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Stochastic differential equations

dyt = V0(yt)dt + V1(yt)dW 1
t + · · · + +Vd(yt)dW d

t

yt = y0 +
d∑

i=0

∫ t

0
Vi (yτ )dW i

τ

◮ Non-commuting vector fields: Vi =
∑n

j=1 V
j
i (y)∂y

◮ d-dimensional driving signal: (W 1, . . . ,W d)

◮ Convention: W 0
t ≡ t

◮ Solution process: y : R+ → R
N ,



Wiener process
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◮ Wt − Ws ∼ N(0,
√

t − s)

◮ Independent increments

◮ Continuous, potentially nowhere differentiable



Stochastic chain rule

yt = y0 +
∑

i

∫ t

0
Vi ◦ yτ dW i

τ

Itô lemma (stochastic chain rule) ⇒

f ◦ yt = f ◦ y0 +
∑

j

∫ t

0
Vj ◦ f ◦ yτ dW j

τ

E.g. choose f = Vi ⇒

Vi ◦ yt = Vi ◦ y0 +
∑

j

∫ t

0
Vj ◦ Vi ◦ yτ dW j

τ

yt = y0 +
∑

i

∫ t

0



Vi ◦ y0 +
∑

j

∫
τ1

0
Vj ◦ Vi ◦ yτ2 dW j

τ2



 dW i
τ1



Stochastic Taylor series

yt = y0 +
∑

i

∫ t

0
dW i

τ1
Vi ◦ y0 +

∑

i ,j

∫ t

0

∫
τ1

0
Vj ◦Vi ◦ yτ2 dW j

τ2
dW i

τ1

Now choose f = Vj ◦ Vi ⇒

yt = y0+
∑

i

∫ t

0
dW i

τ1

︸ ︷︷ ︸

Ji (t)

Vi◦y0+
∑

i ,j

∫ t

0

∫
τ1

0
dW j

τ2
dW i

τ1

︸ ︷︷ ︸

Jji (t)

Vj◦Vi◦y0+· · ·

◮ Euler-Maruyama, Milstein and Runge–Kutta methods
(Kloeden & Platen 1999)

◮ Need approximations for iterated integrals for strong solution



Flow map

yt = ϕt ◦ y0

Hence

ϕt = id+
∑

i

Ji (t)Vi +
∑

i ,j

Jji (t)Vj ◦Vi +
∑

i ,j ,k

Jkji (t)Vk ◦Vj ◦Vi + · · ·

i.e.

ϕt = id +
∑

w∈A+

Jw (t)Vw

Here A
+ =

{
non-empty words overA = {0, 1, . . . , d}

}



Local error

Exact and approximate solutions:

yt = ϕt ◦ y0 and ŷt = ϕ̂t ◦ y0

Flow remainder:

R = ϕt − ϕ̂t =
∑

”w∈A+”

Jw (t)Vw

Local error measure:

‖R ◦ y0‖2
L2 = E

(
(R ◦ y0)

T(R ◦ y0)
)

=
∑

”u,v∈A+”

E
(
Ju(t)Jv (t)

)
(Vu ◦ y0)

T(Vv ◦ y0)



Stochastic integral properties

Expectations: E(Ji ) = 0, E(J2
i ) = h

Stratonovich-to-Itô relations:

w = a1a2 : Jw = Iw + 1
2δa1a2 I0

w = a1a2a3 : Jw = Iw + 1
2(δa1a2 I0a3 + δa2a3 Ia10)

Shuffle relations: JuJv =
∑

w∈ sh(u,v) Jw

Ja1Ja2 = Ja1a2 + Ja2a1

Ja1Ja2a3 = Ja1a2a3 + Ja2a1a3 + Ja2a3a1



Exponential Lie series

Set ϕt = expψt then

ψt = lnϕt

= (ϕt − id) − 1
2(ϕt − id)2 + 1

3(ϕt − id)3 + · · ·

=
d∑

i=0

JiVi +
∑

i>j

1
2(Jij − Jji )[Vi ,Vj ] + · · ·

Local error: R ls = expψt − exp ψ̂t = ψt − ψ̂t + o(ψt − ψ̂t)

◮ Magnus 1954, Chen 1957, Kunita 1980, Ben Arous 1989,
Castell 1993. Castell–Gaines 1995, Burrage 1999, Misawa

2001, P-C. Moan 2004.



