordinary differential equation associated with (3.9) for this diffusion

takes the form

1
502x2w"(x) + k(0 — z)aw' () — rw(x) =0, for z > 0. (3.54)

We can verify that (3.41) is satisfied when

g is given by (3.45) and K > 0,
g is given by (3.46) and K > £Inn,
g is given by (3.47) and £ > 1.

Lemma 3.4.3 The increasing function 1 and the decreasing function ¢ spanning

the solution set to (3.54) are given by

2k0 2kKx 2k0 2Kz
Y(x) =a" 1 I (n,2n + ?) and  ¢(x) = z"U (n, 2n + PR _2> ’

o
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where

1 /19_{_ kO 1 2+27“
n=-—— — — = — .
2 o2 o2 2 o2

Proof. Motivated by Dixit and Pindyck [ , Chapter 5, Section 5A|, we consider
a candidate for the solution to (3.54) of the form

w(z) = Az" f(x)
which results in

" f(x) %(7271(71 — 1) + kbn — r}

+ "t Ba%f”(a:)(a% + k[0 — 2]) f'(z) — knf(z)| = 0.

This can be true for all x > 0 only if
L,
29 n(n—1)+kn —r =0, (3.55)

and

%azzf"(:v) + (6*n 4 kb — k) f'(x) — knf(z) = 0. (3.56)

We note that the negative solution to (3.55) would result in choices for 1) and ¢ not
having the required monotonicity properties. Choosing n to be the positive solution
to (3.55), and setting x = oy/(2k) and g(y) = f(x), we can see that (3.56) becomes

yg" (y) + (2n + 2:—29 - y) 9'(y) —ng(y) =0,

which is Kummer’s equation with @« = n > 0 and 3 = 2n + 2x6/0* > 0 and the
expressions for ¢ and ¢ in the statement follow.

Since 2™ and 1 F; are both increasing functions, the function v is plainly increas-
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ing. To see that ¢ is decreasing, we recall that
2U(a, b+ 1;2) =U(a— 1,b;2) + (b — a)U(a, b; 2)

(see Magnus, Oberhettinger and Soni | , Section 6.2]). Using this result, we

calculate,
d n—1
%gb(:c): —(B—a+nz" " Ula+1,5;x)

which is negative for if and only if 3 > a — 1. However, we can see that § > a — 1

3/<;0+ Kb 12+2r>1
2 o2 o2 2 o2~ 27

which is true for all x,6,0,r > 0. O

if and only if




4. THE INVESTMENT PROBLEMS

4.1 Introduction

We now consider investment problems that involve both single entry and exit as
well sequential entry and exit. Section 4.2 provides a formulation of the various
investment problems studied.

In Section 4.3 we solve the single entry and exit problems. Specifically, we
address the issues of the initialisation of a random cashflow, the abandonment of an
existing cashflow and the initialisation and then the abandonment of a stochastic
cashflow. We show that these problems can all be reduced to appropriate versions
of the discretionary stopping problem studied in Chapter 3.

In Section 4.4, we study the sequential entry and exit decisions relying on intu-
ition developed in Section 4.3. We start by investigating the case where multiple
entry and exit decisions may define the optimal strategy. We then consider the sim-
pler case where being “in” or “out” of the investment is optimal, whatever the value
of the state process. We finish by considering the case, where although any number
of entry and exit decisions are possible, the optimal strategy is, in fact, similar to
the initialisation or abandonment strategies in Section 4.3.

The problems in Section 4.3 have been formulated to be irreversible, or in the case
of the initialisation and then the abandonment of a cashflow, partially reversible.
The problems in Section 4.4 have been formulated to be reversible, however switching

back (reversing) may not form part of the optimal strategy.

29
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4.2 Problem formulation and assumptions
We consider the following classes of decision strategies.

Definition 4.2.1 Given an initial condition x > 0, we define the following decision
strategies, bearing in mind the definition of a stopping strategy given in Defini-
tion 3.2.1.

An initialisation strategy is any admissible stopping strategy (S, 1) € S,.
An abandonment strategy is any admissible stopping strategy (S.,7) € 8.

An admissible initialisation and abandonment strategy is any triplet (S,, 71, 7o)
where S, = (2,F, F,, P, X, W) is a weak solution to (2.2) and 7y, 7y are (F;)-
stopping times such that 71 < 79, P,-a.s.. We denote by €, the family of all

such admissible strategies.

An admissible switching strategy, is a pair (S, Z) where S, = (2, F, F, P, X, W)
is a weak solution to (2.2) and Z is an F; adapted, finite variation, cadlag
process taking values in {0, 1} with Zy = z. We denote by Z, , the set of all

such control strategies.

We consider the following related optimisation problems. The first one, the
wnitialisation of a payoff flow problem, can be regarded as determining the optimal
time at which a decision maker should activate an investment project. In this
context, each initialisation strategy (S,, ) € S, is associated with the performance

criterion

JYS,, 1) = E, K / e Mh(X,) dt — e gl(XTl)) 1{71@0}} : (4.1)
T1

Here h :]0,00] — R is a deterministic function modelling the payoff flow that the

project yields after its initialisation, while g; :]0, 00[ — R is a deterministic function

modelling the cost of initialising the project and where A; := fot r(Xs)ds, with

r :]0, 00[—]0, 00[, is a given deterministic discounting function. The objective of the
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decision maker is to maximise J! over all initialisation strategies, (S,, ;) € 8,. The

resulting value function is defined by

oN(z) = sup JXS,, 1), forz>0. (4.2)
(Sx,’ﬁ)esx
The abandonment of a payoff flow problem aims at determining the optimal time
at which a decision maker, who receives a payoff from an active investment project,
should terminate the project. In this case, each abandonment strategy, (S,, 70) € 8.,

is associated with the performance index
70
JA(Ss,m0) = E, U e Mh(Xy) dt — e go (X)L {rp<oc) | (4.3)
0

Here, the function h :]0,00[— R is the same as in (4.1), while gg :]0,00[— R is a
deterministic function modelling the cost of abandoning the project. This problem’s

value function is given by

vMx) = sup  JA(Sg, 1), fora>0. (4.4)
(Sz,m0)€8%

The initialisation of a payoff flow with the option to abandon problem is the
combination of the previous two problems. It arises when a decision maker is faced
with the requirement to optimally determine the time at which an investment project
should be activated and, subsequently, the time at which the project should be

abandoned. In this problem, the associated performance criterion is defined by

70
JIA<Sa:77'1, 70) = Eq {(—GATILC]l(Xn) + / eAth(Xt)dt> 1ir <o}

T1

_e_ATog()(XTo)l{TOSOO}] ) (45>

where the functions h, g; and gy are the same asin (4.1) and (4.3). The objective is to

maximise this performance index over all admissible initialisation and abandonment
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strategies in C,, and the associated value function is defined by

