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Introduction

Take home message:

For a given computational effort, order 1 Magnus
integrators are the most accurate of all numerical
methodes.
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» Peano—Baker series, Feynman—Dyson path ordered
exponential, Chen-Fleiss series or Neumann series



Magnus series

5(t) = exp (o(1)) ,

o(t)=In(l + Kol +K>o/l+--+)
=Kol+K?ol—L(Kol)?+---,

» Magnus 1954, Kunita 1980, Ben Arous 1989, Burrage 1999.



Integral operators

Kol=Kgol+Kiol+Kyol

_ /OtAO(T)dT+/OtA1(T)dW1(T)+/0tA2(T)dW2(T)

K20l = (Ko + Ky + Ka)2 o/
:(K%+K0K1+K1K0+K%+K1K2+K2K1_|_...)o/

K,'Kj ol = /Ot A,‘(Tl)/oTl Aj(Tz)dVVj(T2)dVVi(Tl)
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Special non-commutative cases:

S(t) =1+ a- /5 )dWa(r /S(T ) AWa(7) - 20,

5(t) = exp(a1 WA(t)) - exp(ax Wa(t)).



Neumann expansion (order 3/2)

Sneu(t)%/+51/2+51+53/2+"' )



Neumann expansion (order 3/2)

Sneu(t)%/'i_~‘51/2+51‘1‘53/24—"'7

S1/2 =a1h +ah+aod + a%Jn + a%ng ,



Neumann expansion (order 3/2)

Sneu(t)%/'i_~‘51/2+51‘1‘53/24—"'7

S1/2 =a1h +ah+aod + a%Jn + a%ng ,

S1 = azari2 + a1a2J01,



Neumann expansion (order 3/2)
Sneu(t)%/+51/2+51+53/2+"' s

Sij2=arh +axh + aodo + a%Jn + 3%./22 ,
$1 = aardio +a1a2J01
S3/2 = apa1 1o + a1a0Jo1 + apazJo + aza0Jo2
+ a3 11 + a2a3 1o + a1aar 101 + a3a1 iz
+ afap o1 + axarandorn + a1a3 001 + a3
+ajJoo + a3a0Jo11 + a1aoario1 + a0atJiio + a330Jo22
+apagazdoon + a0a3J220 + athi111 + a3a3 1122

2.2 4
+agarazarJioi2 + aracaiac o121 + ayas oot + ayJanoo .



Relations between Stratonovich integrals

J121 = hJi2 — 2412,

2o = ha — L hJ3 + oo,
J10 = Jolo1 — S2do1 + Jo12,
J102 = S1do2 — Jo21 — Jo12 -

» Shuffle algebras: Gaines 1995; Kawski 2001.
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Magnus expansion (order 3/2)
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S12 = a1 + a2k + aod,
s1 = i[a1, a](o1 — S12),
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+[a1, [a1, a0]] (110 — 3H1 10 + ﬁJfJo)
+[a2, [a2, a0]] (J220 — 3 J2do0 + 152 o) -
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Numerical SDE schemes

General integrators

» Euler-Maruyama and Milstein methods

» Runge-Kutta type methods (Kloeden & Platen 1999)

» Magnus (Burrage 1999; Misawa 2001; P-C. Moan 2004)

» Linear systems: Neumann = stochastic Taylor = Runge—Kutta

Magnus integrators

» Not overly complex (Burrage 1999).

» Low dimensional computationally favourable basis

{Jo, J1, I, J12, Jo1, Jo2, J112, J221, J110, Jo20} -

» More accurate.
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Global error |

Global interval: [0, T] = U,’)’;()l[t,,, th+1], tn = nh.

Local remainder across [tn, th11]:

¥ — oM — eam+RM — oM — Rm + O(O'MRM)-

Neumann or Magnus:

S(tn tar1) = S(tn, tar1) +R(tn, tns1) -
——

approx



Global error Il

0 0 2
525 sup E ( H 5 tnatn—i-l H tnytn—&-l YO
IYoll=1 n=N-—1 n=N—1
N—1 2
= sup E (ZS tn+1,tN)R(tn,tnﬂ)S(to,tn)) Yo
oll=1 n—

R

0
H tna tn+1 + R(tm tn+1)) H 3(tn, tn+1)
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Recall: Magnus expansion (order 1)

S8 (t) = exp(o(t)), o(t)=sip+s1+s30+

s/ = a1t +axh + aodo
s1 = 3[a1, a2)(Jo1 — J12)
s3/2 = 3a0, a1](J10 — Jo1) + 3[a0, a2] (20 — Jo2)
+[a1, [a1, 22]] (K12 — 3J1h2 + 5J70)
+[az, [a2, a1]] (Joo1 — L1 + 5 J34)
+[a1, [a1, ao]] (J110 — 3 H1J10 + 155 0)
+[a2, [a2, a0]] (J220 — 3 J2do0 + 152 o) -



Global error Il

Ay = [a1, [a1, a2]] and  Jy=Jio— shJo+ S5k,

R = ZZ (tnt1, tn)AaS(to, tn)) Ja(tn, ts1) -

n=0 «
E(RTR)

= Z ZE( (tni1, th)Aa S(to,t,,))T(§(t,,+1,tN)Ang(to,t,,))>.

n=0 «,0
- E(Ja(tn, tnr1) Ja(tn, tat1))

+> ZE( (tns1, tn)AaS(to, tn)) (S(thrl,tN)Aﬁg(to,tm)))'
n# m o,

E(Jaltn, tni1)) E(Js(tm, tmi1)) -



Magnus more accurate than Neumann?

