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Motivation

Whatisthesimplestformtowhichafamilyofmatricesdependingsmoothlyontheparameterscanbereducedbyachangeofcoordinates

dependingsmoothlyontheparameters?

–V.I.Arnold

GeometricMethodsintheTheoryofOrdinaryDifferentialEquations,1988

•Whatisthesimplestformreferredtohere?

•Whatkindofcontinuouschangecanbeemployed?
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RealizationProcess

•Realizationprocess,inasense,meansanydeducibleprocedurethatweusetorationalizeandsolveproblems.

¦Thesimplestformreferstotheagilitytothinkanddrawconclusions.

•Inmathematics,arealizationprocessoftenappearsintheformofaniterativeprocedureoradifferentialequation.

¦Thestepstakenfortherealization,i.e.,thechanges,couldbediscreteorcontinuous.
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ContinuousRealization

•Twoabstractproblems:

¦Oneisamake-upandiseasy.

¦Theotheristherealproblemandisdifficult.

•Abridge:

¦Acontinuouspathconnectingthetwoproblems.

¦Apaththatiseasytofollow.

•Anumericalmethod:

¦Amethodformovingalongthebridge.

¦Amethodthatisreadilyavailable.
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BuildtheBridge

•Specifiedguidanceisavailable.

¦Thebridgeisconstructedbymonitoringthevaluesofcertainspecifiedfunctions.

¦Thepathisguaranteedtowork.

¦Suchastheprojectedgradientmethod.

•Onlysomegeneralguidanceisavailable.

¦Abridgeisbuiltinastraightforwardway.

¦Noguaranteethepathwillbecomplete.

¦Suchasthehomotopymethod.

•Noguidanceatall.

¦Abridgeisbuiltseeminglybyaccident.

¦Usuallydeepermathematicaltheoryisinvolved.

¦Suchastheisospectralflows.
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CharacteristicsofaBridge

•Abridge,ifitexists,usuallyischaracterizedbyanordinarydifferentialequation.

•Thediscretizationofabridge,oranumericalmethodintravellingalongabridge,usuallyproducesaniterativescheme.
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TwoExamples

•EigenvalueComputation

•ConstrainedLeastSquaresApproximation
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TheEigenvalueProblem

•Themathematicalproblem:

¦AsymmetricmatrixA0isgiven.

¦Solvetheequation
A0x=λx

foranonzerovectorxandascalarλ.

•Aniterativemethod:

¦TheQRdecomposition:
A=QR

whereQisorthogonalandRisuppertriangular.

¦TheQRalgorithm(Francis’61):

Ak=QkRk

Ak+1=RkQk.

¦Thesequence{Ak}convergestoadiagonalmatrix.

¦EverymatrixAkhasthesameeigenvaluesofA0,i.e.,(Ak+1=Q
T
kAkQk).
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•Acontinuousmethod:

¦Liealgebradecomposition:
X=X

o
+X

+
+X

−

whereX
o
isthediagonal,X

+
thestrictlyuppertriangular,andX

−
thestrictlylowertriangularpartofX.

¦DefineΠ0(X):=X
−
−X

−>
.

¦TheTodalattice(Symes’82,Deiftelal’83):

dX

dt
=[X,Π0(X)]

X(0)=X0.

¦Sampledatintegertimes,{X(k)}givesthesamesequenceasdoestheQRalgorithmappliedtothematrixA0=exp(X0).

•EvolutionstartsfromX0andconvergestothelimitpointofTodaflow,whichisadiagoalmatrix,maintainsthespectrum.

¦TheconstructionoftheTodalatticeisbasedonthephysics.

.ThisisaHamiltoniansystem.

.Acertainphysicalquantitiesarekeptatconstant,i.e.,thisisacompletelyintegrablesystem.

¦Theconvergenceisguaranteedby“nature”?
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LeastSquaresMatrixApproximation

•Themathematicalproblem:

¦AsymmetricmatrixNandasetofrealvalues{λ1,...,λn}aregiven.

¦FindaleastsquaresapproximationofNthathastheprescribedeigenvalues.

•Astandardformulation:

MinimizeF(Q):=
1

2
||Q

T
ΛQ−N||

2

SubjecttoQ
T
Q=I.

¦EqualityConstrainedOptimization:

.AugmentedLagrangianmethods.

