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Spectral problems

Parabolic nonlinear systems on R x T:

8:U = BAU + c U + F(U),

Travelling wave U.. Small perturbations U satisfy:

BAU + cdU+DF(U)U = AU.

Two main solution approaches:

» Projection.

» Shooting.
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Setup

OnR:  BAU+cdU+DF(U)U = AU

& Y =A(x;\) Y

For A € Q C C: matching condition

elo TTAENE D) = det(Yy -+ Y Y, - V)
= det(Y(x;A) YT (x; )
=Y A AYCAYE A AYS

= U (x;A)AUT(x; )
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Numerical issues

» Computational domain.

v

Different exponential growth rates.

v

Polynomial complexity.

v

Flow singularities?!

Where to match?

v

v

Retaining analyticity.

v

How to project transversely.
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Stiefel and Grassmann manifolds

» Stiefel manifold:

V(n, k) = {k-frames centred at the origin}.

» Grassmann manifold:

Gr(n, k) = {k-dimensional subspaces of C"}.
» Fibre bundle:
w: V(n, k) — Gr(n, k) = V(n, k)/GL(k)

7 k-frame — spanning k-plane
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Representation

Y = yeu o e
Coordinate patches U multi-index i = {i,...,ix} C {1,...,n}.

Example: Uyy .« uniquely represented by:

1 0 A 0
1 0
0 0 - 1
Yioe = | & ~ N
Yk+1,1  Yk+1,2 - Yk+1,k
Vki21 Yky22 0 ka2
j}n,l yn,2 o yn,k

Local coordinate chart ¢;: Uy — C("=K)¥ given by ¢i: yio — ¥

Grassmannian shooting and the stability of multi-dimensional fronts



Grassmannian flows

Y = Ax,Y)Y

Substitute decomposition Y = yjou:

y{ou + VYie U/ = (Al + Aio),\/) u

Project onto i°th and ith rows:

~

Y=c+dy—9(a+by) and v=(a+by)u

where a = Aixiv b= Ai><i°v c = Aioxi and d = Ai°><i°-

Linear vector field: A = A(x) only — decoupling.
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Grassmannian Gaussian elimination method (GGEM)

(C(n—k)k

J(Riccati JGGEM JRK

C(n—K)k V(n, k)

Py
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Quasi-optimal Gaussian elimination (QOGE)

GE with free stepwise max pivot, generates:
x ok k% * 10
x ox % * * %
x ok ok % * 0 1
x ox % x * * %
x ok k% * %k
* % % % x| _, |0 0
kook ok ok * ko ok
* % % % * %k

* 0
* * %
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Applications (planar fronts)

> D(\) := e Jo TrA(EA) ¢ det (Y~ (x; A) YT (x; \))
> det(Y™ YT) = det (v yie ) - det i -det ug,

> D(\; x.) = det (yig yﬁ) ~detL™ - det Lt

» Exponentially rescale det L*
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Boussinesq system

PDE: us = (1 — €2) the + 2€ Ut — Uspox — (U%)xx-
Solitary waves: &i(x) = 3(1 — c?)sech?(3v1 — c2x).
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\
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Figure: Evans function for ¢ = 1/4 with GGEM-RK and x, = 8 (left
panel). Entries of y; for A = 0.15543141 (right panel).
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Boussinesq: error vs matching point
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Figure: Error in the eigenvalue for different choices of the matching
point: N = 512.
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Autocatalytic fronts

Oru = 6Au+ cOyu — uv'™,
Orv = Av + cOv + uv™.
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Figure: Error in the eigenvalue when 6 = 0.1 and m=9: N = 256.

Grassmannian shooting and the stability of multi-dimensional fronts



Transverse Fourier basis

On R x T we have:

BAU + coxU +DF(U)U = A\U.
On the Fourier modes k = —K,—-K +1,...,K:
aXUk — I/\Dka

K
6Xﬁ’k = )\8_10k + (k/Z)zUk — CB_lﬁ)k — Z B_lbk_l,[/,,,
v=-K
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Computing travelling waves: freezing method

Substitute U(x,y, t) = V(x — «(t), y, t) into original PDE:

0:V = BAV ++/ ()0, V + F(V),

0= / (ax \A/(X,y, t))T(V(X,y, t) — V(x,y, t)) dxdy.
RxT

(Developed by Beyn and Thiimmler.)
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Wrinkled front: Evans function for 6 = 2.5
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Wrinkled front: Evans function for 6 = 3
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Wrinkled front: Eigenvalues for 6 = 3

K Eigenvalues (Evans function)
3 | 0.001609 —0.000026 —0.000781 —0.001296 —0.000670
4 | 0.001609 0.000002 —0.000001 —0.000519 —0.000670
5 |0.001589  0.000002 —0.000001 —0.000519 —0.000720
6 | 0.001589 —0.000002 —0.000003 —0.000515 —0.000720
7 |0.001589 —0.000002 —0.000003 —0.000515 —0.000721
8 | 0.001589 —0.000002 —0.000003 —0.000515 —0.000721
9 | 0.001589 —0.000002 —0.000003 —0.000515 —0.000721
24 | 0.001589 —0.000002 —0.000003 —0.000515 —0.000721
Eigenvalues (ARPACK)
0.001592  0.000000 0.000000 —0.000514 —0.000719
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Wrinkled front: contour integration

argument (multiples of m)
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Figure: Left panel: contour. Right panel: arg(D())) when A transverses
the top half. § = 3.
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Future work

» Multiple sources of error: relative influence?
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