VA (z) = sup  J™(S,,7m1,7), fora>0. (4.6)
(Sz,m1,70)€Cs

The sequential entry and exit problem models the situation where the decision
maker can choose between two deterministic payoffs of the state process, and there
is no limit as to the number of times the decision maker can switch between the two
payoffs, and the decision maker can reverse their decision. In this problem, the task
of the decision maker is to select the times when the system should be switched.
These sequential decisions form a control strategy and they are modelled by the
process Z. For clarity, we shall differentiate the two payoffs by calling one “closed”
and the other “open”. If the system is open at time ¢ then Z;, = 1, where as if it
closed at time ¢ then Z; = 0. While operating in the open mode the system provides
a running payoff given by a function h; :]0, 00— R and while in closed mode the
payoff is given by hg :]0,00[— R. The transition from one operating mode to the
other is immediate. The transitions between open and closed modes are indicated by
(AZ)" = 1iz,2,_-1) with a cost given by the function g; :]0, co[— R. Switching
between closed and open modes is given by (AZ;)™ = 1{7,__z,-1; and the associated
cost is given by g :]0, 00— R. Given this formulation, the objective of the decision

maker is to maximise the performance criterion

J5(S,, Z) = E,. { /O e [Zthl (X)) + (1 — Zt)hO(Xt)] dt

Y et (xaz) Fmxa@z))| )

0<s
over all admissible switching strategies. Accordingly we define the value function v

by

V(z,2) = sup JS,, Z), forxz>0. (4.8)
(SIHZ)EZIE,Z
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In place of Assumption 3.2.1, used in the discretionary stopping problem, we

impose the following conditions on the investment problems data.

Assumption 4.2.1 The functions g1, go :]0,00[— R are C' with absolutely con-

tinuous first derivatives and h and hy — hg are measurable. In addition:

a. Given any weak solution, S, to (2.2) the functions g1, go satisfy

E, [/ eAt‘Lgo(Xt)|dt} < oo, forallx >0, (4.9)
0

E, {/ e_A*‘Lgl(Xt)|dt} < o0, forall x>0, (4.10)
0

where the operator L is defined as in (2.0).

b. Given any weak solution, S, to (2.2) the functions h, hy — hy satisfy
<00, forallz >0, (4.11)

E. [/OO e M| h(X,)|dt
0

E, [/ e M| b (X;) — ho(Xt)\dt] < o0, forallz >0, (4.12)
0

These conditions are the integrability conditions which imply the transversality con-
dition necessary for our problem data to conform to economic theory.
In the cases where there is the possibility of both entry and exit decisions, we

impose the following assumption based on hindsight from our subsequent analysis.

Assumption 4.2.2 The functions g1, go :]0,00] — R satisfy the following condi-

tions
L(go+g1)(xz) <0 forallz>D0. (4.13)

This condition ensures entry takes place before exit, it separates the entry and exit
point and ensures the exit point is below the entry point.

In the case of the sequential entry and exit problem, in order to exclude the
possibility of making a profit simply by switching, instantaneously, between open

and closed modes, we have an additional assumption.
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Assumption 4.2.3 The functions g1, go :]0,00] — R satisfy the following condi-

tions

go(z) + g1(x) >0, for all x > 0. (4.14)

4.3 The single entry or exit investment problem

This section considers the two irreversible problems of initialising, with no subse-
quent abandonment, of a payoff flow (Subsection 4.3.1) and of abandoning, with no
subsequent re-initialisation of a payoff flow (Subsection 4.3.2). The section ends with
the semi-reversible problem of initialising a payoff with the option to subsequently
abandon the payoff.

The theorems in this section rely on Assumptions 2.2.1’, 2.2.2, 2.3.1", 4.2.1, which
are, respectively, that the SDE has a weak solution, it is non-explosive, discounting

is strictly positive and the payoffs satisfy the transversality conditions.

4.3.1 The initialisation of a payoftf flow problem

Given Assumptions 2.2.1') 2.2.2) 2.3.1" and 4.2.1, we have that the function Ry,

defined in Proposition 2.4.1 with the representation
Ry(z) =E, [/ e Mh(X,) ds] , forall z >0,
0

is well-defined. Furthermore, we can use (2.39) of Proposition 2.4.2 to see that,

given any initialisation strategy (S,, 1),

‘]I<Sx7 7—1) =E, [e_ATl (Rh - gl) (XT1)1{7'1<00}] .

It is easy to confirm that Assumption 4.2.1 means that all the assumptions of The-
orems 3.3.2 and 3.3.3 are satisfied, so, with reference to Lemma 3.3.1, its solution is

provided by the following result.
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Theorem 4.3.1 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1" and /.2.1 hold, and

consider the initialisation problem formulated in Section /.2.

Case 1.

Case I1.

Case I1I.

If L(Ry—q1)(x) > 0 for all x > 0 then given any initial condition
x > 0, the value function is given by v'(x) = 0 and there is no admissible

nitialisation strategy.

If L (Ry — g1) (z) <0 for all x > 0 then given any initial condition x > 0,
the value function is given by v'(z) = (Ry — g1) (z) and the initialisation

strategy (SL,0) € 8., where S. is a weak solution to (2.2) is optimal.

If (R, — g1) (x) > 0 for some x €]0,00] and

>0, forx<ux,
L (Rh — 91) (513') x> 0. (415)
<0, forx>x,

The value function v' identifies with the function w' defined by

T if v < af
w'(z) = Bilz) fo <, (4.16)

(Bn—g1) (x), if x> i,

with ¥} > 0 being the unique solution to ¢'(x) = 0, where ¢* is defined by
¢'(z) = p;(x)/ L (R, —aq1) (s)Y(s)m(ds), forallz >0, (4.17)
0

and B' > 0 being given by

Fa—g) (@) _ (Ru—g9) (#))

L
B==0 = o@D

(4.18)

Furthermore, given any initial condition x > 0, the initialisation strategy

(SL,7i) € 8., where SL is a weak solution to (2.2) and

71 = inf{t > 0| X; >},
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1 optimal.

4.3.2 The abandonment of a payoff flow problem

Now, (2.38) implies that, given any abandonment strategy (S, 1),

T4 (Se,10) = Ralz) — E, [e70 (Ry + g0) (Xn) Lim<oc}]
and so

v™(x) = Rp(z) + sup E, [—e’ATO (Rp, + go) (XTO)l{m@o}} .
(Sx,T())ESx
The structure of Ry, implies that we associate this situation with Case I of Theorem
3.3.3, and so with reference to Lemma 3.3.1 its solution is provided by the following

result.