.Sequentialquadraticprogrammingmethods.

¦Noneofthesetechniquesiseasy.

.Theconstraintcarrieslotsofredudancies.
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•Acontinuousapproach:

¦TheprojectionofthegradientofFcaneasilybecalculated.

¦Projectedgradientflow(Brocket’88,Chu&Driessel’90):

dX

dt
=[X,[X,N]]

X(0)=Λ.

.X:=Q
T
ΛQ.

.FlowX(t)movesinadescentdirectiontoreduce||X−N||
2
.

¦TheoptimalsolutionXcanbefullycharacterizedbythespectraldecompositionofNandisunique.

•Evolutionstartsfromaninitialvalueandconvergestothelimitpoint,whichsolvestheleastsquaresproblem.

¦Theflowisbuiltonthebasisofsystematicallyreducingthedifferencebetweenthecurrentpositionandthetargetposition.

¦Thisisadescentflow.
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Equivalence

•(Bloch’90)SupposeXistridiagonal.Take
N=diag{n,...,2,1},

then
[X,N]=Π0(X).

•AgradientflowhencebecomesaHamiltonianflow.
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BasicForm

•Laxdynamics:

dX(t)

dt
:=[X(t),k1(X(t))]

X(0):=X0.

•Parameterdynamics:

dg1(t)

dt
:=g1(t)k1(X(t))

g1(0):=I.

and

dg2(t)

dt
:=k2(X(t))g2(t)

g2(0):=I.

¦k1(X)+k2(X)=X.
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SimilarityProperty

X(t)=g1(t)
−1
X0g1(t)=g2(t)X0g2(t)

−1
.

•DefineZ(t)=g1(t)X(t)g1(t)
−1
.

•Check

dZ

dt
=

dg1

dt
Xg

−1
1+g1

dX

dt
g
−1
1+g1X

dg
−1
1

dt
=(g1k1(X))Xg

−1
1

+g1(Xk1(X)−k1(X)X)g
−1
1

+g1X(−k1(X)g
−1
1)

=0.

•ThusZ(t)=Z(0)=X(0)=X0.
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DecompositionProperty

exp(tX0)=g1(t)g2(t).

•Triviallyexp(X0t)satisfiestheIVP
dY

dt
=X0Y,Y(0)=I.

•DefineZ(t)=g1(t)g2(t).

•ThenZ(0)=Iand

dZ

dt
=

dg1

dt
g2+g1

dg2

dt
=(g1k1(X))g2+g1(k2(X)g2)

=g1Xg2

=X0Z(bySimilarityProperty).

•Bytheuniquenesstheoreminthetheoryofordinarydifferentialequations,Z(t)=exp(X0t).
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ReversalProperty

exp(tX(t))=g2(t)g1(t).

•ByDecompositionProperty,

g2(t)g1(t)=g1(t)
−1
exp(X0t)g1(t)

=exp(g1(t)
−1
X0g1(t)t)

=exp(X(t)t).
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Abstraction

•QR-typeDecomposition:

¦Liealgebradecompositionofgl(n)⇐⇒LiegroupdecompositionofGl(n)intheneighborhoodofI.

¦Arbitrarysubspacedecompositiongl(n)⇐⇒Factorizationofaone-parametersemigroupintheneighborhoodofIastheproductoftwo
nonsingularmatrices,i.e.,

exp(X0t)=g1(t)g2(t).

¦Theproductg1(t)g2(t)willbecalledtheabstractg1g2decompositionofexp(X0t).

•QR-typeAlgorithm:

¦Bysettingt=1,wehave

exp(X(0))=g1(1)g2(1)

exp(X(1))=g2(1)g1(1).

¦ThedynamicalsystemforX(t)isautonomous=⇒Theabovephenomenonwilloccurateveryfeasibleintegertime.

¦Correspondingtotheabstractg1g2decomposition,theaboveiterativeprocessforallfeasibleintegerswillbecalledtheabstractg1g2algorithm.
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MatrixGroups

•Asubsetofnonsingularmatrices(overanyfield)whichareclosedundermatrixmultiplicationandinversioniscalledamatrixgroup.

¦Matrixgroupsarecentralinmanypartsofmathematicsandapplications.

•AsmoothmanifoldwhichisalsoagroupwherethemultiplicationandtheinversionaresmoothmapsiscalledaLiegroup.

