Universal optimal stochastic expansions

Simon J.A. Malham and Anke Wiese

Heriot—Watt University, Edinburgh, UK

Bergen: 6th June 2008



Outline

Stochastic differential equations
Stochastic Taylor expansion
Local and global errors
Exponential Lie series

Hopf algebra of words

Concatenation-shuffle operator algebra

~N O 0B W N =

Sinh-log remainder is smaller



Stochastic differential equations

dye = Vo(ye) dt + Va(ye) AW + - + + Va(ye) dWY

d t
yt=y0+2/ Vi(yr) dW;
i=0 /0

> Non-commuting vector fields: V; = >, V,-j(y)Oy
» d-dimensional driving signal: (W?!,... W9)
» Convention: W0 =t

» Solution process: y: R, — RN,



Wiener process

h 2h . (N-1) h T=Nh
t

> W, — W ~ N(0,/t —s)
» Independent increments

» Continuous, potentially nowhere differentiable



Stochastic chain rule

t .
ytzyo+2/ Vioy, dW!
I' 0

[td lemma (stochastic chain rule) =
t .
ont:fOYO+Z/ Viofoy, dW
7o
E.g. choose f = V; =

t
V,-oytz\/,-oyo+2/ VjoVioy, dW’
— Jo
J

t Tl . .
=+ X [ (View+ X [ viovioynaud, | aw
i J



Stochastic Taylor series

t 3 t T1 . )
ve=yo+ Y [ awivien+ 3 [ [T vovioy, awd aw
i i7j

Now choose f = Vo V; =

Y= )/0+Z/ aw;, VOYo+Z// AW, AW, VjoVioyg+ - -

J,(f) )

» Euler-Maruyama, Milstein and Runge-Kutta methods
(Kloeden & Platen 1999)

» Need approximations for iterated integrals for strong solution



Flow map

Yt =@t o0

Hence

1d+ZJ(t V+ZJJ, Wio Vit > Jgi(t)Vio Vio Vit
ij,k

pr=id+ > Ju(t)V

weAt

Here AT = {non—empty words overA = {0,1,..., d}}



Local error

Exact and approximate solutions:
ye=¢toyo and  Jr=Qtoy

Flow remainder:

R=pr—¢e= > Ju(t)Vi

" weAH"

Local error measure:

IR o yollfz = E((R o y0) (R o o))
= Z I["E(Ju(t)“/v(t))(Vu © YO)T(VV © YO)

” U,VGAJH'



Stochastic integral properties

Expectations: E(J;) = 0, E(J?) = h

Stratonovich-to-Ité relations:

W = aiaro: JW == IW + %53132/0

w = aiazaz: Juw =l + %(53132 IOa3 + 53233 Ialo)
Shuffle relations: JuJy =3¢ shu,v) Jw

Ja1J32 = Jalag + Jagal
J31 J3233 = Jalazag, + Jagalag + Jaga3al



Exponential Lie series

Set ¢y = exp Y then

Yy = Ingy
:(<Pt—')—l( e —1id)* + %(@t—id)3+

_ZJV+Z (Ji = i)lVi, Vil + -+
i>j
Local error: R = expthy — exp thy = ¥y — the + o(1hy — Ut)

» Magnus 1954, Chen 1957, Kunita 1980, Ben Arous 1989,
Castell 1993. Castell-Gaines 1995, Burrage 1999, Misawa
2001, P-C. Moan 2004.



Castell-Gaines (ODE) method

Truncated exponential Lie series across [tp, tp+1]:
qztn,fn+1 = hVi+hVo+ ToVo + %(-712 — 1) [Va, Vo]
Approximate solution:

Ytnir ~ €XP(Vty tr1) © Vi, -

Castell-Gaines: solve ODE

U’(T) = 1/Aftn,tn+1 ou(r)

across 7 € [0,1] with u(0) = y;, gives u(l) = y;,,,.



Error comparison

Set RSt = RS + R

IR o yol|% = E ((R® + R) 0 y0) " ((R® + R) o o)
= |R® 0 yo||% + E (Roy) " (R* 0 y)
+E (R'S oyO)T(I_? oyg) +E (I_? oyO)T(I_? oyo)
= |RS o yol7. + E

If £ >0 then |R* o yo|l ;2 > | R o yol|,



Example: Lie series more accurate
Order %:

d

d

d
=id+oVo+ > JVi+3h) Vi and ¢ =LhVo+ > UV

=1 =1

Remainders:

RE =3 305 = 4i)(Vi = Vi)

i>j
d

/_?:Z(J,','— \/”+Z U+JJI
i=1 i>j

i=1

+ Vji)

R' and R uncorrelated = |[R** o yo|2, = [|[R™ 0 yo |2, + [|R o yo||%

Similarly for orders 1 and % when assume [V, Vj] = 0 for

i,je{l,...,d}



Counter-example
Order 3: [V}, Vj] # 0. Remainders:

Rt = Z(JIO Vio + Joi Voi) + Z Jijic Viji

; ok
RS = Z 3(Jio = Jon)[Vi, Vol + > (i — 3Jidii + 157 9)Vis [Vi V]
i
+ 3 GOV Vil + G-IV [V Vi)

i<j<k

Quadratic form: Uj;; = (Vperms(;,-j), Viii» Vio, VOj)T &
Uijk = (Uperms(ljk))T

E = h2 Z UJ?;BUJ” + h2 Z UI_]kCUijk
i#j i#j#k

C is positive semi-definite, but B is not!



