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Introduction

Take home messages:

For numerical SDE methods that are conditioned on two
or more driving Wiener paths, order 1 numerical schemes

provide the most accuracy for a given computational
effort.

Stochastic Lie group integration methods can preserve
the evolution of an SDE solution in a smooth manifold.
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Flow map and abstract SDE
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Stochastic Taylor series
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Stochastic Taylor series
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exponential, Chen-Fleiss series or stochastic Taylor series
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Stochastic Taylor series

dye = Vo(ye) dt + Va(ye) AW + Va(ye) dW;

y=w+KoVoy
foy=foyy+KoVofoy

vi=yo+KoVoy+(KoV)2oyy+(KoV)¥3oy+---

» Peano—Baker series, Feynman—Dyson path ordered

exponential, Chen-Fleiss series or stochastic Taylor series
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Integral operators
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Integral operators
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Stochastic Taylor methods
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Stochastic Taylor methods
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Stochastic Taylor methods
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Exponential Lie series
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Exponential Lie series

¥t = exp(¥r) o o,

Ye=Inpe =10+ Y1+ 930+

Y10 =hVi+hVa+ bW,

Y1 = (1 — 2)[Vi, Vo),
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Exponential Lie series

¥t = exp(¥r) o o,

Ye=Inpr =410+ Y1+ Y3+

Y10 =hVi+hVa+ bW,

Y1 = (1 — 2)[Vi, Vo),

V372 = 3(J10 — Jo1)[ Vo, V] + 5(J20 — Jo2)[ Vo, V2]

+ (112 — Shdo + 555) Vi, [V, Vo]
+ (Jo21 — S o1 + I3 0) [Va, [Va, Vi]]
+ (110 — 2o + S Jo) [Va, [VA, Vol

+ (Jo20 — 3J2do0 + 15J540) [V, [Va, Vo]



Exponential Lie series

yr = exp(¢t) o yo
Ye=Inpe =10+ Y1+ 930+
Y10 =hVi+hVa+ bW,

Y1 = 3(do1 — J12)[Va, Vo,

V372 = 3(J10 — Jo1)[ Vo, V] + 5(J20 — Jo2)[ Vo, V2]
+ (112 — Shdo + 555) Vi, [V, Vo]
+ (Jo21 — S o1 + I3 0) [Va, [Va, Vi]]

Burrage 1999.

» Magnus 1954, Kunita 1980, Ben Arous 1989, Castell 1993,
[m] = =



Numerical SDE schemes

General integrators

» Euler-Maruyama and Milstein methods

» Runge—Kutta type methods (Kloeden & Platen 1999)

» Magnus (Burrage 1999; Misawa 2001; P-C. Moan 2004)

» Linear systems: Neumann = stochastic Taylor = Runge—Kutta
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Numerical SDE schemes

General integrators

» Euler-Maruyama and Milstein methods

» Runge-Kutta type methods (Kloeden & Platen 1999)
» Magnus (Burrage 1999; Misawa 2001; P-C. Moan 2004)

» Linear systems: Neumann = stochastic Taylor = Runge—Kutta

Exponential Lie series integrators

» Castell-Gaines method: more accurate.
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Castell-Gaines method

Truncated exponential Lie series across [t,, tp+1]:

Dtytyy = V1 + Vo + JoVo + 2(do1 — J2)[Va, V.
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Castell-Gaines method

Truncated exponential Lie series across [tp, tp+1]:
Solution:

Dyt = I VA + Vo + JoVo + (Jo1 — J12)[ VA, V2]

-ytn7tl7+1 ~ exp(wtmthrl) o .ytn .
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Castell-Gaines method

Truncated exponential Lie series across [tp, tp+1]:
Solution:

iyt = V1 + Vo + JoVo + 2(do1 — J2)[Va, Vo
Castell-Gaines:

-ytn7tl7+1 ~ exp(wtmthrl) o ytn .

U'(T) = ﬁtnythrl o u(r)

across 7 € [0, 1] with u(0) = y;, gives u(1) = y;,,,-
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Castell-Gaines method

Truncated exponential Lie series across [tp, tp+1]:
Solution:

Qﬁt,,,tnﬂ = hVi+ hVo+ JgVo+ 3(do1 — J12)[ V4, Vo] .
Castell-Gaines:

ytnythrl ~ eXP(wtn,th) o ytn
u'(1) = ﬁtn,tm o u(r)

across 7 € [0,1] with u(0) = y;, gives u(1) = y;,.,.

Need approximations for iterated integrals.

