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Introduction: linear Stratonovich system

S=I1+KyoS+KioS+KyoS

S=I+KoS

K=Ko+Ki+Ky and Wy(t) =t
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Neumann series

S=1+Kof§

(I-K)oS =1
S=(1-K™or
S=(1+K+K+K +K +...)oT

S(t):]+KOI+K201+K3OI—|—K4OI+...

(Peano—Baker series, Feynman—Dyson path ordered exponential or

Chen-Fleiss series)
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Magnus series

S(t) = exp (a(t)) .

o(t)=In(I+Kol+Kol+--)

:KOI+K201—%(KOI)2+---,

(Magnus 1954, Kunita 1980, Ben Arous 1989, Burrage 1999)
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Integral operators

KO]:KOO[+K10]+K201

— /O tAO(T) dWo(7) + /O t Ay (1) dWA(T) + /O tAz(T) dWs(7)

K*ol = (Ko+Ki+Kg)ol

= (KZ + KoKy + KiKp + K + KiKs + KoK;
+ K% —+ K2K0 + K()KQ) ol

KK oI = /0 Aim) /0 A (m2) AW, () d W ()
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Constant coefficient, non-commutative case

t 1
KiKjol = aiaj/ / dW;(12)dW;(m)

~"

in
o0
Sneu(t) - Z Z apn T apl Jplpn (t) )
n=0 peP,

Special non-commutative cases:

S(t):]+a1-/0 S(T)dWl(T)-I—/O S(7) dWs(T) - as,

S(t) = exp(a1Wi(t)) - exp(asWa(t)).
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Neumann expansion (order 2)

Sneu(t) ~ I+ 51/2 + 51+ 53/2 + 5y,

Sijo = arJi + as o + agJy + aiJi + a3 o,
S1 = asarJi2 + araz o,

Ss/a = agJoo + aparJio + aragJor + apasJag + asagJos
+ a}Ji11 + azalig + arasay Jisr + azar Jiz
+ ajagJarn + azaiasJors + arasJast + a3 Jons
+ ajagJon + arapar Jior + apaiJino + azagJozs
+ agapagJage + agazJagy + aj i + asai e

2 9 4
+ asarasar Jio12 + ajasaias oo + ajasJaonn + ag e

Sy = agayagJorg + apasal Jioo + ajapasJaor + arasag ooy
3 2
+ asapar Jip2 + azaiagdorz + agai Ji112 + ajasarJiion
2 2 3 3
+ ajasar Jio11 + arasar Jio21 + asaqJi292 + asaj Jorii

9 2 2 3
+ asajasJorna + asaias e + asaiasJasis + ajasJagag
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Relations between Stratonovich integrals

Ji21 = J1Ji2 — 2J112,

Jiog = JaJio — S 105 + Joan
Jo10 = JoJo1 — Jo2Jor + Joi2
Jio2 = J1Jo2 — Jo21 — Joi2,

Juor = JuzJ1 — 3J112,

Jiotn = 27 Jis — 2J112J1 + 3J1112

Jiot2 = 3J55 — 21122,

Jioo1 = (JoJio — L1 J5 + Jaon) 1 — 15,
Jiogs = JiooJo — S J10J5 + 1 T3 — Jasar .

(Kloeden & Platen 1999; Gaines 1995; Kawski 2001)
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Magnus expansion (order 2)

S™ME(t) = exp(o(t)) , o(t) =s1p+s1+832+s2+ -

S12 = arJ1 + asJa + ap
51 = %[al, as)(Ja1 — J12),

s3/2 = 3lao, a1](J1o — Jo1) + 5[ao, az)(Joo — Jo2)
+ a1, a1, a2]] (i1 — 3 T1J1e + 1507 02)

[ ]
+ [as, [az, a1]] (Ja21 — 5o do1 + 75J3J1)
+ [a1, [a1, ao]] (J110 — 5 1J10 + 757 J0)
+ [as, [az, ag]] (Ja2o — 2 Jadog + 5 J500)

sg = + [a, [a1, ag)] (J120 + %JlJOZ + %JoJm — %J()Jljg)
+ [a1, [az, aol] (J21o + %J2J01 + %Jole — §J0J1J2)
— a1, a1, [a1, as]]] (J1112 - %Jljm + %iju)
— las, as, [as, a1]]] (J2221 - %J2J221 + %JSJH)
[, |

ar, [as, [a1, a2)]] (5 J1 5 — 3 JoJi1a + §J1Jadar — SJ1Jao1 + Ji122) -

+
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Numerical SDE schemes

General integrators

e Fuler-Maruyama and Milstein methods
e Runge-Kutta type methods (Kloeden & Platen 1999)

e Magnus (Burrage 1999; Misawa 2001; P-C. Moan 2004)