¦ThemostremarkablefeatureofaLiegroupisthatthestructureisthesameintheneighborhoodofeachofitselements.

•(Howe’83)Every(non-discrete)matrixgroupisinfactaLiegroup.

¦Algebraandgeometryareintertwinedinthestudyofmatrixgroups.

•Lotsofrealizationprocessesusedinnumericallinearalgebraaretheresultsofgroupactions.
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GroupSubgroupNotationCharacteristics

GenerallinearGl(n){A∈R
n×n
|det(A)6=0}

SpeciallinearSl(n){A∈Gl(n)|det(A)=1}

UppertriangularU(n){A∈Gl(n)|Aisuppertriangular}

UnipotentUnip(n){A∈U(n)|aii=1foralli}

OrthogonalO(n){Q∈Gl(n)|Q
>
Q=I}

GeneralizedorthogonalOS(n){Q∈Gl(n)|Q
>
SQ=S};Sisafixedmatrix

SymplecticSp(2n)OJ(2n);J:=

[
0I

−I0

]

LorentzLor(n,k)OL(n+k);L:=diag{1,...,1
︸︷︷︸

n

,−1,...−1
︸︷︷︸

k

}

AffineAff(n)

{[
At
01

]

|A∈Gl(n),t∈R
n

}

TranslationTrans(n)

{[
It
01

]

|t∈R
n

}

IsometryIsom(n)

{[
Qt
01

]

|Q∈O(n),t∈R
n

}

CenterofGZ(G){z∈G|zg=gz,foreveryg∈G},Gisagivengroup

ProductofG1andG2G1×G2{(g1,g2)|g1∈G1,g2∈G2};(g1,g2)∗(h1,h2):=(g1h1,g2h2);G1andG2aregivengroups

QuotientG/N{Ng|g∈G};NisafixednormalsubgroupofG

HessenbergHess(n)Unip(n)/Zn
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GroupActions

•Afunctionµ:G×V−→VissaidtobeagroupactionofGonasetVifandonlyif

¦µ(gh,x)=µ(g,µ(h,x))forallg,h∈Gandx∈V.

¦µ(e,x)=x,ifeistheidentityelementinG.

•Givenx∈V,twoimportantnotionsassociatedwithagroupactionµ:

¦Thestabilizerofxis
StabG(x):={g∈G|µ(g,x)=x}.

¦Theorbitofxis
OrbG(x):={µ(g,x)|g∈G}.
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SetVGroupGActionµ(g,A)Application

R
n×n

Anysubgroupg
−1
Agconjugation

R
n×n

O(n)g
>
Agorthogonalsimilarity

R
n×n

×...×R
n×n

︸︷︷︸

k

Anysubgroup(g
−1
A1g,...,g

−1
Akg)simultaneousreduction

S(n)×SPD(n)Anysubgroup(g
>
Ag,g

>
Bg)symm.positivedefinite

pencilreduction

R
n×n

×R
n×n

O(n)×O(n)(g
>
1Ag2,g

>
1Bg2)QZdecomposition

R
m×n

O(m)×O(n)g
>
1Ag2singularvaluedecomp.

R
m×n

×R
p×n

O(m)×O(p)×Gl(n)(g
>
1Ag3,g

>
2Bg3)generalized

singularvaluedecomp.



MatrixGroups23

SomeExoticGroupActions(yettobestudied!)

•Innumericalanalysis,itiscustomarytouseactionsoftheorthogonalgrouptoperformthechangeofcoordinatesforthesakeofcostefficiency
andnumericalstability.

¦Whatcouldbesaidifactionsoftheisometrygroupareused?

.Beingisometric,stabilityisguaranteed.

.Theinverseofanisometrymatrixiseasy.[
Qt
01

]−1

=

[
Q
>
−Q

>
t

01

]

.

.Theisometrygroupislargerthantheorthogonalgroup.

•Whatcouldbesaidifactionsoftheorthogonalgroupplusshiftareused?

µ((Q,s),A):=Q
>
AQ+sI,Q∈O(n),s∈R+.

•Whatcouldbesaidifactionoftheorthogonalgroupwithscalingareused?

µ((Q,s),A):=sQ
>
AQ,Q∈O(n),s∈R×,

or
µ((Q,s,t),A):=diag{s}Q

>
AQdiag{t},Q∈O,s,t∈R

n
×.
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TangentSpaceandProjectGradient

•GivenagroupGanditsactionµonasetV,theassociatedorbitOrbG(x)characterizestherulebywhichxistobechangedinV.

