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Stochastic differential equations

dy: = Vo(ye) dt + Vi(ye) dAWE + - + V() dWE

d t )
ye=yo+ Z/O Vi(yr) AW,
i=0

» Solution process: y: R, — RN
> Non-commuting vector fields: V; =3 1 ; \/I-j(y)f)y
> d-dimensional driving signal: (W?!,..., W9)

» Convention: WP =t



Wiener process

h 2h . (N-1) h T=Nh
t

> W — W ~ N(0,/t —s)
» Independent increments

» Continuous, potentially nowhere differentiable



Stochastic chain rule
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[t6 lemma (stochastic chain rule) =
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Stochastic Taylor series

t . t prm , .
yt=y0+§j/o dvv;lv,-oyo+2/o/o Vjo Vjoyr, dW), dW,,
i ij

Now choose f = Vjo V; =

ye = YO+Z/ dw;, VO)’o-FZ/ / dAWZ AW, VioVioyo+- -

J:(f) ()

» Euler-Maruyama and Milstein methods

» Need approximations for iterated integrals for strong solution



Flow map
Yt =$t° )0

Hence

1d+ZJ V+ZJJ, WioVit+ > Ji(t)Vio Vio Vit
ij,k

pr=id+ > Ju(t)Vi

weAt

Here AT = {non—empty words over A ={0,1,..., d}}

Remainders and local error



Basic idea

p=id+ > Ju Vi

weAt
Suppose: ¢ =id + F(¢) =

b =Fp—id) =) Celp—id)
k=1

where

|wl

KW = Z Ck Z JU1JU2 o
k=1

ug,...,ug €EAT
Uil Ug=w

Goal: choose best Cy

Z K, Vi

weAT

: Juk(t)



Basic idea cont'd

> C = (—1)"/(k + 1) generates exponential Lie series

v

Order % Lie series more accurate

Similarly for orders 1 and 3 when assume [V;, V] = 0 for
ijefl,..., d}

» Counter-example for order %: [Vi,Vi] #0

v

» Now assume no drift: A ={1,...,d}

v

Shuffle relations: J,J, =3, ¢ sh(u,v) Jw

-/al J82 = J3132 + J8231
Ja1J32a3 — J313283 + -/323133 + Ja23331



Hopf algebra of words

A* = free monoid on A
= endow set words over A with concat product

aicA=w=2a1...3, €A
l=emptyword=1-w=w-1=w

K = commutative ring with unit

K(A) = noncommutative polynomials/series on A over K
Polynomial: P = 3% ,(P,w)w

(Reutenauer)



Concatenation and shuffle algebras

Concatenation product on K(A):

PQ = Z (P,u)(Q,v)uv

u,veA*

Shuffle product: uwwiv
Extended to K(A) by:

Pu@= > (P,u)(Qv)uwv

u,veA*

Associative, distributive wrt addition, l.wuw =wwl =w

Two bi-algebra structures: (K(A),n,¢e,c,d) and (K(A),n,¢e,s,)



Hopf algebra tensor product

Bialgebra with antipode o € End(K(A))

Antipode here is linear signed reversal mapping:

ao(ar...apn) =(—1)"ap... a1

Hence two Hopf algebra structures, consequently set:

H = K(A) ® K(A)

(vex)(vey)=(twv)® (xy),



Concatenation-shuffle operator algebra

Upy Wilpy L .. WUy, = C(c”lsc”zsc”3 ...SC™ @ Up Up, - .. u,,k)
WV

—_—

b

B ={c,s} — B* — K(B)
Shuffle gluing product: g: by ® by — bysby

Associative tensor algebra: K = B ,5o K(B), ® K(A),

(b1 & ul)(bz & U2) = (b15b2) ® (U1u2) ,

Homomorphism: ¢ : K — K(A)



Pullback to Hopf algebra

p=101+ > wew

weAt
= =) Glp-101
k>1
k
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k>1 weAt

:ch Z (u1|_|_|...l_|_|uk)®(u1...uk)
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Coefficients in K(B)
w € AT with |w| =n+ 1:

|wl

Kow = Z Ci Z U1 w L Uk
k=1 ug,...,ug €AY
W=uy...uy
n+1
S (D s o w)
k=1



Sinh-log coefficients

Lemma
With
Cy =

then

where for w € K(A)

n+1 :

a"ow=aow



Proof: step 1

Partial integration formula:

ar...ant1=(a1...an)wany1 — (a1...ap—1) w(ans1an)

+-+(-1D)"apt1... a1

"= —c"ls— " %sq — c" 350 — —a"
n—1
o' = —c" — § :CkSOén_k_l



Proof: step 2

Antipode polynomial:

a"=—(c—s)".

True for n =1,2, assume true for k =1,2,...,n— 1. Direct
expansion =

n—1
(c—s)"=c"— Z cks(c —s)nk1
k=0

Use induction.



Proof: step 3

Recall:
n
K:%Cn-i-% (—1)k(Cn7k|_l_|Sk)—|—€Sn
k=0
_1_n 1 n n
=5c"+5(c—5)"+es
_1.n_1_n n
= 5C 5 + €5
Hence

n+1
Kw = %(Jw - Jaow) +e€ H JW,'
i=1



Sinh-log remainder is smaller |
IR o yollf2 = [R¥ o yolf2 + E

where

E=E (f\’oyo)T(RSIO)/O) +E (R5|oy0)T(Royo) +E (f\’oyo)T(l_?oyo)

where J,, = J,, — Ky



Sinh-log remainder is smaller [l

E = Z E (JuKy + Kudy + Judy) (Va0 y0) T (Vi o yo)
u,vEAT
|ul=|v|=n+1
jUKV+KU V+~_]U-_IV

J
_ 50(%(J Jy = Jnoudaoy) + 2(Ju + Jnou)(Jy + Jaov))

n+1 n+1
- aou H -/v, + aov) H Ju,>



Concluding remarks

» exponential series when diffusion vector fields commute

» optimal series when drift included
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