Linear systems: Neumann = stochastic Taylor = Runge-Kutta

Magnus integrators
e Not overly complex (Burrage 1999)

e Low dimensional computationally favourable basis

{Jo, J1, J2, J12, Jo1, Jo2, J112, J2921, J1105 J220, J1205 J2105 J1112, J2221, J1192} -

e More accurate for the same computational expense for smaller

systems
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Implementation: Global errors I

Global interval:

0, 7] = U Mtn, tua],  to =nh

Global error:

0
tny tn—l—l H Sapprox (tna tn—l—l)
n= n=N-1

__ etrunc quad
=& + & ,

Local error:

O—(tnathrl) _ eUM(tn;tn+1) — eU]VI(tnvtn+1)+Rl\/l(tnatn+1) _ eUAl(tnatn+1)

(&

— RM(tna tn—i—l) + O(UMRM) .
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Global errors 11

0 0
5 — ]E H trutn-i-l o H e tnztn-i-l
n=N— n=N-1
N-1
=K Z RM(tna tn+1)
n=0
N-1
< aall B> Jaltn, tasa)
« n=0
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Global errors I11

E(Ji20) = E(J1Joo) = E(JoJar) = E(Jo i) =0,
E(Jin2) = E(JiJie) =E(J7J12) =0,

]E(2—14J12J22 + %J1J2J21 + Ji12) = E(JaJi12) = E(J1J221)
E(Ji10 — 31510 + 577 00)

1

N-1 2
S <EZ tn;tn+1 )

n

B Jaltn tar1)
n=0

1

— (Z Var (Jo (t,, tn+1))>

n=0

= VNR
= VTh?%.
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Magnus more accurate than Neumann?

For 1/2 order schemes:

R™®(ty, tyi1) = §lar, as)(Jor — Ji2) ;

Rneu(tn’ tn_|_1) = Rmag(tn’ tn_|_1) + \%(alag + a2a1)<J21 + J12) .

7

-~

R

Using Variance as error measure, for all initial data z:

E(<Rneu T, Rneu 330>) — E(Ibg (Rneu)T Rneu 370)
= E(zg (R™& + R)T (R™® + R) x)
— o (B((R™)?) +E((R)?)

_i_E(é.Rmag) +E(R1nag R)) 0 .

=0 =0
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Quadrature approximation

Two inherent scales:

e Wiener-discrete-path scale At—the smallest scale on which the
Wiener paths Wi (t) and Ws(t) are generated;

e Time-step scale h = QAt—on which the SDE is stepped forward.

tn+1

o Jio(tn, tht1) = (Wi(r) — Wi(tn)) dWa(7)

tn

e Filtration: Fo(n) = {Wi(t, +qAt):i=1,2;9g=0,...,Q}
e Basic idea: J — E(J’}"Q(n))

e Polygonal volumes
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Quadrature approximation II

O
—

Jia(tos i) = L ((Wml) S W) + (W) Wm))) AWi(t,)

q

|
o

QO
—_

Tna(to, tysr) = T (((Wl(Tq—H) — Wi(m))

q

2

I
o

+ (Wi(rgs1) — Wilm)) (Wi(ry) — Wi(T0))
+ (Wl(Tq) — Wl(To))2> AWQ(Tq))

+ AL (Wa(tnsr) — Waltn)) ;

Q-1

Jioo(tnstns1) = 3> (Q —q— 1) (Awl(Tq) +2(Wi(ry) — Wl(m))> AW, (1)
q=0
Q-1
+ %At Z <AW1(T(]) + 3(W1(Tq) - Wl(T()))>AW2(Tq) .
q=0
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Quadrature approximation III

Ero(n) = B |J1a(tn, tni1) — le(tthn—Fl)‘)

Q-1
Z J12 Tanq-i-l AWl(Tq)AW2(Tq))

q=
-1

E

~ ~ -~

)

1/2
E‘Jlg Tq,Tq+1 AWl(Tq)AWQ(Tq)2>

IN
)

M‘E EM‘E Nl

]E |J12 Tg> Tqrl) — AWl(TQ)AWQ(TQ) ’

w)))

1/2
K Var J12 (Tgs Tg1 ‘]—“Q )))

@»ﬁ
RS

1/2
IE LAL((AW (7)) +(AW2(Tq)>2))>

t/Q)
h/\/Q

o

<
G
G
=

|
—~ /R
>

N—"

9
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Quadrature approximation IV

Quadrature J12 Ji1o J120 Ji112 Ji122
o) | QP WRIQUE WQE W QU 12)QV?
O(h3/2> h1

U (’)(hQ) h~2 h!