¦DependingonthegroupG,anorbitisoftentoo“wild”tobereadilytracedforfindingthe“simplestform”ofx.

¦Dependingontheapplications,apath/bridge/highway/differentialequationneedstobebuiltontheorbittoconnectxtoitssimplestform.

•AdifferentialequationontheorbitOrbG(x)isequivalenttoadifferentialequationonthegroupG.

¦LaxdynamicsonX(t).

¦Parameterdynamicsong1(t)org2(t).

•Tostayineithertheorbitorthegroup,thevectorfieldofthedynamicalsystemmustbedistributedinthetangentspaceofthecorresponding
manifold.

•Mostofthetangentspacesforthematrixgroupscanbecalculatedexplicitly.

•Ifsomekindofobjectivefunctionhasbeenusedtocontroltheconnectingbridge,itsgradientshouldbeprojectedtothetangentspace.
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TangentSpaceinGeneral

•GivenamatrixgroupG≤Gl(n),thetangentspacetoGatA∈Gcanbedefinedas

TAG:={γ
′
(0)|γisadifferentiablecurveinGwithγ(0)=A}.

•Thetangentspace�=TIGattheidentityIiscritical.

¦�isaLiesubalgebrainR
n×n

,i.e.,
Ifα

′
(0),β

′
(0)∈�,then[α

′
(0),β

′
(0)]∈�

¦Thetangentspaceofamatrixgrouphasthesamestructureeverywhere,i.e.,

TAG=A�.

¦TIGcanbecharacterizedasthelogarithmofG,i.e.,

�={M∈R
n×n
|exp(tM)∈G,forallt∈R}.
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GroupGAlgebra�Characteristics

Gl(n)gl(n)R
n×n

Sl(n)sl(n){M∈gl(n)|trace(M)=0}

Aff(n)aff(n){

[
Mt
00

]

|M∈gl(n),t∈R
n
}

O(n)o(n){K∈gl(n)|Kisskew-symmetric}

Isom(n)isom(n){

[
Kt
00

]

|K∈o(n),t∈R
n
}

G1×G2T(e1,e2)G1×G2�1×�2
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AnIllustrationofProjection

•ThetangentspaceofO(n)atanyorthogonalmatrixQis
TQO(n)=QK(n)

where
K(n)={Allskew-symmetricmatrices}.

•ThenormalspaceofO(n)atanyorthogonalmatrixQis
NQO(n)=QS(n).

•ThespaceR
n×n

issplitas
R

n×n
=QS(n)⊕QK(n).

•AuniqueorthogonalsplittingofX∈R
n×n

:

X=Q(Q
T
X)=Q

{
1

2
(Q

T
X−X

T
Q)}+Q{

1

2
(Q

T
X+X

T
Q)

}

.

•TheprojectionofXontothetangentspaceTQO(n)isgivenby

ProjTQO(n)X=Q

{
1

2
(Q

T
X−X

T
Q)

}

.
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CanoncialForms

•Acanonicalformreferstoa“specificstructure”bywhichacertainconclusioncanbedrawnoracertaingoalcanbeachieved.

•Thesuperlativeadjective“simplest”isarelativetermwhichshouldbeinterpretedbroadly.

¦Amatrixwithaspecifiedpatternofzeros,suchasadiagonal,tridiagonal,ortriangularmatrix.

¦Amatrixwithaspecifiedconstruct,suchToeplitz,Hamiltonian,stochastic,orotherlinearvarieties.

¦Amatrixwithaspecifiedalgebraicconstraint,suchaslowrankornonnegativity.
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CanonicalformAlsoknowasAction

BidiagonalJQuasi-JordanDecomp.,P
−1
AP=J,

A∈R
n×n

P∈Gl(n)

DiagonalΣSing.ValueDecomp.,U
>
AV=Σ,

A∈R
m×n

(U,V)∈O(m)×O(n)

Diagonalpair(Σ1,Σ2)Gen.Sing.ValueDecomp.,(U
>
AX,V

>
BX)=(Σ1,Σ2),

(A,B)∈R
m×n

×R
p×n

(U,V,X)∈O(m)×O(p)×Gl(n)

