Answers to the Exercises for Statistics 4 (Elements of Probability) from
the file [E1] Autumn 2006

—_

. The probability that the match can go ahead is 0.55.

2. 0.35.
3. (a) P(A) =1/36,P(B) =11/36, P(C) = 3/4.
(b)
1/4 ifn=1,234
P(N1:n|N:5):{o ifn = 5,6.
4. (a) P(A) =p*
(b) P(B) =p°
(c) P(C) =4p*(1 —p) +p*
(d) P(D)=1-P(A)=1-p*
(e) P(A|B)=P(ANB)/P(B)=P(A)/P(B)=p
(f) P(A|C)=PANC)/P(C)=P(A)/P(C) =p/(4—3p).
5. (a) 0.902.
(b) 0.006.
6. Let Fj be the event that component k works (k = 1,2,3,4,5).
(a) 0.1512
(b) 0.9988
(c) 0.7788
(d) 0.7952
(e) 0.5208
7. P(A; N Ay) = 3/10, P(Ay) = 2/5.
(a) 5/28.
(b) 5/28.
(c) 4/7,4/7.
9. (a) 0.705.
(b) P(A|E) = %210 — 0567, P(B|E) = 352X08 — 0.397, P(C | E) = 22201 —
0.035.
10. 2/3.
11. 3/128.

12. The probability it is possible to travel by road from A to D is

(1—=p)*(L+p)(L+p—p*)=1-3p* +p* +2p* — p°.

13. Removed.
14. (a) pu(n) = O)p"(1 —p)>™, n=0,1,2,3,4,5,
EH = b5p, var H = 5p(1 — p).
(b) pr(n) = (0)(1 —p)"p°",  n=0,1,2,3,4,5,
ET =5(1 —p), var T = 5p(1 — p).
(c)
(n) 1, n=>5
n) =
pr+T 0, otherwise.

EH+T)=5, var(H +T) = 0.



5 n — 71
pH*T(n): <n+5>p$(1_p)577 n:_57 _37_17]-73)57
2

E(H-T)=FEH—-ET =5(2p—1), var(H —T) = var(2H —5) = var(2H) =
dvar H = 20p(1 — p).

15. (a) i
klo 1 2 3 4
1 10 20 10 1
pr(k) ‘ T R R L D
ER =2, varR =2/3.
ii.
k|2 3 4 5 6
1 10 20 10 1
Pry2(k) ‘ T B D 1D
E(R+2)=FER+2=4,var(R+2) = var R = 2/3.
iii.
klo 2 6 12
11 20 10 1
pr2_pg(k) ‘ L n L
E(R? — R) = ER? — ER = 8/3, var(R? — R) = 428/63.
1v.
k1 2 3 4
1 9 15 5
pr+B(k) ‘ 3™ 30 30 3
E(R + B) = 14/5, var(R + B) = 14/25.
16. 7/24.
17.
n|0 1 2
4 10 1
pN(n) ‘ 5 15 15
EN = 4/5, var N = 22/75.
18. (a)
n|0 1 2 3 4
9 8 6 0 1
pn(n) ‘ 2 91 2 2 A
EN =1,varN = 1.
19.

20. (a) Xmin has a geometric distribution with parameter p; 4+ p2 — p1po.
(b)
P(Xpax < k)= P(X1 <k, Xo <k)[1—(1—p)F][1 - (1-p2)"].

P(Xmax = k) = (1 —p1)* 'p1 4+ (1 — p2)f Tpo — (1 — p1)F (1 = p2)* L (p1 + pa — pipa).

In the case p; = p2 = 1/2, we have

= () (l)

k| 1 2 3 4 5 > 6
P(Xpmax = k) ‘ 0.2500 0.3125 0.2031 0.1133 0.0596 0.0615.
1 1 1
EXmax =— 4+ — -

p1 P2 p1+p2—Dpip2



21.

22.

23.

24.

25.

26.

27.

28.

29.

(b)

(a) 1. 0.00034,
ii. 0.135,
iii. 0.000045.
(b) Ny, + Ny ~ Pois(10).
k 0 1 2
B(200,0.005)
Pois(1)
(a) P(X=1)=0
(b) P(X >2)=1-

n—1n—2
n n °°

3

4

probabilities are respectively 0.4757, 0.5073, 0.5383.

— (=),

5

6

0.3670 0.3688 0.1844 0.0612 0.0151 0.0030 0.0005
0.3679 0.3679 0.1839 0.0613 0.0153 0.0031 0.0005

n=ktl - For n = 365 and k = 22,23,24, these

(a) fx(z)= g51(0 <z < 60).
(b) Same
() 3
(a)
0, y <0,
P(Y<y) =<z 0<y<100,
1, y > 100.
(b)
0, z <0,
P(X <z){1—10-2? 0 <z < 100,
1, x> 100.
(c)
0, z <0,
2100-°a), 0 <z < 100,
0, > 100.
No.