Theorem 4.3.2 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1" and }.2.1 hold, and

consider the abandonment problem formulated in Section 4.2.

Case I. If L (Rp + go) (x) < 0 or (R + go) () > 0 for all x > 0 then given any
initial condition x > 0, the value function is given by v*(z) = Ru(x) and

there is no admissible abandonment strategy.

Case II. If L (Rp + go) (x) > 0 for all x > 0 then given any initial condition x > 0,
the value function is given by v*(x) = —go(z) and the abandonment

strategy (S%,0) € 8, where S& is a weak solution to (2.2) is optimal.

Case III. If (Ry, + go) (x) < 0 for some x €]0, 00[ and

>0, forx < x,
L (Rn+ g0) (x) xo > 0. (4.19)

<0, forx > x,
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The value function v* identifies with the function w® defined by

wh(z) = ~90(®) o<z < (4.20)

Ad(x) + Ry(x), if x> xf,

with x5 > 0 being the unique solution to ¢*(z) = 0, where ¢* is defined
by

o0

M) = p;(x)/ L(Ry+ go) (s)p(s)m(ds), forallxz >0, (4.21)

xT

and A* > 0 being given by

g (Bt o) () (Rutg) () 22)

2! ¢ (x()

Furthermore, given any initial condition x > 0, the abandonment strategy

(S&, 78) € 8., where S is a weak solution to (2.2) and
& = inf{t > 0| X, <5},

15 optimal.

4.3.3 The initialisation of a payoff flow with the option to abandon

problem

With regard to the initialisation of a payoff flow with the option to abandon problem,

recall that the performance criterion is given by

JA(Sz,71,70) = E, [e—An (Rh(XTl) —Ex,, [ (e (R + 90) (X7,)) 1{TO<OO}]

— 01 (XTl )) 1{T1<00}} .

To address this problem we start by observing that the optimal strategy should
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never involve initialisation followed immediately by abandonment. This will be the
case if the initialisation point, which we denote by x!*, is below the abandonment
point, which we denote by zf*. With reference to Theorems 4.3.1 and 4.3.2, we
have a number of possibilities. Firstly, if Case | of Theorem 4.3.1 applies we would
never initialise, which corresponds to #!* = 0o, and the problem does not arise.
For Case II of Theorem 4.3.2, characterised by L (R, 4+ go) () > 0 for all x > 0,
we note that Assumption 4.2.2 means that we cannot have L (Ry, — ¢1) () < 0 for
any x, and so Cases [I-III of Theorem 4.3.1 are precluded. If we have Case III of
Theorem 4.3.1 and Case | of Theorem 4.3.2, then initialisation is optimal but we
would never abandon. In this case we can repose the initialisation and abandonment

problem as a pure initialisation problem,

sup  JANS,, 1, 1) = sup  JHS,, 7).
(Se,71,70)€C (Sz,m1)€8y
Hence, both initialisation and abandonment should only be optimal if we have
Case III of Theorem 4.3.1 and Case III of Theorem 4.3.2. These cases are charac-
terised, in part, by (4.15) and (4.19). With regard to these definitions and Assump-
tion 4.2.2, we will have that xq < x;. Also, recall that the performance criterion

associated with abandonment is given and by

TS0 70) = Ri(w) = B | (70 (Ri + 90) (X)) (<o)

and the optimal strategy would be to abandon if X hits the stopping region ]0, 23],
With IOA < xy. Hence

v Mz) = sup  J(S.,71,70)
(S&,7m1,70)E€Cx

= sup ]ECC [(e_ATl (JA<SX7—1>TO) - gl(Xn))) 1{Tl<oo}}

(Sz sT1 77—0)6 Cz

= sup E, [(G_A” (UA - 91) (Xn)) 1{7'1<oo}} )
(Sz,ﬂj)esz

which equates to an optimal stopping problem with a payoff of v4(x) — g1 (z). With



The Optimal Timing of Investment Decisions 69

reference to Case (a) of Lemma 3.3.1, we require v*(x)—g;(z) > 0 for some  €]0, oo

and

A >0, foraxz < x,
L™ —g1)(z) x1 > 0.
<0, foraxz>xy,

with

—go(x), if oz < xé,

v (2) =
Arp(2) + Ry (z), if 2 > .

Given that we have x@ < o < 1, we note that

—(g90(z) + g1(x)), if v < zf),

V(@) gale) =
! Arp(x) + Rp(z) — g1(2), if 2 > .

—L(g0 + 91)(2), if 2 < a7,
L(Ry, — g1)(x), if z > af.

L@ —g)(x) =
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Based on these observations we have the following theorem.

Theorem 4.3.3 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', J.2.1 and }.2.2
hold, and consider the initialisation and abandonment problem formulated in Sec-

tion 4.2. Suppose, in addition that

>0, forx < x,
L (Ry + o) (x) xo > 0, (4.23)
<0, forxz> xg,

>0, forx<ux,
L (R, —g1) (x) x1 > 0, (4.24)
<0, forx>x,

Ry (z) + go(x) < 0 and Ry(z) — g1(x) > 0 for some x > 0. (4.25)

In this case, the optimal strategy will involve initialisation of the payoff flow and

abandonment at a later time. The value function v' identifies with w™ where

B (), if v <
w(z) = Vi) / ! where 1 >z, (4.26)

Arp(x) + Ry(z) — gi(2), if v > o,

Here, A and xi* are as defined in Theorem /.5.2, with 2™ > 0 being the unique

solution to ¢"*(z) = 0, where ¢** is defined by
" (z) = pl(z) {W(C)AA —I—/ L(Ry—g1) (s)Y(s)ym(ds)|, forallz >0, (4.27)
0

and B™ > 0 given by

pa_ (0t Ri—g) (@) (A% + Ry — 1) (@)

() - o) (4.28)

Furthermore, given any initial condition x > 0, the initialisation strategy (S, 714) €

8., where SI* is a weak solution to (2.2) and

A = inf{t > 0] X, > 21},
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combined with the abandonment strategy (S, 7iA) € 8., where S is a weak solution

to (2.2) and
ot = inf{t > 7| X, < 2f},

18 optimal.