O(h5/2) h—3 h~2 Rt ht h!
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Error vs effort

Locally

El¢ ~ 312 and U~h! — log £¢ ~ —% logl |
gocwp?  and  U~RK? — log & ~ —loglU,
gc ~p?  and  U~KP = log £ ~ —2logld .

Globally

quad __ ﬁ — ha_%
£ O<\/Q>\/N 0(\@\/?>
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Numerical simulations

Linear system

1 1
1 1 0 1 1 1
2 2
0 1 T2 200 1 2
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Linear system

Number of sampled paths=100

l T T T
0.5F i
or i
5
& -05F b
©
Qo
o
G
S -1r R
(@]
o
_15 - -
—¥%— Magnus 0.5
—6— Neumann 1.0
—2r —%— Magnus 1.0 ||
—6— Neumann 1.5
—%— Magnus 1.5
-25 1 1 1 1 1
-3.5 -3 -2.5 -2 -15 -1 -0.5

log lo(stepsize)
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Linear system

Number of sampled paths=100

l T T T
—¥%—— Magnus 0.5
—6— Neumann 1.0
05k —%— Magnus 1.0 | |
—©— Neumann 1.5
—%— Magnus 1.5
or i
& -05F b
©
Qo
o
G
S -1r R
(@]
o
_15 - -
_2 - .
-25 1 1 1 1
-1.5 -1 -0.5 0 0.5 1

'Ioglo(CPU time)
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Flops: two Wiener processes

For each path Independent of the path
Order || Neumann | Magnus | Runge-Kutta || Neumann Magnus
: 9n? 5n? 4 5n? n/a n/a
1 13n? n? + 5n? e 4n3 2n3
12 63n2 19n% + 5n3 | 20n3 + 37n? 29n3 14n3
2 95n2 29n2 + 5n3 45n3 2613
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Stochastic Riccati system

e Stochastic linear-quadratic optimal control.
e cg. mean-variance hedging in finance.

e Bobrovnytska & Schweizer 2004; Kohlmann & Tang 2003.
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Riccati 11

If A(t)

Bi(t) - Dit) and U = u satisfies
—Ai(t) —Ci(1) Vv
d t
U(t) :1[+Z /0 Ay()U(T) AWy (1),

then S = UV ~! solves the Riccati system.

-1 1 —1 11
Ap = 1 ; Co = 2 and Dy= |2 2
-5 - -1 -1 01

D1 = a1 and DQ = a9.
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Riccati 111

Number of sampled paths=100

_l T T T T
¢ —©— Neumann 1.0
1 5‘ —%— Magnus 1.0 | |
' —6— Neumann 1.5
—¥— Magnus 1.5
-2t —+—— Nonlinear 1.5|
_25 - .
(] -3k i
IS
Qo
o
< -35¢ :
—
(@]
o
_4 = —
_45 - .
_5 - -
-55 ] ] ] ] ]
-1 -0.5 0 0.5 1 15 2

IoglO(CPU time)
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Riccati IV

Kloeden & Platen:

Sn—H Sn f(S )h+D1J1+D2J2
FA(FOY) + FOY) + F55) + F(Yy) — 41 (Sw))
o (PG = FOG) T+ (FOY5) — F(Ya)) o)

Y =8, +2f(S,) £ D;vh

f(S> = SA)S + ByS + SCy+ Dy.
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Conclusions

e Error vs time? Parallelization.
e Variable step scheme (Gaines & Lyons 1997).
e Zakai equation: Markov chain filters.

e Lie-group preserving properties (Castell & Gaines 1995; Burrage
et al. 2004; Misawa 2001; Milstein et al. 2002).

e Driven by Levy processes
e Backwards SDEs

e Nonlinear SDEs
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