Castell–Gaines (ODE) method

Truncated exponential Lie series across [tn, tn+1]:

ψ̂tn,tn+1 = Ĵ1V1 + Ĵ2V2 + Ĵ0V0 + 1
2(Ĵ12 − Ĵ21)[V1,V2] .

Approximate solution:

ytn+1 ≈ exp(ψ̂tn,tn+1) ◦ ytn .

Castell–Gaines: solve ODE

u′(τ) = ψ̂tn,tn+1 ◦ u(τ)

across τ ∈ [0, 1] with u(0) = ytn gives u(1) ≈ ytn+1 .



Error comparison

Set Rst = R ls + R̄

‖Rst ◦ y0‖2
L2 = E

(
(R ls + R̄) ◦ y0

)T(
(R ls + R̄) ◦ y0

)

= ‖R ls ◦ y0‖2
L2 + E

(
R̄ ◦ y0

)T(
R ls ◦ y0

)

+ E
(
R ls ◦ y0

)T(
R̄ ◦ y0

)
+ E

(
R̄ ◦ y0

)T(
R̄ ◦ y0

)

= ‖R ls ◦ y0‖2
L2 + E

If E ≥ 0 then ‖Rst ◦ y0‖L2 ≥ ‖R ls ◦ y0‖L2



Example: Lie series more accurate

Order 1
2 :

ϕ = id + J0V0 +
d∑

i=1

JiVi + 1
2h

d∑

i=1

Vii and ψ = J0V0 +
d∑

i=1

JiVi

Remainders:

R ls =
∑

i>j

1
2(Jij − Jji )(Vij − Vji )

R̄ =
d∑

i=1

(Jii − 1
2h)Vii +

∑

i>j

1
2(Jij + Jji )(Vij + Vji )

R ls and R̄ uncorrelated ⇒ ‖Rst ◦ y0‖2
L2 = ‖R ls ◦ y0‖2

L2 + ‖R̄ ◦ y0‖2
L2

Similarly for orders 1 and 3
2 when assume [Vi ,Vj ] = 0 for

i , j ∈ {1, . . . , d}



Counter-example

Order 3
2 : [Vi ,Vj ] 6= 0. Remainders:

Rst =
∑

i

(Ji0Vi0 + J0iV0i ) +
∑

i ,j ,k

JijkVijk

R ls =
∑

i

1
2(Ji0 − J0i )[Vi ,V0] +

∑

i 6=j

(Jjii − 1
2JiJji + 1

12J2
i Jj)[Vi , [Vi ,Vj ]]

+
∑

i<j<k

(· · · )[Vi , [Vj ,Vk ]] + (· · · )[Vj , [Vi ,Vk ]]

Quadratic form: Ujii = (Vperms(iij),Vjjj ,Vj0,V0j)
T &

Uijk = (Uperms(ijk))
T

E = h2
∑

i 6=j

UT

jiiBUjii + h2
∑

i 6=j 6=k

UT

ijkCUijk

C is positive semi-definite, but B is not!



No drift
Now A = {1, . . . , d}.

ϕ = id +
∑

w∈A+

Jw Vw

Suppose: ϕ = id + F (ψ) ⇒

ψ = F−1(ϕ− id) =
∞∑

k=1

Ck (ϕ− id)k =
∑

w∈A+

Kw Vw

where

Kw =

|w |
∑

k=1

Ck

∑

u1,...,uk∈A+

u1u2···uk=w

Ju1Ju2 · · · Juk
(t)

Goal: choose best Ck



Hopf algebra of words

A
∗ = free monoid on A

= endow set words over A with concat product

ai ∈ A ⇒ w = a1 . . . an ∈ A

1 = empty word ⇒ 1 · w = w · 1 = w

K = commutative ring with unit

K〈A〉 = noncommutative polynomials/series on A over K

Polynomial: P =
∑

w∈A
(P,w)w

(Reutenauer)