Upperquasi-triangularHRealSchurDecomp.,Q
>
AQ=H,

A∈R
n×n

Q∈O(n)

Upperquasi-triangularHGen.RealSchurDecomp.,(Q
>
AZ,Q

>
BZ)=(H,U),

UppertriangularUA,B∈R
n×n

Q,Z∈O(n)

SymmetricToeplitzTToeplitzInv.Eigenv.Prob.,Q
>
diag{λ1,...,λn}Q=T,

{λ1,...,λn}⊂RisgivenQ∈O(n)

NonnegativeN≥0Nonneg.inv.Eigenv.Prob.,P
−1
diag{λ1,...,λn}P=N,

{λ1,...,λn}⊂CisgivenP∈Gl(n)

LinearvarietyXMatrixCompletionProb.,P
−1
{λ1,...,λn}P=X,

withfixedentries{λ1,...,λn}⊂CisgivenP∈Gl(n)
atfixedlocationsXiν,jν=aν,ν=1,...,`

NonlinearvarietyTestMatrixConstruction,P
−1
ΛP=U

>
ΣV

withfixedsingularvaluesΛ=diag{λ1,...,λn}andP∈Gl(n),U,V∈O(n)
andeigenvaluesΣ=diag{σ1,...σn}aregiven

MaximalfidelityStructuredLowRankApprox.
(
diag

(
USS

>
U
>
))−1/2

USV
>
,

A∈R
m×n

(U,S,V)∈O(m)×R
k
××O(n)
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ObjectiveFunctions

•Theorbitofaselectedgroupactiononlydefinestherulebywhichatransformationistotakeplace.

•Properlyformulatedobjectivefunctionshelpstocontroltheconstructionofabridgebetweenthecurrentpointandthedesiredcanonicalformon
agivenorbit.

¦Thebridgeoftenassumestheformofadifferentialequationonthemanifold.

¦Thevectorfieldofthedifferentialequationmustdistributedoverthetangentspaceofthemanifold.

¦Correspondingtoeachdifferentialequationontheorbitofagroupactionisadifferentialequationonthegroup,andviceversa.

•Howtochooseappropriateobjectivefunctions?
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SomeFlowsonOrbO(n)(X)underConjugation

•Todalatticearisesfromaspecialmass-springsystem(Symes’82,Deiftelal’83),

dX

dt
=[X,Π0(X)],Π0(X)=X

−
−X

−>
,

X(0)=tridiagonalandsymmetric.

¦Nospecificobjectivefunctionisused.

.Physicslawgovernsthedefinitionofthevectorfield.

¦Generalizationtogeneralmatricesistotallybybrutalforceandblindness(andbythethenyounganddesperateresearchers)(Chu’84,
Watkins’84).

dX

dt
=[X,Π0(G(X))],G(z)isanalyticoverspectrumofX(0).

.Butnicelyexplainsthepseudo-convergenceandconvergencebehavioroftheclassicalQRalgorithmforgeneralandnormalmatrices,
respectively.

.Sortingofeigenvaluesatthelimitpointisobserved,butnotquiteclearlyunderstood.
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•Doublebracketflow(Brockett’88),
dX

dt
=[X,[X,N]],N=fixedandsymmetric.

¦Thisistheprojectedgradientflowoftheobjectivefunction

MinimizeF(Q):=
1

2
||Q

T
ΛQ−N||

2
,

SubjecttoQ
T
Q=I.

.Sortingisnecessaryinthefirstorderoptimalitycondition(Wielandt&Hoffman’53).

•TakeaspecialN=diag{n,n−1,...,2,1},

¦Xistridiagonalandsymmetric=⇒Doublebracketflow≡Todalattice(Bloch’90).

.Bingo!TheclassicalTodalatticedoeshaveanobjectivefunctioninmind.

¦Xisageneralsymmetricmatrix=⇒Doublebracket=AspeciallyscaledTodalattice.

•ScaledTodalattice(Chu’95),
dX

dt
=[X,K◦X],K=fixedandskew-symmetric.

¦Flexibleincomponentwisescaling.

¦Enjoyverygeneralconvergencebehavior.

¦Butstillnoexplicitobjectivefunctioninsight.
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SomeFlowsonOrbO(m)×O(n)(X)underEquivalence

•AnyflowontheorbitOrbO(m)×O(n)(X)underequivalencemustbeoftheform

dX

dt
=X(t)h(t)−k(t)X(t),h(t)∈K(n),k(t)∈K(m).