DA



Accuracy |

For order 1/2 schemes
RS = 1(Un1 — J12)[VA, V2] o yo
Rst — Rels
Local error

2(Jor + Ji2)(ViVa + Vo Vi) o g
~
R

((Rst)T Rst)

((ReIS+R)T Rels

E((Rels) Rels)+E(

R

R)
"R)
+E(RTR) +E((Re's)T )

=0
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Accuracy Il

For order 1 schemes:

E((RSt)T Rst)

E ((Rels TRels)

MXTBX+0(h*)

+E(RTR) +E(RTR®™) + E((R**)TR) .
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Accuracy Il

For order 1 schemes:

E((RSt)T Rst)

E ((Rels TRels)

MXTBX+0(h*)

+E(RTR) +E(RTR®™) + E((R**)TR) .

Uniformly accurate exponential Lie integrator:

Ot = hVi+ hVa + JoVo + 2(Jo1 — Ji2)[Vi, V2]

+ %([\/17 [Vl7 Vo]] + [V27 [V27 VO]])

+ I (Vi[ Vs, [Vo, W] + Vo[ V4, [W4, V2] -
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Quadrature approximation
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Quadrature approximation

Two inherent scales:

» Wiener-discrete-path scale At—the smallest scale on which
the Wiener paths W' and W? are generated:;
forward.

» Time-step scale h = QAt—on which the SDE is stepped
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Quadrature approximation

Two inherent scales:

» Wiener-discrete-path scale At—the smallest scale on which
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» Time-step scale h = QAt—on which the SDE is stepped
forward.

Practical approach:

tht1
> J1o(tn, tar1) E/ (W2 —wWt)aw?
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» Filtration: Fg = {WtinJrth: all i,n, q}.
» Basic idea: J — E(J|Fg(n)).

» Polygonal volumes.
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Quadrature approximation

Two inherent scales:
» Wiener-discrete-path scale At—the smallest scale on which
the Wiener paths W' and W? are generated:;

» Time-step scale h = QAt—on which the SDE is stepped
forward.

Practical approach:

th+1
> J1o(tn, thr1) E/ (W2 —wWt)aw?
tn

» Filtration: Fg = {WtinJrth: all i,n, q}.
> Basic idea: J — E(J|Fg(n)).
» Polygonal volumes.

» Wiktorsson 2001; Stump & Hill 2005.




Quadrature approximation |l

IE(‘-112(tnatn+1) - -712(tn7 tn+1)‘2)

Q-
= Z <Var J12 Tq,Tq_;_l)‘fQ])

( *Q)
(hz/Q).
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Quadrature approximation Il|

Quadrature .712 .7112 :/120 31112
gloc(n) h/QY2  KI2/QY2 h2/QY2 h2/QY?
O(h3/2) h—1
u| om) h=2 ht
O(h/2) || h3 h=2 h=t h~1




Global error vs computational effort
Theorem

U = (kg KZ)E2+ ((em n® + ce)Kp/M)e~1M
Y

~~
ueval
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Global error vs computational effort

Theorem

U= (ki KZ)E2+ ((cmn® + CE)K;/M)S_”M :

uquad

~~
ueval

Proof.

1
£ = Ko(M) \/}2@ + Kr(M) V.
1

U= (kuQ+cmn’*+ce)N.



Linear system
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Linear system

Ioglo(global error)

Number of sampled paths=2
T

00

-2k

-25

!

T
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—©— Neumann 1.0
—*— Magnus 1.0
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Lie group action

Munthe-Kaas (1999): y: = A(St, o)
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Lie group action

Munthe-Kaas (1999): y: = A(St, o)

» A(ld,y) =y and A(R,A(S,y)) = A(RS,y).
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Lie group action

Munthe-Kaas (1999): y: = A(St, o)

> A(ld,y) =y and A(R,A(S,y)) = N(RS, y).
» R(t) € G: R(0)=S and R'(0)=a
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O], linear.
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Lie group action

Munthe-Kaas (1999): y: = A(St, o)

> A(ld,y) =y and A(R,A(S,y)) = N(RS, y).
» R(t) € G: R(0)=S and R'(0)=a

(O1N)(S,y)0a= O-N(R(T
O], linear.

)’y)’7'=0 ’
> If y =A(S,y0) < yo=ANS1,y):

(010)(S, y0) © @ = B-N(R(7), NS, y)))|

= 0:\N(R(T)S™",y)

7=0
=(01A)(ld, y) o (aS71).

