LMS-EPSRC Short Course: Theoretical Fluid Dynamics

Navier—Stokes equations tutorial solutions

Simon J.A. Malham

We consider the incompressible Navier—Stokes equations on a bounded domain
2 ¢ R? with viscous boundary conditions. Our goal is to derive some basic energy
estimates which assume that the solutions are smooth, but which indicate properties
we might expect weak/strong solutions to satisfy. For example weak solutions satisfy
an energy inequality.

Question 1 (a) To show that the Navier—Stokes equations can be expressed in the form

% twxu=vAu-V(p+iu? +f,
we simply substitute the identity

u-Vu = %V(|u|2) —ux (Vxu)
into the standard formulation of the Navier—Stokes equations.

(b) There are several ways to derive the energy inequality for the forced Navier—
Stokes equations, one of which is to directly compute (d/ dt)HuH%z as follows:

d
Sl =4 [ awwde
2

:%/m-(atu)dw

2

:/u.(_w><u—}—z/Au—V(;U'i‘%|u|2)"'f)dm
0

= —u/ \Vu\Zdw—i—/ u - fde.
0 0

In the last step we have used that u - (w X u) =0, and that

/Qu~V(p+%\u\2)da::/QV~(u(p+%|u|2))d:c—/{Z(V-u)(p+%|u|2)dw
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and

/Qu-(Au)da::/QV-((Vu)~u)dm—/QWu\2dm.

Note that in these last two integral identites we simply use the product formulae for
the vector fields indicated and thus these are also just ‘integration by parts’ formu-
lae. The divergence terms on the right, by the divergence theorem, generate surface
integrals on 9f2, the bounding surface of {2. Since u = 0 on 9{2 due to the viscous
boundary conditions assumed, these terms are zero. Of course, we are also assuming
incompressibility V - u = 0 everywhere. Further note, to be clear, we define

2
/ |Vu|de = Z / (O ui) (O w;) dee.
2 T J 0
3,j=1
Now using the Holder and Young inequalities we see that
6, 12 1 o2
(, Foze < lullze 1Fl1ze < lll3a + e 71132,

for some § > 0. Combining these results gives us the estimate

d 2 2 2 1,02
&Hu”m +2v||Vul|72 < dflulz2 + g||f||L2~

(c¢) To derive a uniform upper bound for Hu||2L2 in time, we can set § = v and use
Poincaré’s inequality
ullLz < cl[Vul| L2

for some constant ¢ (note that if u(x,0) has mean zero then u(x,t) also has mean
zero, for t > 0). Using this in the evolution inequality above, we get

d v 1
gpllullze + llulis < Sl

Now we can integrate this time differential inequality, more rigorously we apply the
Gronwall lemma, to get (using the integrating factor technique for linear differential
equations, i.e. variation of constants formula):

2.2
C
lulDllze < llul, 0)[72 exp(-vt/c®) + (S ) IF . B)lI7e (1 - exp(-vt/e)).
This establishes for any time 7" > 0, we know

u e L®([0,T]; L*(2; RY)).

(d) Now note if we simply time integrate the time differential inequality (before we
applied the Poincaré inequality) we get

T T T
2 v 2 2 1 2
a0l + % [ 1vuoldr <o [ ueoliear+ 3 [Crco e ar
From this we can deduce for any time 7' > 0, we have

u e L([0,T); H (2;RY).
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Question 2 We consider the L?-inner product of ‘—Aw’ with the Navier-Stokes for-
mulation quoted above, this generates:

d
1 2 2

3 g IVullz2 +vllAullz> = (Au,w x w2 — (Au, f) 2.

Note that for the time derivative term, we have used the product formula again (inte-
gration by parts) and that « = 0 on the boundary 942 so that 9;u = 0 on the boundary
as well. Now consider the term generated from the nonlinear term in the Navier—Stokes
equations. Since —Au =V x (V x u) for divergence free fields u we see that

(Au,w xu)r2 = — (VX w,w X u)pe2

(W, V x (wxu))re
=(w,u-Vw)2 + (w,w - Vu)2
= <w7Dw>L25

where D is the deformation matrix (the symmetric part of Vu). In this sequence of
equalities, we have used the product formula

(V X w,v)p2 :/ V- (wxv)de — (w,V xv)p2
Q

with v = w X u together with the divergence theorem and that w = 0 on the boundary.
We have also used that for divergence free fields u, with w = V X u, we have

VX (wxu)=u-Vw+w-Vu,

and that w-Vu = Dw as Rw = 0 (where R is the antisymmetric part of Vu) and that
(w,u-Vw)z = / V- (Yulw?) dz = 0.
2

Putting all this together, we arrive at the equality:

1 d

3 g IVullZe + vl dulis = (@, Dw) 2 — (Au, f)Le.

(a) Assume d = 2. Then direct calculation shows that Dw = 0 and thus, using the
Hoélder and then Young inequalities

1 d

2 2 0 2 1 2
QEHVUHH +v||Au|z2 < §||Au||L2 + %HJ"”L?’

for some ¢ > 0 (exactly as we did for the energy inequality above). Now choose 6 = v.
Hence we can deduce for any T' > 0, we have

u e L®([0,T]; H (2;RY)).
Note that for any divergence free vector field u we have

2 2 2
IVulfs = lwlfs =2 [ a(D?)da.
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(b) Now assume d = 3. The vorticity stretching term Dw is now an important
mechanism of the flow. Using the Holder inequality, followed by the Gagliardo—Sobolev—
Nirenberg inequality

3/4 1/4
IVl ps < el Au) 30 Vul )5,
and then the Young inequality, we see that
(w, Dw)rz < c ||Vl 2| Vul|7
3/4 1/4\2
< el Vall gz (| Aul35! [Vl 15"

3/2 3/2

— c || Au| 32| Vul3,
3 2 C 2 3
< JvlAullz + L5 (IVul)”

Inserting this into the equality we have above and using similar estimates for the forcing
term (now use § = v/4) we see for some constant ¢, we have

d v c 3 2

1 2 2 2 2

§&||VUHL2 Jrg”AUHLz < ﬁ(HVU”L?) +;||f||L2-

For simplicity assume f = 0. Then using the Gronwall lemma we see, as a function

of time, the best we can show is HVUH%z has an upper bound that blows up in finite
time.