For order 1/2 schemes:

R™®& = 1[a1, a2](Jo1 — J12) ;

R"eU — RMag 4 %(3132 + 3231)(-/21 + J12) :

R

Local error:
E((Rneu)T Rneu) _ E((Rmag + ’Ee)T (Rmag + //'_\\)))
— E((Rmag)TRmag) + E( )
+E(RTR™E) L E((R™€)TR) .

=0 =0
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Magnus more accurate than Neumann?

For order 1 schemes:
E((Rneu)T Rneu) — E((Rmag)TRmag)
+E(RTR) + E(RTR™2) + E((R™)TR) .

RXTBX+O(h*)

Uniformly accurate Magnus integrator:

o1 =a1hh +axh + agdy + %[31, 32](./21 — J12)
2
+ B (a133a1 + a3 a))
h2
— ﬁ(alaoal + 223032)

h2
— T(31323182 + 82313231) .



Quadrature approximation

PR N I

2h . (N-1) h T=Nh

EQAt) i
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Quadrature approximation

Two inherent scales:

» Wiener-discrete-path scale At—the smallest scale on which
the Wiener paths W;(t) and W(t) are generated;

» Time-step scale h = QAt—on which the SDE is stepped
forward.

Practical approach:

tht+1

> Jio(tn, tri1) E/ (WA(r) — Wa(ty)) dWa(r)
tn

» Filtration: Fo = {W;(t, + g At): all i,n, q}.

» Basic idea: J — E(J’FQ(n)).

» Polygonal volumes.

» Stump & Hill 2005.
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Quadrature approximation |l

QR-1

D tix) = & 3 (WA(rasn) + Wh(r) ~ 20A(m) ) A V().
q=0

<‘J12 tnstar1) — J12(tn, tn+1)}2>

Q-1
(12(7q: Tq41) — AW, (79) AWa(14))
q=0

)

I3
L



Quadrature approximation 1V

Quadrature o 1o Jh20 112
gloc () hQU2 W2JQY2 2/QY2 p2)QL/2
O(h3/?) h-1
ul om) | ht
O(h5/2) h-3 2 h1 h1
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Global error vs computational effort

Theorem

U= (ky K2+ ((emn® + ce) K/ Mg~ M

Uquad ueval
Proof.
1
E=K (I\/l)h—2+K (M) M
VR ‘
1 M

Z/{:(kuQ+CMn2+CE)N.



Flops: two Wiener processes

For each path

Order || Neumann Magnus Runge—Kutta
L 9n? 5n° +5n°

2
1 13n 7n* 4 5n°
1% 630> | 19n% +5n% | 20n® + 37n?

2 95n2 29n° + 5n3




Numerical simulations

Linear system

11
() e

= N

200

)

Nl— =



Linear system

Number of sampled paths=100
T T

1 T
0.5 b
or 4
5
¢ -05r b
©
Q
°
=)
S -1 .
j=2)
o
-1.5F B
—#%— Magnus 0.5
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25 L L L L I
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Linear system

Number of sampled paths=1
T T

00

Ioglo(global error)

-15F

!

—#— Magnus 0.5
—=©6— Neumann 1.0
—*— Magnus 1.0
—&— Neumann 1.5
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! !

-2.5
-15

0
Iogw(CPU time)
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Stochastic Riccati system

d t
S(t) =1+ ; /0 fi(r, S(r)) AWi(r)

fi(t,S) = S(t)Ai(t)S(t) + Bi(t)S(t) + S(t)Ci(t) + Dj(t).

» Stochastic linear-quadratic optimal control.

» eg. mean-variance hedging in finance (Bobrovnytska &
Schweizer 2004; Kohlmann & Tang 2003).



Riccati Il

Bi(t)  Di(t)

If A(t) = (_ Al - C,-(t)) and U = (5) satisfies

d ot
U(e) =1+ ZO /0 A(r)U(r) AW (r)

then S = UV ™! solves the Riccati system.

-1 1 —
e h) e
2

D1 = a1 and Dy = a».

1

2

1

0
_1> and Do = <0

1
2

= N



Riccati Il

Kloeden & Platen:

5n+1 =S5

n+ f(S,,)h + D11+ Do)
+ %(f(yfr) + (YD) +F(Y) + F(Yy) — 4f(Sn))
+ 50 (FOYT) = FOYT)) Jo + (F(Y57) = £(Y5)) Jao)

YE =S, + 2f(S,) = DiVh

f(S) = SA0S + BpS + SCy + Dy .



Riccati IV

Number of sampled paths=100

0 T T T T T
—6— Neumann 1.0
—*— Magnus 1.0
—©— Neumann 1.5
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—+— Nonlinear 1.5
_2 = 4
E
]
g
5 31 1
=}
3
j=2)
o
4t 4
5t 4
-6 L L L L L L L
-15 -1 -0.5 0 0.5 1 1.5 2 25

Iogw(CPU time)
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For a given computational effort, order 1 Magnus
integrators are the most accurate of all numerical
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Future directions:

» Variable step scheme (Gaines & Lyons 1997).

» Zakai equation: Markov chain filters.

> Lie-group preserving properties (Castell & Gaines 1995;
Burrage et al. 2004; Misawa 2001; Milstein et al. 2002).

» Backwards SDEs
» Nonlinear SDEs
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