•QZflow(Chu’86),

dX1

dt
=X1Π0(X

−1
2X1)−Π0(X1X

−1
2)X1,

dX2

dt
=X2Π0(X

−1
2X1)−Π0(X1X

−1
2)X2,.

•SVDflow(Chu’86),

dY

dt
=YΠ0

(
Y(t)

>
Y(t)

)
−Π0

(
Y(t)Y(t)

>
)
Y,

Y(0)=bidiagonal.

¦The”objective”inthedesignofthisflowwastomaintainthebidiagonalstructureofY(t)forallt.

¦TheflowgivesrisetotheTodaflowsforY
>
YandYY

>
.
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ProjectedGradientFlows

•Given

¦AcontinuousmatrixgroupG⊂Gl(n).

¦AfixedX∈VwhereV⊂R
n×n

beasubsetofmatrices.

¦Adifferentiablemapf:V−→R
n×n

withacertain“inherent”properties,e.g.,symmetry,isospectrum,lowrank,orotheralgebraicconstraints.

¦Agroupactionµ:G×V−→V.

¦AprojectionmapPfromR
n×n

ontoasingleton,alinearsubspace,oranaffinesubspaceP⊂R
n×n

wherematricesinRcarryacertaindesired
structure,e.g.,thecanonicalform.

•ConsiderthefunctionalF:G−→R

F(g):=
1

2
‖f(µ(g,X))−P(µ(g,X))‖

2
F.

¦WanttominimizeFoverG.

•Flowapproach:

¦Compute∇F(g).

¦Project∇F(g)ontoTgG.

¦Followtheprojectedgradientuntilconvergence.
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SomeOldExamples

•Brockett’sdoublebracketflow(Brockett’88).

•Leastsquaresapproximationwithspectralconstraints(Chu&Driessel’90).

dX

dt
=[X,[X,P(X)]].

•Simultaneousreductionproblem(Chu’91),

dXi

dt
=

[

Xi,

p
∑

j=1

[Xj,P
T
j(Xj)]−[Xj,P

T
j(Xj)]

T

2

]

Xi(0)=Ai

•Nearestnormalmatrixproblem(Chu’91),

dW

dt
=

[

W,
1

2
{[W,diag(W

∗
)]−[W,diag(W

∗
)]
∗
}

]

W(0)=A.
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•Matrixwithprescribeddiagonalentriesandspectrum(Schur-HornTheorem)(Chu’95),

Ẋ=[X,[diag(X)−diag(a),X]]

•Inversegeneralizedeigenvalueproblemforsymmetric-definitepencil(Chu&Guo’98).

Ẋ=−
(
(XW)

T
+XW

)
,

Ẏ=−
(
(YW)

T
+YW

)
,

W:=X(X−P1(X))+Y(Y−P2(Y)).

•Variousstructuredinverseeigenvalueproblems(Chu&Golub’02).

•RememberthelistofapplicationsthatNicolettagaveonMonday!!!???
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NewThoughts

•Theideaofgroupactions,leastsquares,andthecorrespondinggradientflowscanbegeneralizedtootherstructuressuchas

¦StiefelmanifoldO(p,q):={Q∈R
p×q
|Q

T
Q=Iq}.

¦ThemanifoldofobliquematricesOB(n):={Q∈R
n×n
|diag(Q

>
Q)=In}.

¦Coneofnonnegativematrices.

¦Semigroups.

¦Lowrankapproximation.

•Usingtheproducttopologytodescribeseparategroupsandactionsmightbroadentheapplications.

•Anyadvantagesofusingtheisometrygroupovertheorthogonalgroup?
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StochasticInverseEigenvalueProblem

•Constructastochasticmatrixwithprescribedspectrum

¦Ahardproblem(Karpelevic’51,Minc’88).

−1−0.500.51
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Figure1:Θ4bytheKarpelevičtheorem.

¦Wouldbedoneifthenonnegativeinverseeigenvalueproblemissolved–alongstandingopenquestion.
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•Leastsquaresformulation:

MinimizeF(g,R):=
1

2
||gJg

−1
−R◦R||

2

Subjecttog∈Gl(n),R∈gl(n).