Proof:  We first note that the payoff A¢(x) + Ry(z) — g1(x) satisfies all the
assumptions associated with Theorem 4.3.1 and the payoff R, + gy satisfies all the
conditions of Theorem 4.3.2. In addition
ARG (g )i () — AN (291 ()

W(z§)

(Bn + g0) (25) V' (2) — (Bn + g0)' () ¥(x)
W(zp)

W(c)A* = W(c)

— —W(
-/ LR~ ) )0() mis)
and so
@) = o) WA = [ (R 1) (D09 ()

— pi(a) / " L(Rn — g0)(s)(s) m(ds) — / "L (Rn — g)(s)(s) m(ds>]

— p(a) / Y L(go + g)ib(s) m(ds) + / " LRy — g1)()(s) m(ds>] |

A
0

The structure of L(Ry, — g1)(z), given by (4.24), and L(go + ¢1), from (4.13) of

Assumption 4.2.2, combined with the fact that W(¢) > 0 for any choice of ¢, means

A 1A

that ¢**(r) = 0 has a unique solution and in addition z{ < 2!*. Consequently,

IA IA
Ty > T O

Remark 4.3.1 Comparing (4.26) and (4.16) we can see that v'* > v!. This con-

forms with the intuition that a project that can be abandoned after initialisation
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has more value than one that cannot. What is less intuitive, but is in line with “real
options” theory, is that by comparing (4.27) and (4.17) we can see that z1* > a1,

and you would wait longer to initialise a project that can be abandoned.

4.4 The sequential entry and exit investment problem

We now consider the cases where the decision maker is allowed to reverse their
decisions. We start in Subsection 4.4.1 by considering the case where switching
between the “open” and “closed” modes, depending on the state process, is the
optimal strategy. In Subsection 4.4.2 we turn our attention to the cases where it
is optimal to switch to the open or closed modes for specific values of the state
process but not to switch back, while in Subsection 4.4.3 it is optimal to operate
either in the open or closed modes for all values of the state process. The cases in
Subsections 4.4.2-4.4.3 reduce to ones studied above in Section 4.3 and Section 3.3,
however here the problem data mean that switching does not form part of the
optimal strategy, rather than the problem being formulated to prevent switching.

We can see that the performance criterion J5(S,, Z) is equivalent to
JS(S,, Z) = E, [ / eAtho(Xt)dt} + J5(S,, 2)
0
where

J5(S,,2) = E, . / ez (X, )dt — Y e <g1 (X.)(AZ)" + gO(Xs)(AZS)*)

0 0<s

and h(x) = hy(x) — ho(x). Hence,

Us(zax) = Rho('r) +1~)S(Z7x)
(z,x) = sup J5(S,,Z), forz>0,z¢e{0,1}
S0, Z€Za,

and we focus our attention on identifying ©5(z, ), since Rp,(z) is a deterministic

function.
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In order to understand the form of our variational inequality, we consider the
case where the system starts in the closed mode, Z = 0, and our options are either
to wait or switch. If we wait for a time At and then continue optimally, we expect

that the value function v should satisfy the following inequality
5°(0,2) > E, [e *2755(0, Xar)]
using It6’s formula, dividing by At and taking the limit At | 0, yields
%0‘2(1‘>1~)§x(0, z) + b(z)55(0,7) — r(2)5°(0,z) < 0.

Alternatively, we can switch, and so we expect that the value function of staying
closed is at least as good as the value function of being open minus the cost of
opening, so

9°(0,2) > 0°(1, 2) — g1 ().

If we start in the open mode and Z = 1 then similar arguments yield
1y \ss ~S _ ~S
50 ()0, (1, z) + b(x)v, (1, ) — r(x)v°(1,z) + h(z) <0,
if we wait, or, we can switch, and so we expect that
~S ~S
0°(1,z) > 0°(0,2) — go(z).

Therefore, rearranging these expressions and generalising for z, we expect that the
value function, ¥°, identifies with a solution, w, of the Hamilton-Jacobi-Bellman
(HJB) equation

max {%UZ(x)wm(z, z) + b(2)w.(z,x) — r(z)w(z, z) + zh(x),
w(l —z,x) —w(z,z) — zgo(x) — (1 — z)gl(x)} = 0. (4.29)

For future reference, note that the theorems in this section all rely on Assump-
tions 2.2.17, 2.2.2, 2.3.1’, 4.2.1, which are, respectively, that the SDE has a weak
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solution, it is non-explosive, discounting is strictly positive and the payoffs satisfy

the transversality conditions.

4.4.1 The case when switching is optimal

Given the intuition developed in the study of the initialisation, abandonment and
initialisation and abandonment cases, we start by considering the switching case
where the optimal strategy is to switch from the “open” mode to “closed” for all
x < x5, and optimal to switch from the “closed” mode to the “open” mode for all
x > 5. With reference to standard heuristic arguments that explain the structure
of (4.29), we look for a solution w to (4.29) that satisfies,

w(0,z) —w(l,2) — go(z) =0, forx <aj, (4.30)
%JQ(x)wm(l,x) +b(z)w, (1, 2) — r(z)w(l, ) + h(z) =0, for x> a5, (4.31)
%UQ(x)wm(O,x) + b(z)w, (0, ) — r(z)w(0,2) =0, forx <P, (4.32)

w(l,z) —w(0,2) —gi(z) =0, forx>a. (4.33)

Such a solution is given by

S _ - S

oy = LBV~ 0 it < a) a
AS¢(z) + Ry(x), if z > 3.
S - S

0(0,2) = Boy(x), if v < a7y, (4.35)

AS¢(x) + Rp(x) — g1(z), if x> 2f.

To specify the parameters A5, BS, x5 and 25, we appeal to the so-called “smooth-
pasting” condition of optimal stopping that requires the value function to be C?,

in particular at the free boundary points 5 and #§. This requirement yields the
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system of equations

AS¢(x5) + R(xh) = B ¢(a) — go(a}),
A3 (xf) + Rj,(xz)) = B¢ (af) — go(f),

and

APG(2}) + Ru(2F) — g1(aF) = B(ay),
AP (2Y) + Rj,(2Y) — gi(a7) = B/ (a%).

From these expressions we can see that

45— (9o + R)'(a5) 9(5) — (g0 + Bo) () ¥'(x5)

W(I(aS)
(g RYGD)HED) (9 — R ()
- W) (4:36)

and

g0+ Ru)'(5) o(x5) — (90 + Ra)(wp) ¢/ ()
W(c)p.(5)
_ /ajS ZES _ | — :17? /ZBS

Combining (4.36)—(4.37) with the identities (2.35)—(2.36), noting that W(c) > 0 for

any choice of ¢ > 0, we have the system of equations

g5 (x5, 27)

¢ (a3, 2%) =

0,
)
where

() = / " L(go + Ru)()6(s)m(ds) + / T Lo — R)()e(s)m(ds)  (4.38)
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and

Sluv) = — [ / " Lg0 + Ra)(s)i(s)m(ds) + / Lo — Ra)(s)(s)m(ds)
(4.39)

With these observations in mind we have the following theorem.