7=0
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Pullback to the Lie group |
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Pullback to the Lie group |

d t
yrzyo+2/ Vi(7, y7) AW,
i=0 /0

A(Seore) = Mido) + [ (A)(Sr30) 0 dS,

= A(Id, yo) + /Ot(all\)(ld,yT) o (dS,



Pullback to the Lie group |

d ot
Yt YO+Z/ Vi(7—7y7' dw/
i—0 ~0
(Se, y0) = A(ld, yo) + / (OLN)(S,. y0) © S,
=A

/t(am)(ld y) o (ds, - 51
0

Z/ (7, yr) AW

(1d, y0) + /Ot(am)(ld y2)o (ds, - 5.7



Pullback to the Lie group |

d t
Ve yo+2/ Vi(r, y;) AW/
i=0 /0

(St, y0) = A(Id, yo) + /(31/\)( Sry¥0) 0 dS;
=A

/t(81/\)(ld y.)o (dS, - 51
0

Z/ (,y-) AW, .
d . ot
St |d+2/ AN)(Id, y,
i=0
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Pullback to the Lie group Il
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Pullback to the Lie group Il

d ¢
S.=1d+ Y [ (@NIy) e (Vilry)
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Pullback to the Lie group Il

d ¢
S.=1d+ Y [ (@NIy) e (Vilry)
i=0 /0

S.dw!,
\/i(t7y) = (alA)(ld)y) © a,-(t,y) ’

d t
Se=1Id+ Z/ ai(1,N(Sr, y0)) Sr AW/
i=0 70
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Pullback to the Lie group Il

d . ot
St:|d+2/ (BuAY(1d, ) o (Vi(r, yr)) Sr AW
i=0 70

Vi(t7y) = (alA)(ld’y) o ai(tay) 5

d .t .
Se=Id+ Z/ ai (1, \(5-, y0)) SrdW;.
i=0 70
Examples:

G = Diff(M) & A(S,y) =Soy = y; = St 0y with S; = ¢y
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Pullback to the Lie group Il
d t .
Si=Id+ Z/O ((61/\)(|d,y7))_1 o (\/;(T, )/T)) S: dW;,
i=0

Vi(t7y) = (al/\)(ld’y) o ai(tay) 5

d .t .
Se=Id+ Z/ ai (1, \(5-, y0)) SrdW;.
i=0 /0
Examples:
G = Diff(M) & A(S,y) =Soy = y; = St 0y with S; = ¢y

Vi(t,y) = ai(t,y)y with a; € so(n), M =G = SO(n):
NS, y) =Sy = (0iN)(ld,y)ca=ay = yr= Sy

=] F



Pullback to the Lie algebra
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Pullback to the Lie algebra
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Pullback to the Lie algebra

d t
S, = Id+2/ ai(7,\(S7,y0)) S- AW,
i=0 70

d  ,t
exp(oe) =1d+ 3 / ai(m Nexp(0+), yo)) explors) AW,
i=0 /0
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Pullback to the Lie algebra

d .t .
S =1d + Z/ a,-(T,/\(ST,yg)) STdW; .
i=0 /0
d ot
exp(o¢) = Id + Z/o ai (1, Mexp(o+), y0)) exp(o,) AW,
i=0

t
exp(o¢) = Id +/ dexp,_odo; exp(o;)
0
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Pullback to the Lie algebra

d .t .
S =1d + Z/ a,-(T,/\(ST,yg)) STdW; .
i=0 /0
d ot
exp(o¢) = Id + Z/o ai (1, N(exp(o+), y0)) exp(or) AW,
i=0

t
exp(o¢) = Id +/ dexp,_odo; exp(o;)
0

d t
O = Z/ dexp;l o a; (7’, A(exp Ur,yo)) dWTi 7
i=0 /0

[m]

=
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Stochastic Taylor Munthe-Kaas method

t
/ dexp, ! o a; (7, A(exp o7, y0))
0

dw!

T
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Stochastic Taylor Munthe-Kaas method

i=0
Algorithm:

t
/ dexp, ! o a; (7, A(exp o7, y0))
0

dw!

T
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Stochastic Taylor Munthe-Kaas method

i=0
Algorithm:

t
/ dexp, ! o a;(1, A(exp o, yo)) AW/,
0

Ftotrin = (Jovo+h V1+J2V2+%Jf V12+J12 vovi+hivy V2+%J22V22)OO
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Stochastic Taylor Munthe-Kaas method

i=0
Algorithm:

t
/ dexp, ! o a;(1, A(exp o, yo)) AW/,
0

Gtntns = (Jovothvitovat+3 Zvi+diovovi+hiviva+3J3v3)00

Ytnr = Nexp b, t,.15 Yt,)
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Rigid body




Rigid body

-2t

log(distance from manifold)
)
©

Stochastic Taylol
Castell-Gaines
Munthe-Kaas

o W?{'Wm
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Conclusions

Take home messages:

For numerical SDE methods that are conditioned on two
or more driving Wiener paths, order 1 numerical schemes

provide the most accuracy for a given computational
effort.