¦J=Realmatrixcarryingspectralinformation.

¦◦=Hadamardproduct.

•Steepestdescentflow:

dg

dt
=[(gJg

−1
)
T
,α(g,R)]g

−T

dR

dt
=2α(g,R)◦R.

¦α(g,R):=gJg
−1
−R◦R.
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•ASVDflowforg(Bunse-Gerstneretal’91,Wright’92):

g(t)=X(t)S(t)Y(t)
T

ġ=ẊSY
T
+XṠY

T
+XSẎ

T

X
T
ġY=X

T
Ẋ ︸︷︷︸

Z

S+Ṡ+SẎ
T
Y ︸︷︷︸

W

DefineQ:=X
T
ġY.Then

dS

dt
=diag(Q).

dX

dt
=XZ.

dY

dt
=YW.

¦Z,Wareskew-symmetricmatricesobtainablefromQandS.
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NonnegativeMatrixFactorization

•Forvariousapplications,givenanonnegativematrixA∈R
m×n

,wantto

min
0≤V∈Rm×k,0≤H∈Rk×n

1

2
‖A−VH‖

2
F.

¦Relativelynewtechniquesfordimensionreductionapplications.

.Imageprocessing—nonegativepixelvalues.

.Datamining—nonegativefrequencies.

¦Nofirmtheoreticalfoundationavailableyet(Tropp’03).

•Relativelyeasybyflowapproach!

min
E∈Rm×k,F∈Rk×n

1

2
‖A−(E◦E)(F◦F)‖

2
F.

•Gradientflow:

dV

dt
=V◦(A−VH)H

>
),

dH

dt
=H◦(V

>
(A−VH)).

¦OnceanyentryofeitherVorHhits0,itstayszero.Thisisanaturalbarrier!

¦Thefirstorderoptimalityconditionisclear.
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ImageArticulationLibrary

•Assumeimagesarecompositeobjectsinmanyarticulationsandposes.

•Factorizationwouldenabletheidentificationandclassificationofintrinsic“parts”thatmakeuptheobjectbeingimagedbymultipleobservations.

•EachcolumnajofanonnegativematrixAnowrepresentsmpixelvaluesofoneimage.

•ThecolumnsvkofVarekbasiselementsinR
m
.

•ThecolumnsofH,belongingtoR
k
,canbethoughtofascoefficientsequencesrepresentingthenimagesinthebasiselements.
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A∈R19200×10Representing10Gray-scale120×160Irises

•Whatarethebasispartsoftheseirises?
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BasisIriseswithk=2
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(Wrong?)BasisIriseswithk=4
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Conclusion

•Manyoperationsusedtotransformmatricescanbeconsideredasmatrixgroupactions.

•Theviewunifiesdifferenttransformationsunderthesameframeworkoftracingorbitsassociatedwithcorrespondinggroupactions.

¦Moresophisticatedactionscanbecomposedthatmightofferthedesignofnewnumericalalgorithms.

¦AsaspecialcaseofLiegroups,(tangentspace)structureofamatrixgroupisthesameateveryofitselement.Computationiseasyand
cheap.

•Itisyettobedeterminedhowadynamicalsystemshouldbedefinedoveragroupsoastolocatethesimplestform.

¦Thenotionof“simplicity”variesaccordingtotheapplications.

¦Variousobjectivefunctionsshouldbeusedtocontrolthedynamicalsystems.

¦Usuallyoffersaglobalmethodforsolvingtheunderlyingproblem.

•Continuousrealizationmethodsoftenenabletotackleexistenceproblemsthatareseeminglyimpossibletobesolvedbyconventionaldiscrete
methods.

•Groupactionstogetherwithproperlyformulatedobjectivefunctionscanofferachanneltotacklevariousclassicalornewandchallengingproblems.
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•Somebasicideasandexampleshavebeenoutlinedinthistalk.

¦Moresophisticatedactionscanbecomposedthatmightofferthedesignofnewnumericalalgorithms.

¦Thelistofapplicationcontinuestogrow.

•Newcomputationaltechniquesforstructureddynamicalsystemsonmatrixgroupwillfurtherextendandbenefitthescopeofthisinterestingtopic.

¦NeedODEtechniquesspeciallytailoredforgradientflows.

¦NeedODEtechniquessuitableforverylarge-scaledynamicalsystems.

¦Help!Help!Help!