Theorem 4.4.1 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', }.2.1, 4.2.2 and
4.2.3 hold, and consider the switching problem formulated in Section 4.2. Suppose,
in addition that

>0, forx < xg,
L (go + Rh) ((ﬂ) x> 0, (4.40)
<0, forx > xg,

<0, forx <z,
L(g1 — Ry) (x) 1 >0, (4.41)

>0, forx>x,

Ri(z) + go(x) < 0 and Ry(y) — g1(y) >0 for some z,y > 0. (4.42)

The value function ©° identifies with w defined by (4.54)-(4.55) with AS, BS >
0, being given by (4.36)—(4.57), respectively, and 0 < x5 < a5 being the unique
solutions to 5 (y,2) = 0 and ¢} (y, z) = 0, where ¢5, ¢} are defined by (4.58)—(4.59),
respectively.

Furthermore, define the Fi-adapted, finite variation, cadlag control process 73,
taking values in {0,1}, as being switched from the closed state to the open state

(Z5 =0 to Z5 = 1) at stopping times given by
= inf{t >s>0| X, >} and Z5 = Z} = 0},

while Z° is switched from the open state to the closed state (Z5 =1 to Z5 =0) at

stopping times given by

78 = inf{t >s>0| X, <3 and Z° = 7 = 1}.
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Given any initial condition x > 0 and z € {0, 1}, the switching strategy (S5, Z%) €

Zs.., where SP is a weak solution to (2.2) and Z° with Z3 = z is optimal.

Proof. Step 1. We begin by proving that the opening point, 25, and closing
point, 3, are unique with 23 < 2. We start by making the trivial observation that
(4.40) and (4.41) and Assumption 4.2.2 imply that o < z;. Now, we show that
(4.39) defines uniquely a mapping [ : 0, co[ — |0, o[ such that

@ (u,l(u) =0 and I(u) > u.
First, fix any 0 < u < oo such that
Bun) = = [ Lot 9)(0s)m(ds)
0

which is positive given (4.13) of Assumption 4.2.2. Also

D Sy~ — 2o = R0 ()
o WP (v)

C

which is positive for < x; and negative for x > xy, and so if there is [(u) > u
such that ¢} (u,l(u)) = 0 then it is unique. To show that [(u) exists, combine the
fact that lim, (g1 — Rn)(x)/1¥(x) = 0, which is a consequence of (4.10) and the
identities in Proposition 2.4.2, with (4.41) and (4.42) to see that

xT

lim L(g1 — Rp)(s)(s)m(ds) = oo,
r—00 0
and so, for any u < oo,

lim ¢} (u,v) < 0.

v—00

Now, observe that

I(u)
lim g8 (u, () = — / L1 — Ra)(s)i(s)m(ds)

u|0
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where ¢! is given by (4.17). Since we define I(u) by ¢} (u,l(u)) = 0, with reference to
Theorem 4.3.1, which tells us that ¢'(z) = 0 at x = z], we can see that lim, o [(u) =

2! > 71 > 0 and consequently 27 > z;. For future reference, observe that

g (u, 1)) = 28 (o, L)) + -2 (a1 ()l

ou ov
=0
and so we have that
: ot (u, 1(u))
M= e i)
L(go + B)(w)  ¥(u) o?(U(w))p(l(u))

= — ) (4.43)
)
Now consider

(. () = / " Llgo + Ra)(s)d(s)m(ds) + /( OO) g1 — Ba)()6(s)m(ds)

[e.e]

l(u)
- / Lgo + Ba)(5)6(s)m(ds) + /( L+ g0)()os)m(ds)

and noting that L(go + ¢1)(z) < 0 by Assumption 4.2.2, and L(go + Ry)(z) < 0 for
x > xo by (4.40), we have that

lim g3 (u,l(u)) < 0.

U—00

Using (4.43), observe that

gqg(u, () = — L(go + Bn)(w)p(u)m(du) + L(g1 — Rn)(1(w))o(l(w))m(dl(w))l'(u)

ou
e CoR

Given
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we have that 2 g5 (u,[(u)) has the sign of —L(go 4+ Ry)(u). Using this with the fact
that lim, .. 5 (u, l(u)) < 0, there will be a unique z§ < zy such that ¢§ (25, 1(25)) =

0 if lim, o go(u) is positive. Noting that lim, o l(u) = ) > x; we have

o o0

lim [ L(g1 — Rn)(s)p(s)m(ds) = / L(g1 — Bn)(s)d(s)m(ds)

uLO l(u) I

_ (91— Ry)(21) &' (21) — (91 — Rp)'(21) (1)
JACEY
_ —BW(a1)¢'(x1) + B (21)(a1)
pl(ah)
= B"W(c)

where W(c) > 0 for any choice of ¢ > 0 and B' > 0 is the co-efficient defined in
(4.18) and is positive given (4.41) and (4.42). Hence

i 30, 100) =ty [ (oo + (o m(ds) + BW(E

> lim L(go + Rp)(s)p(s)m(ds)

ul0 u

¢ (u)

lim
u]0 p,c (U)

where ¢*(u) is defined by (4.21). Since R}, satisfies (2.33) and g satisfies (3.6), we
have that lim, (g0 + Rp)(u)/é(u) = 0. Combined with (4.40) and (4.42), we have

that lim, o ¢*(u) is positive and so lim, | go(u) is positive. As a result,

Ty < wo < w1 < T (4.44)

S .S :
and xy, x7 are unique.

Step 2. We now confirm that AS and B® are positive. Combining (4.36) with
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(2.36) and (3.8) we have either,

Wi(e) A5 = / LRy + gols))s) m(ds) (4.45)

with the final inequalities following from (4.40) and (4.44), or,

S

WA = — / " L(gr — Ra)(s)uls) m(ds). (4.46)

Similarly (4.37) with (2.35) and (3.7) yield

o0

WEB = [ Lo~ Ri) (s)6(s) mlds)

S
1

>0

with the final inequality following from (4.41) and (4.44). Hence, both A5 and BS
are positive.
Step 3. We now show that (4.34) and (4.35) satisfy (4.29). To do this they also

need to satisfy the following inequalities;

—0(2)wee (1, ) + b(x)we (1, 2) — r(x)w(l,z) + h(z) <0, for x < ad,  (4.47)
w(0,z) —w(l,x) — go(x) <0, forx >y, (4.48)

w(l,z) —w(0,2) —gi(z) <0, forx<ay, (4.49)

%JQ(x)wm(O,x) + b(z)w, (0, ) — r(z)w(0,2) <0, forx>a5. (4.50)

We note that (4.34) satisfies (4.47) given L(go + Rp)(z) > 0 for x < xy by (4.40)
the fact that 2§ < x¢ while (4.35) satisfies (4.50) given 2§ > z; and (4.41).
For z > a5 , (4.48) becomes