Concatenation and shuffle algebras

Concatenation product on K〈A〉:

PQ =
∑

u,v∈A∗

(P, u)(Q, v)uv

Shuffle product: u xxy v

Extended to K〈A〉 by:

P xxy Q =
∑

u,v∈A∗

(P, u)(Q, v)u xxy v

Associative, distributive wrt addition, shuffle algebra,
1 xxy w = w xxy 1 = w

Two bi-algebra structures: (K〈A〉, η, ε, c , δ) and (K〈A〉, η, ε, s, δ′)



Hopf algebra tensor product

Bialgebra with antipode α ∈ End(K〈A〉)
Antipode here is linear signed reversal mapping:

α ◦ (a1 . . . an) = (−1)nan . . . a1

Hence two Hopf algebra structures, consequently set:

H = K〈A〉 ⊗ K〈A〉

(u ⊗ x)(v ⊗ y) = (u xxy v) ⊗ (xy) ,



Concatenation-shuffle operator algebra

un1 xxy un2 xxy . . . xxy unk
= ζ
(
cn1scn2scn3 . . . scnk

︸ ︷︷ ︸

b

⊗ un1un2 . . . unk
︸ ︷︷ ︸

w

)

B = {c , s} −→ B
∗ −→ K〈B〉

Shuffle gluing product: g : b1 ⊗ b2 7→ b1sb2

Associative tensor algebra: K =
⊕

n≥0 K〈B〉n ⊗ K〈A〉n+1

(b1 ⊗ u1)(b2 ⊗ u2) = (b1sb2) ⊗ (u1u2) ,

Homomorphism: ζ : K → K〈A〉



Homomorphic maps

Word-to-integral linear map: µ : ω 7→ Jω (shuffle homomorphism)

Word-to-vector field linear map: κ : ω 7→ Vω (concat.
homomorphism.)

Flow map:

ϕ = 1 ⊗ idV +
∑

w∈A+

Jw ⊗ Vw

Pullback to H:

(µ⊗ κ)∗ϕ = 1 ⊗ 1 +
∑

w∈A+

w ⊗ w



Pullback to Hopf algebra

(µ⊗ κ)∗ϕ = 1 ⊗ 1 +
∑

w∈A+

w ⊗ w

(µ⊗ κ)∗ψ =
∑

k≥1

Ck

(
(µ⊗ κ)∗ϕ− 1 ⊗ 1

)k

=
∑

k≥1

Ck

(
∑

w∈A+

w ⊗ w

)k

=
∑

k≥1

Ck

∑

u1,...,uk∈A+

(u1 xxy . . . xxy uk) ⊗ (u1 . . . uk)

=
∑

w∈A∗

(
|w |
∑

k=1

Ck

∑

u1,...,uk∈A+

w=u1...uk

u1 xxy . . . xxy uk

)

⊗ w



Coefficients in K〈B〉

w ∈ A
+ with |w | = n + 1:

K ◦ w =

|w |
∑

k=1

Ck

∑

u1,...,uk∈A+

w=u1...uk

u1 xxy . . . xxy uk

=
n+1∑

k=1

Ck ζ
(
(cn−(k−1)

xxy sk−1) ⊗ w
)

=

n∑

k=0

Ck+1 ζ
(
(cn−k

xxy sk) ⊗ w
)

= ζ

((
n∑

k=0

Ck+1(c
n−k

xxy sk)

)

⊗ w

)

.



Sinh-log coefficients

Lemma
With

Ck =







1 , k = 1 ,
1
2(−1)k+1 , k ≥ 2 ,
1
2(−1)n+1 + ǫ , k = n ,

then

K = 1
2

(
cn − αn

)
+ ǫ sn

where for w ∈ K〈A〉n+1: αn ◦ w ≡ α ◦ w



Proof: step 1

Partial integration formula:

a1 . . . an+1 = (a1 . . . an) xxy an+1 − (a1 . . . an−1) xxy (an+1an) + · · · + (−1)nan

cn = −cn−1s − cn−2sα− cn−3sα2 − · · · − αn

αn = −cn −
n−1∑

k=0

cksαn−k−1



Proof: step 2

Antipode polynomial:

αn ≡ −(c − s)n .