(e)
0, x <0,
P(X <a) =94+ (1-05),  o<e <00,
1, z > 100.
P(X =20) =0, P(30 < X < 90) = 0.24.
30. (a) a=4/3.
(b)
0, x <0,
PX <z)=q%(z—12%), 0<z<1,
1, z > 1.
(c) EX =2, var X = .
(d) EY =3/5, varY = var X = 14/225.
31. (a)
PY <4) = (L- )Lyp= 1), demsity s ()3(y>

EY = 3/2, varY — 3/4.
(b)
P(Z<2)=(1—e*M1(z>0), density: %az/ﬁ(z > 0).
EZ =\, varZ = \2.
(c)

0, w < 0,
FW/(w):P<X§w%>: wi,  0<w< 1,
1, w>1
0, w < 0,
PW <w)= w%, 0<w<%,
1
]., w>§
3—v2 6v2—5
EW = 6\/_7 varW:7\/E;0 .
32. EX =0, var X = ¢.
33.
0, y <1,
PY <y)=qlny, 1<y<e,
L y>e.
density: (1/y)1(1<y<e), EY =e— 1.
34.
0, x <0,
PX<z)=4¢1-(1-2)", 0<z<1,
1, z > 1.

Density: n(l —z)" 11(0 <z < 1), EX = #7 var X = m

4



35. (a) 15.
(b) 11.25.
(¢) 20,60,100.
36. (a) 0.3446
(b) 0.3446
(¢) 0.6730
37. Tmin ~ Exp(A\ + A2).
P(Tpax < t) = (1 — e M (1 — e,
density of Tinax: Ad1e M+ Age ™2t — (A + )\2)6_(>‘1+)‘2)t.
1 1 1 1 1 3
ETm = — -— ~ Tm = — _—
ax )\1+)\2 A1+ Ag var ax )\%—i_)\% ()\1—1—)\2)2
38. 4.
39. (a) a=1/9.
(b)
PY <y = L 1(y >1/3), density: Ll( >1) EY = -
,y 27y3 yi ’ y 9y4 Z/f 3 ) -
40. (a) Fx+(x) = Fx(x)1(z > 0)
(b) Fx-(z)=(1- Fx(—x))1(z > 0)
41.
42.
Py (b,y) Fpy(b,y)
b b
0 1 2 3 0o 1 2 3
‘ 20 20
010 & & =13 010 & 5 313
y 113 5 & 0|8 vy y 113 8 8§18 Ay
216 12 5 |18 2189 49 19 83 )83
84 84 84 84 84 84 84|84
1
3lgs 0 0 0 g 3187 2 8 11
0 40 30 4 050 80
84 84 84 34 84 81 84
pa(b) Fp(b)
py|B(Yy|b)
b
o 1 2 3 0 )
1
010 % % ! m‘35 7
y 1|3 2 B 9 pu(m) | 8 & &
6 12
2 ? = 0 0
34 0 0 0
43. (a) 6/5.
(b) fx(.l‘):a(.l‘—l—%),Fx(.l‘):a(%? %) for 0 <z <1 only.
fy(y):a(——i-yQ),Fy(y):a(%—l— 3) for 0 <y <1 only.
(c) Fxy(z,y) :a(%xzy—i—%xy ), for0<z<1,0<y<1 only.



44.

45.

46.
47.

48.

(d) P(X >Y)=0.5.

(e) P(X2>Y)=5/14.

(a) a = Au.

(b) X ~ Exp(\), Y ~ Exp(u).

(©) fxiy(@ly) =X, fy x(y|z) = pe ", for x>0, y > 0 only.
@) 2.

(a) 1/4.

(b) fx(z) =2ae”21(z > 0), X ~ Exp(3),

fry) =ye 21(y >0), Y ~T(2,3)

Frin(z) =1— (1 - F(2))"

(a) p1 + p2 — p1p2.

(b) 1= (1 =p)"[1 = (1 —p2)"]

(¢) For n > 2:

49.

50

51.

52.

53.

54.

L= p2)" = (1 —p)"!

{plp : p1 # P2
b1 —Pp2
(n—pi(l —p1)" 2 p1 = p2.
1,1 1- 1—
@ o 4o H
(a) Density: 21(0<z<1)+(2—2)1(1 <z <2).
(b) Density: —lnz1(0 < z <1).
1 et —1
P(T<t)= t——(1—e*”) 10<t<1)+ (1- M) 1t > 1)
A A
1—e M, 0<t<l,
Density: { (e — 1)e™, t>1,
0, otherwise
. Look at your lecture notes.
(a)
b ‘ 0 1 2 Y ‘ 0 1 2
FYTE=0[] T 10 EBY=9l] 3
(b)
(¢) 1,-1/3,7/18.
(d)
(a) 3/5,3/5,7/20.
(b) 11/150,2/25, —1/100,2/15.
(c) Are they?
(a)
(b)
()21 —2)1(0<x<1),2y1(0 <y <1).
(d) 1/3,2/3,1/4.
(e) 1/36.
(f) Are they?
(a)
P(X =k|N=n) = <Z>pk(1 —p)" k. k=0,1,...,n.
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