APp(x5) + R(x5) + golw5) _ AS(x) + R(x) + go()
() - ()
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and so we require AS¢(z) + R(x) + go(x)/1¥(x) to be increasing for x > z5. With
reference to (2.36), (3.8), (4.39) and (4.46), we have that

d {A%(x) + R(z) + go(x)}
dz e
_ A% (@) + R'(z) + gy(@)[¥(2) — [A%(x) + R(z) + go()]Y'(x)

()
pc(ﬂ;)) {/OJCL go + Rp)(s
|

B[ g0+ Bt
= B [ g0 Rt + [ Lo Ra)oyoteim(as
ZQY?) ¢ (x, z7).

s)ym(ds) — W(C)AS:|

For x €zf, 5[, (4.48) is satisfied since ¢;(y,z) < 0 for y > 25 and 2z = 2}. For

x> 13, (4.48) is satisfied given (4.13) of Assumption 4.2.2 and (4.40).
For z < af , (4.49) becomes

A¢(x) + R(x) — gi(r) _ A%G(aY) + R(x7) — ga(])
¥(x) - (a?)

and so we require AS¢(z) + R(x) — g1(x)/¢(z) to be increasing in ]x5, 29]. Using
(2.36), (3.8), (4.39) and (4.45) note that

d [Asczﬁ( z) + R(z) — g1 (x )}

dax b(x)
_ A (@) + R(x) — (@)= ) [A%6(z) + R(z) — g1 ()] (x)
V()
,c(x) S 4
iy o [ ve i Sﬂ
Pe(x)
1/12(20){/0 W(s)L(go + Rp)(s)m(ds) + / (s m(ds)
Pe(%) s
= e

Given ¢f(y,2) > 0 for y = 25 and 2z < 2}, (4.49) is satisfied for x € |25, 2}[. For
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x < x5, (4.49) is satisfied given (4.13) of Assumption 4.2.2 and (4.41).

Step 4. To verify that the solution w to the HJB equation (4.29) that we have
constructed identifies with the value function v of the optimal stopping problem, we
fix any initial condition x > 0 and any weak solution S, to (2.2). Define an arbitrary
control strategy, Z, by picking arbitrary times at which to switch between the open

and closed modes. We can now define a sequence of (F;)-stopping times (7,,) by

T = mf{t > 0 |Zt % Z}
Tm+1 = lnf{t > Tm ‘Zt 7é Zt—}'

In addition, given any 7" > 0, fix any initial condition x > 0 and any stopping

strategy (S;,7) € 8, define
Tn :inf{tz 0] X; ¢ [1/n,n] }, forn > 1.

Now, since w € C(]0, 00[) NC?(]0, 0o[ \ {25, 25}) and w’ is of bounded variation, we

can use the Ito-Tanaka formula, to calculate

G_AMT"ATUJ(ZMTHAT, Xinronr) = w(z, ) + MtTn
tATRNT
+/ e M (Lw(Z,, X)) ds
0

+ Y e Mw(ZX,) —w(Z,-, X)) (4.51)

0<s<tATRL, AT

where

tATR AT
MtTﬂ = / e~ (0(Xo)wa(Zs, Xs)) AW
0

_ L?,n + MtT,n
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and

tATR AT
L .= / e Mo (X) ( (B3¢ (X )1 x a5y + A% (X)1x,508y) Liz=1)
0

X (Bsw/<XS)1{XS<I§} + AS¢/(XS)1{X52I§}) 1{Zs:0}) dW.
Given that gg, g1 and Ry all satisfy Dynkin’s formula, we have that Ea:z[MtT " =

Exz[MtT i LtT"] = 0. With reference to Ito’s isometry, the continuity of ¢" and ¢’

and Assumptions 2.2.1" and 2.3.1’, we can see that

E,. {(Liﬁ”)z}

T
0
2
+ <BS¢/(Xt)1{Xt<x§} + AS¢/(Xt)1{XtZw§}>1{Zt0}> 1{5§7—n} dt
’ —2A; 2 S, 2 S i 2
= / e Mo (Xt)<<(B P'(X1) Lix,<asy + (A% (X0)) 1{Xt>z§}>1{zt:1}
0

2 2
+ <(BS¢,<X75)) 1{Xt<m§} + (AS¢,<Xt)) 1{Xt2m§}> l{Zt0}> 1{5§7'n} dt

IN

T
/ e Mo?(X)) ((23%’()@)21 (Xi<ad) F (2AS¢’(Xt))21{xt>xg}> Ls<r,y dt
0

< sup (2381/)'(17)0(20))2 /OT e Mdt + sup (2As¢'(x)a(x)>2/oT e et

S S
<z T>Tq

< 00.

This calculation shows that LT" is a square-integrable martingale. Therefore by
appealing to Doob’s optional sampling theorem it follows that [E, , [LtT"] = 0, and

consequently E, .[M,"] = 0. In view of this observation, we can add

/OTMTe—Atzth(Xt)dt— > M ((X)AZ) + po(X)(AZ)")

0<t<my AT
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to both sides of (4.51), on taking expectations and given that w satisfies (4.29), we

have
T AT
E,. / eNZNX )~ Y e (gl(Xt)(AZt)Jr + gg(Xt)(AZt)*)
0 0<t<Tu AT
< w(z,z) — Ky, [e b Tw(Z, a7, Xooar)] - (4.52)

The dominated convergence theorem gives

lim E, . [e™ " "w(Z,, a7, Xooar)] = Bas [e7 Y w(Z,,, X5)] (4.53)

T—o00

Noting that

E,. [e_AT"w(ZTn, XTn)}

= ]ECC,Z

e~ hm <(<BS¢(XTTL) - gO(XTn)> 1{Xrn§w§}
# (A9006.) + RuX0) Ly ) ez
+ ((B%(Xm)) Lix., <a$)

+ (AS<Z5(XTn) + Rp(X-,) — gl(XTn)) 1{X,n>x§}) 1{Zmo}>]

and given Ry, go and ¢, all satisfy the transversality condition, (2.40) of Proposition



The Optimal Timing of Investment Decisions 85

2.4.2, and that AS¢ and B>y are positive, we have that

0< lim B, . [e*w(Z,,, X;,)] < lim E, .

n—oo n—oo

e_ATn (AS¢(X7_" ) 1{X7n >LU(S)}

+ leﬁ(f)l{xmq%})]

< (A%0(a) + B0(a) ) fim e o)

—0 (4.54)

with the last equality following as a consequence of Assumption 2.3.1". Given (4.11)
of Assumption 4.2.1b and the continuity of gy, ¢1 and Assumption 2.3.1’, the dom-

inated convergence theorem gives

lim E, .

n—oo

/oTnATe—Atszt)dt— R (A [V ALR ALY ARY

0<t<To AT

= Ez,z

| et ana - 3 M (a(X082) + a(X0(2)")

0 0<t<oo

(4.55)

In view of (4.53)—(4.55), (4.52) implies

E, . < w(z,x),

| et anga— Y et (a6 @z) + aaz))

0 0<t<oco

(4.56)

which proves J5(S,, Z) < w(z, z).