Stochastic Lie group integration methods can preserve
the evolution of an SDE solution in a smooth manifold.
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Conclusions

Take home messages:

For numerical SDE methods that are conditioned on two
or more driving Wiener paths, order 1 numerical schemes

provide the most accuracy for a given computational
effort.

Stochastic Lie group integration methods can preserve
the evolution of an SDE solution in a smooth manifold

Future directions:

» Variable step scheme (Gaines & Lyons 1997).
» Zakai equation: Markov chain filters.
» Backwards SDEs



Global error |

Global interval: [0, T] = UNZM[t,, t,41],

t, = nh.
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Global error |

Global interval: [0, T] = UNZM[t,, thy1],

t, = nh.
Local remainder across [ty, tpi1]:

R = exp(1) — exp(1h) = exp(¥) + p) — exp() = p + O(¥p)
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Global error |

Global interval: [0, T] = UNZM[t,, thy1],

t, = nh.
Local remainder across [tn, th11]:

R = exp(y)) — exp(4h) = exp(th + p) — exp(¢h) = p + O(1fp).

Stochastic Taylor or exponential Lie series:

ytn:tn+1 = ytn:tn+1 + Rtmthrl *

DA



Global error Il

(

0 0
H gpt"’tn_'_l _ H

n=0

Ptor1,ty Rtn,tn+1 @to,tn> oy
R

-1 11
(N_
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Recall: exponential Lie series (order 1)
ye =exp(¢t) o yo,

Yt =P+ 1+ b3+
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Recall: exponential Lie series (order 1)
ye =exp(¢t) o yo,

Y =P+ 1+ 3+
V1o = hVi+ hbVa+ Vo,
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Recall: exponential Lie series (order 1)
ye =exp(¢t) o yo,

Yt =P+ 1+ b3+
V1o = hVi+ hbVa+ Vo,

Y1 = 3(do1 — J12)[Va, Vo,



Recall: exponential Lie series (order 1)
ye =exp(¢t) o yo,

Yt =P+ 1+ b3+
V1o = hVi+ hbVa+ Vo,

Y1 = (1 — ) [V, V2],

Y372 = 3(J10 — Jo1)[ Vo, V] + 3(J20 — Jo2)[ Vo, V2]

+ (112 — Shdo + 57 5) Vi, [V, Vo]
+ (doo1 — o1 + 555 1) [Va, [Va, VA]]
+ (110 — 3hd10 + 55 o) [V, [Vi, Vo]

+ (Jo20 — 3hdo + 154540 [Vo, [Va, Vo] .-



Global error Il

N—

1
R Z Ptn+1, tn Vabi,e, © 0) Ja(tns tos1)
n=0 «
E(R"R)
N—1
n=0 «

B

+

3
S

3

L
@

E( Ptor1,ty VPt t, © )/0) (SDt,,+1 tn VBPto,t, © }/0)>
E(J (tm tn+1) Jﬂ(tm tn+1))
T
E((@tm ty Va Pty t, © YO) (SOtmﬂ tn V3Pto,tm © YO))

]E(J (tn, tn+1)) E(Jﬁ(tma tm+1))

DA



Stochastic Riccati system

d t
S(t)—/+§ /0 (7, S(r)) AWi(r)

fi(t,S) = S(t)Ai(t)S(t) + Bi(t)S(t) + S(t) Ci(t) + Di(t)
» Stochastic linear-quadratic optimal control.
>

eg. mean-variance hedging in finance (Bobrovnytska &
Schweizer 2004; Kohlmann & Tang 2003).
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Riccati |l

If Ai(t) = (—%8) Di(t)

—C,'(t)

) and U = (g) satisfies

d t
U(t):ﬂ+i§/o A(F)U(F) AW (7)

then S = UV~ solves the Riccati system.

-1 1
AOZ (_1
2

_1
— 2
_1) 3 CO - <_1
D1 = a and D2 = ap.

1

0 (L3
_1> and D0—<0 1),

N



Riccati Il

Kloeden & Platen:

5n+1 =5, + f(Sn)h + D1+ Do)
+ 2 (f(
1

Y + (YD) + F(YS) + £(Yy ) — 4£(Sh))

5o (FOD) = F(YD)) Jo + (F(Y5) = £(¥2)) o)

Y =S, + 5F(Ss) = DjVh

f(S) = SA0S + BoS + SCy + Dy .
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Riccati IV

Iogm(global error)

Number of sampled paths=1
T T

00

2k

-4+

!

! !

T T
—©— Neumann 1.0
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