True for n = 1, 2, assume true for k = 1, 2, . . . , n − 1. Direct
expansion ⇒

(c − s)n = cn −
n−1∑

k=0

cks(c − s)n−k−1

Use induction.



Proof: step 3

Recall:

K = 1
2cn + 1

2

n∑

k=0

(−1)k(cn−k
xxy sk) + ǫ sn

= 1
2cn + 1

2(c − s)n + ǫ sn

= 1
2cn − 1

2α
n + ǫ sn

Hence

Kw = 1
2

(
Jw − Jα◦w

)
+ ǫ

n+1∏

i=1

Jwi



Sinh-log remainder is smaller I

‖Rst ◦ y0‖2
L2 = ‖Rsl ◦ y0‖2

L2 + E

where

E ≡ E
(
R̄◦y0

)T(
Rsl◦y0

)
+E

(
Rsl◦y0

)T(
R̄◦y0

)
+E

(
R̄◦y0

)T(
R̄◦y0

)

Rsl =
∑

w∈A+

|w |≥n+1

Kw Vw + · · ·

R̄ =
∑

w∈A+

|w |=n+1

J̄w Vw

where J̄w = Jw − Kw



Sinh-log remainder is smaller II

E =
∑

u,v∈A+

|u|=|v |=n+1

E
(
J̄uKv + Ku J̄v + J̄u J̄v

)
(Vu ◦ y0)

T (Vv ◦ y0)

J̄uKv+Ku J̄v + J̄u J̄v

= ǫ0
(

1
2(JuJv − Jα◦uJα◦v ) + 1

4(Ju + Jα◦u)(Jv + Jα◦v )
)

− ǫ1

(

1
2(Ju − Jα◦u)

n+1∏

i=1

Jvi
+ 1

2(Jv − Jα◦v )
n+1∏

i=1

Jui

)

− ǫ2

(
n+1∏

i ,j=1

Jui
Jvj

)



Concluding remarks

◮ exponential series when diffusion vector fields commute

◮ optimal series when drift included



Global error: standard accumulation

‖yT − ŷT‖L2 =

∥
∥
∥
∥
∥

(
0∏

n=N−1

ϕtn,tn+1 −
0∏

n=N−1

ϕ̂tn,tn+1

)

◦ y0

∥
∥
∥
∥
∥

L2

=

∥
∥
∥
∥
∥

(
0∏

n=N−1

(ϕ̂tn,tn+1 + Rn) −
0∏

n=N−1

ϕ̂tn,tn+1

)

◦ y0

∥
∥
∥
∥
∥

L2

=

∥
∥
∥
∥
∥

(
N−1∑

n=0

ϕ̂tn+1,tN Rnϕ̂t0,tn

)

◦ y0

∥
∥
∥
∥
∥

L2

+ h.o.t.



Global error: quadratic form

‖yT − ŷT‖2
L2

=

∥
∥
∥
∥
∥

(
N−1∑

n=0

ϕ̂tn+1,tN Rnϕ̂t0,tn

)

◦ y0

∥
∥
∥
∥
∥

2

L2

= E

((N−1∑

n=0

ϕ̂tn+1,tN Rnϕ̂t0,tn

)

◦ y0

)T((

(
N−1∑

m=0

ϕ̂tm+1,tN Rmϕ̂t0,tm

)

◦ y0

)

=
∑

u,v

(
∑

n

E
(
Ju(tn) Jv (tn)

)
E

((
ϕ̂tn+1,tN Vuϕ̂t0,tn ◦ y0

)T(
ϕ̂tn+1,tN Vv ϕ̂t0,tn ◦ y

+
∑

n 6=m

E
(
Ju(tn)

)
E
(
Jv (tm)

)
E

((
ϕ̂tn+1,tN Vuϕ̂t0,tn ◦ y0

)T(
ϕ̂tm+1,tN Vv ϕ̂t0,tm ◦

If E(Jw ) 6= 0 then set Jw = E(Jw ) + Jw − E(Jw )
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