To prove that 9(z,z) = w(z,z) for the optimal strategy proposed in the state-
ment of the theorem, let (S8, Z%) € Z, . be the switching strategy considered in the
statement of the theorem. By following the arguments that lead to (4.56) we can
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see that

E, . / Cetezpnxyd - Y M (g @HAZ + wa)AZ)) | = wizn),

0<t<oo

4.4.2 The case when one mode is optimal for certain values of the

state process

We now consider the case where the optimal strategy is to operate either in the
“open” mode for all x, but it is only optimal to switch from the “closed” mode to
the “open” mode for x > xf, or, to operate in the “closed” mode for all x, but it
is only optimal to switch from the “open” mode to the “closed” mode for x < 5.
Since the optimal strategy will not result in a reversing of the actions taken, these
cases are versions of those presented in Theorems 4.3.1 and 4.3.2.

For the case where, once in the open mode, it is never optimal to switch to the

closed mode, we look for a solution w to (4.29) that satisfies

%UQ(x)wm(l, z) + b(x)w,(1,2) — r(x)w(l,z) + h(z) =0, for all z, (4.57)
%a%m)wm(o,x) + b(2)w, (0, 2) — r(2)w(0,2) = 0, for z < 25,  (4.58)

w(l,z) —w(0,z) —gi(z) =0, forx >z  (4.59)
Such a solution is given by

w(l,z) = Ry(x) (4.60)
BSy(z), if z < 27,

w(0,z) = (4.61)
Ry(z) — g1(z), if 2 > 2f.

Noting that w(0,x), defined by (4.61), identifies with w'(z), defined by (4.16) of

Theorem 4.3.1, we can state the following theorem.
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Theorem 4.4.2 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', }.2.1, 4.2.2 and
4.2.83 hold, and consider the switching problem formulated in Section 4.2. Suppose,
i addition that

(R, —g1)(x) >0, for some x €]0,00], (4.62)

>0, forx <,

L(Ry—aq1) (x) z1 >0, (4.63)
<0, forxz > x,

L(R,+g0)(x) <0, forallz. (4.64)

Then, 25 > 0 is the unique solution to ¢7(x) = 0, where ¢§ is defined by
1) = W) [ £ (R = 00) ()(s) m(ds),  for all > 0,
0

and BS > 0 being given by

BS — (Rh - 91)(x§) _ (Rh — gl)/(:E?) . (465)

V(1) V()

The value function ©° identifies with w defined by (4.60)-(4.61). Furthermore,
given any initial condition x > 0 and z € {0, 1}, the control strategy (S5, Z%) € Z,..,
where SS is a weak solution to (2.2) and if z = 0 then Z° =1 for all t > 77,

™ =inf{t >0 | X, > 23},
where as if z =1 then Z° =1 for all t is optimal.

Proof: The statements regarding 29 and B® are a consequence of Theorem 4.3.1
and (4.62)—(4.63). In addition to w, given by (4.60)—(4.61), satisfying (4.57)—(4.59),
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we need to show that that it satisfies the following inequalities

For (4.66), we have two distinct inequalities

B)(x) — Ry(x) — go(x) <0,
—(90(x) +g1(x)) <0,

for all x > 0,

for x < a7,

for z > 2.

if o < af,

if x> af,
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and (4.70) is true given (4.14) of Assumption 4.2.3. Given that B® is defined by

(4.65), (4.69) can be written as

(Rn+90) (@) _ (Bn—g1)(a?)
Y@) T i)

for all z < af,

which is true at a7, since go(x) > —gi(z), for all z, by (4.14) of Assumption 4.2.3.

To see that (4.69) is true for all z < ¥, observe that

dx () - Y3(2)

d ((Rh+go><x>) G / L (R + o) (s)()m(ds)

and given L (R, + go) < 0 for all x, by (4.64), the condition is satisfied. Similarly,

we can write (4.67) as

(R —g1)(7)
¥(z) P(ry)

for < x7.
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Consider
d ((Rh - gl)(l’)) _ (Br—g1)(2) ¥(x) — (Bn — g1)(2) ¥'(x)
dx () V2 (z)

/ x
= [ (= g0) ()06 )
_ ai(2)
2 (x)

and given that ¢} (z) > 0 for z < 27, we have that (R, —g;)(z) /% (z) is increasing for
x < x5 and hence (4.67) is satisfied. Recalling that, as a consequence of Theorem
4.3.1, 27 > x4, (4.61) satisfies (4.68) under (4.63).

Having confirmed that w, defined by (4.60) and (4.61), satisfies (4.29), we need
to confirm that the solution w equates with the value function ¢°. To do this we can
use similar arguments to those used in developing (4.56) of the proof of Theorem
4.4.1. We can show that for an arbitrary control strategy J5(S,, Z) < w(z,z), while

adopting the optimal strategy defined in the statement of the theorem gives w = 5.

O

We now consider the case where the optimal strategy is to operate in the “closed”
mode for all z, but it is only optimal to switch from the “open” mode to the “closed”

mode for z < 3.

Again, with reference to standard heuristic arguments that explain the structure
of (4.29), we look for a solution w to (4.29) that satisfies

%02(a:)wm(0,$) + b(x)w,(0,2) — r(x)w(0,z) =0, foralaz>0 (4.71)

w(0,z) —w(l,z) — go(z) =0, forx <z, (4.72)

— 0% (2)wee (1, ) + b(x)w, (1, 2) — r(z)w(l, ) + h(z) =0, forx >af.  (4.73)
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Such a solution is given by

w(0,z) =0 (4.74)
—go(z), if v < a3,

and  w(l,z) = (4.75)
Ap(x) + Ry(x), if x> .

Noting that w(1,z), defined by (4.75), identifies with w”(z), defined by (4.20)

of Case IIl in Theorem 4.3.2, and we can state the following theorem.

Theorem 4.4.3 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', }.2.1, }.2.2 and
4.2.83 hold, and consider the switching problem formulated in Section 4.2. Suppose,

in addition that

(Rn+ g0) () <0, for some x €10, 00|, (4.76)

>0, forx < x,
L (Rp + go) () xo > 0, (4.77)
<0, forx > x,

L(R,—aq1)(x) <0, forallz. (4.78)
Then, x5 > 0 is the unique solution to q5(x) = 0, where ¢ is defined by
Be) = 11o) [ LB+ g0) ()0(s) m(ds), for all 2>,

and AS > 0 being given by

s Bt ) (Rt o) (08)
o) P

(4.79)

The value function ©° identifies with w defined by (4.74)-(4.75). Furthermore,
given any initial condition x > 0 and z € {0,1}, the control strategy (S5, Z°) € 2.,
where S$ is a weak solution to (2.2) and if z =1 then Z5 =0 for all t > 75,

TOS =inf{t >0 | X; < xg},
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where as if z =0 then Z° =0 for all t is optimal.