No drift
Now A = {1,...,d}.

p=id+ > Ju Vi

weAT
Suppose: ¢ =id + F(¢) =
o
b=Fe—id) =) G(p—id) = > KyVy
k=1 weAT
where
w
Ke=> Cc > JudumJu(t)
k=1 ug,...,u €AT

U U =W

Goal: choose best Cy



Hopf algebra of words

A* = free monoid on A
= endow set words over A with concat product

aiceA=w=2a;...3, €A
l=emptyword=1-w=w-1=w

K = commutative ring with unit

K(A) = noncommutative polynomials/series on A over K
Polynomial: P =3 ,(P,w)w

(Reutenauer)



Concatenation and shuffle algebras

Concatenation product on K(A):

PQ = Z (P, u)(Q, v)uv

u,veA*

Shuffle product: uwiv
Extended to K(A) by:

PuQ= Z (P,u)(Q,v)uwv

u,vEA*

Associative, distributive wrt addition, shuffle algebra,
luw=wwl=w

Two bi-algebra structures: (K(A),n,¢e,c,d) and (K(A),n,¢,s,d)



Hopf algebra tensor product

Bialgebra with antipode a € End(K(A))

Antipode here is linear signed reversal mapping:

ao(ar...apn) =(-1)"ap... a1

Hence two Hopf algebra structures, consequently set:

H = K(A) @ K(A)

(vex)(vey)=(uwv) (xy),



Concatenation-shuffle operator algebra

Upy W Upy L ..o W Uy, = g(c”lsc”zsc"3 ...SC"™ @ Up Up, - .. u,,k)
WV

—_—

b

B ={c,s} — B* — K(B)
Shuffle gluing product: g: by ® by — bysby

Associative tensor algebra: K =D ,-oK(B), ® K(A),

(b1 & ul)(bz & U2) = (blsbz) ® (U1u2) ,

Homomorphism: ¢ : K — K(A)



Homomorphic maps

Word-to-integral linear map: p: w — J,, (shuffle homomorphism)

Word-to-vector field linear map: k: w+— V,, (concat.
homomorphism.)

Flow map:

p=10idy+ Y Ju® Vi

weAT

Pullback to H:

(LK) p=101+ Z wR w
weAT



Pullback to Hopf algebra

(LK) =11+ Z w R w
weAt

(L® k)" ZC" pRK)* —1®1)k
k>1



Coefficients in K(B)
w € AT with |w| =n+ 1:

|wl

Kow = Z Ci Z U1 W LU Uk
k=1 ug,...,u €AY
W=uy...uy
n+1
S (D s o w)
k=1



Sinh-log coefficients

Lemma
With
Cy =

then

where for w € K(A)

n+1 :

a"ow=aow



Proof: step 1

Partial integration formula:

ar...apnr1=(a1...an)want1 — (a1...ap—1)w(antian) + -+ (—=1)"a

¢"=—-c"ts—c"?%sa—c"3sa% — - —a"
n—1
an:_cn_§ :CkSOtn k—1



Proof: step 2

Antipode polynomial:

a"=—(c—s)".

True for n = 1,2, assume true for k =1,2,...,n— 1. Direct
expansion =

n—1
(c—s)"=c"— Z cks(c —s)nk1
k=0

Use induction.



Proof: step 3

Recall:
n
K:%Cn-i-% (_1)k(cnfk‘_usk)_’_esn
k=0
_1_n 1 n n
=5c"+35(c—9)"+es
1 .n_1_n n
= 5C 5 €5
Hence

n+1
Kw = %(Jw - Jaow) +e€ H JW,'
i=1



Sinh-log remainder is smaller |
IR o yollf2 = IR o yolf2 + E

where

E=E (f\’oyo)T(RSIO)/O) +E (R5|oy0)T(Royo) +E (f\’oyo)T(l_?oyo)

where J,, = J,, — Ky



Sinh-log remainder is smaller Il

E = Z E (JuKy + Kudy + Judy) (Va0 y0) T (Vi o yo)
u,vEAT
|ul=|v|=n+1
jUKV+KU V+~_]U-_IV

J
_ 50(%(J Jy = Jnoudaoy) + 2(Ju + Jnou)(Jy + Jaov))

n+1 n+1
- aou H -/v, + aov) H Ju,>



Concluding remarks

» exponential series when diffusion vector fields commute

» optimal series when drift included



Global error: standard accumulation

0
HyT - },77_||L2 = ( H Sotmtnﬂ - H tn+l> Yo
n=N-1 =N-1 12
0 0
= ( H Sotnytn-%—l + R H tn+1> .yo
1

—1 n=N-—

N_
= ( Sbtn+17tNR”¢t0,tn> ° Yo

n=0

n

L2



Global error: quadratic form

lyr =972
N-1 2
(Z Pty tn Rn‘ﬁm%) °Yo
n=0 12

N—1 N—
= E((Z @thrlvtNR”@tO:tn) o ) << Z m+1,t/\/ msoto,tm> OyO)
n=0

= Z(ZE (tn) Jv (t”)) <(¢tn+lvtN Vi@t t, oyo) (@tnﬂ,tm VDt t, ©

+Z]E(Ju(t”)) E(Jv(tm))E<(¢5tn+lvtN Vusbto’tn © yO)T(gathrlvtN Vvsﬁto,tm ‘
n#m

If E(Jy) # 0 then set J,, = E(Jy) + Ju — E(Jw)
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