Proof: The statements regarding x5 and AS are a consequence of Case III in
Theorem 4.3.2 and (4.76)—(4.77). In addition to w, given by (4.74)—(4.75), satisfying
(4.71)—(4.73), we need to show that that it satisfies the following inequalities

w(l,z) —w(0,2) —g1(x) <0, forall x>0, (4.80)
—0*(2)Wee (1, 2) + b(2)w,(1,7) — r(x)w(l,z) + hy(x) <0, forx >z},  (4.81)
w(0,z) —w(l,x) — go(x) <0, forx > zj. (4.82)

For (4.80), we have two distinct inequalities

: if ¢ < b, (4.83)

: if © > af, (4.84)

—(90(@) + g1(2)) <
AP¢() + Ry(w) — ga(@) <

and (4.83) is true given (4.14) of Assumption 4.2.3. Given that AS is defined by
(4.79), (4.84) can be written as

(Bt a)(a) _

é(x5)

(B — 91) ()
olx)

for all z > 7,

which is true, noting that g, (z5) > —go(z) by (4.14) of Assumption 4.2.3. Noting

(2589

/0 "8 (Ru — g1) ()(s)mi(ds)

and given L (R, — ¢g1) < 0 for all =, by (4.78), this ensures the condition is satisfied.

Similarly, we can write (4.82) as

(R + go)(5)
o(x5)

(Bh + g0)()
¢x)

for x > 5.

<
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Consider

d ((Rh + go)(ﬂ?)) _ (Ba+90)'(x) ¢(x) — (B + go)(x) ¢'()

da () 9*(x)
= pg(x) ' S s)milas
= P [ (o) (9)0(s) )
D)
#)

and given that ¢§(x) < 0 for z > 35, we have that (Rj, +go)(x)/¢(x) is increasing for
x > x5 and hence (4.82) is satisfied. Recalling that, as a consequence of Theorem
4.3.1, 25 < x0, (4.75) satisfies (4.81) under (4.77).

Having confirmed that w, defined by (4.74) and (4.75), satisfies (4.29), we need to
confirm that the solution w equates with the value function #°. To do this we again
use similar arguments to those used in developing (4.56) of the proof of Theorem
4.4.1. We can show that for an arbitrary control strategy J5(S,, Z) < w(z,z), while
adopting the optimal strategy defined in the statement of the theorem yields w = 5.

O

4.4.3 The case when one mode is optimal for all values of the state

process

We consider two cases, where it is always optimal for the system to be operated in
the “open” mode for all values of the state process, or, it is optimal to always have
the system operated in the “closed” mode.

In the case where it is always optimal to operate in the open mode (Z; = 1 for
all t), we look for a solution w to (4.29) that satisfies

%02(x)wm(1, z) + b(z)w,(1,z) — r(z)w(l,z) + h(z) =0, forallz >0, (4.85)

w(l,z) —w(0,2) —gi1(z) =0, forallz>0. (4.86)
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Such a solution is given by

w(l,z) = Ry(x) (4.87)
w(0,z) = w(l,z) — g1(z). (4.88)

Theorem 4.4.4 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', }.2.1, 4.2.2 and
4.2.3 hold, and consider the switching problem formulated in Section /.2. Suppose,
i addition that

L (g1 — Rp) (x) >0, forallz>0. (4.89)

The value function ©° identifies with w defined by (4.87)-(4.88). Furthermore, given
any initial condition x > 0 and z € {0, 1}, the control strategy (S5, Z8) € Z,.., where
S8 is a weak solution to (2.2) and Z° =1 for all t > 0, is optimal.

Proof: We start by confirming that w, defined by (4.87) and (4.88), satisfies the
HJB equation (4.29). In addition to (4.85)—(4.86) they also need to satisfy the

following inequalities

éa%x)wm(o,x) + b(z)w,(0,2) — r(z)w(0,z) <0, forall x>0, (4.90)

w(0,x) —w(l,z) — go(x) < 0, forall z>0. (4.91)

Noting that w(0,z) = Ry(z) — g1(x), simple substitution of (4.89) into (4.90) and
(4.14) of Assumption 4.2.3 into (4.91) show that these are satisfied.

Having confirmed that w, defined by (4.87) and (4.88), satisfy (4.29), we can use
similar arguments to those used in developing (4.56) of the proof of Theorem 4.4.1
to show that for an arbitrary control strategy J5(S,, Z) < w(z, z), while adopting

the optimal strategy defined in the statement of the theorem we have w = 5. O

Similarly, in the case where it is always optimal to operate in the closed mode
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(Z =0 for all t), we look for a solution w to (4.29) that satisfies

%UQ(x)wm(O,x) b (0,2) — r(@)w(0,2) = 0, forallz >0,  (492)

w(0,z) —w(l,x) — go(x) =0, for all z > 0. (4.93)
Such a solution is given by

w(0,2) =0 (4.94)
w(l,z) = w(0,z) — go(x). (4.95)

Theorem 4.4.5 Suppose that Assumptions 2.2.1', 2.2.2, 2.3.1', }.2.1, 4.2.2 and
4.2.3 hold, and consider the switching problem formulated in Section 4.2. Suppose,
in addition that

L(Ry + go)(z) >0, for all z > 0. (4.96)

The value function ©° identifies with w defined by (4.94)-(4.95). Furthermore, given
any initial condition x > 0 and z € {0, 1}, the control strategy (S5, Z5) € ..., where
S® is a weak solution to (2.2) and Z5 =0 for all t > 0, is optimal.

Proof: For (4.94) and (4.95) to satisfy (4.29) they also need to satisfy the following

inequalities.

%az(a:)wm(l,a:) + b(z)w, (1, x) — r(z)w(l,z) + h(x) <0, forall x>0, (4.97)

w(l,z) —w(0,2) —gi1(z) <0, forallz>0. (4.98)

Substitution of (4.96) into (4.97) and (4.14) of Assumption 4.2.3 into (4.98) show
that these are satisfied.

Similar arguments used in developing (4.56) of the proof of Theorem 4.4.1 show
that for an arbitrary control strategy J5(S,, Z) < w(z, ), while adopting the opti-

mal strategy defined in the statement of the theorem we have w = 7°. a
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