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a(a) up = Kgg s w(0,8) = 0= u(L,?), u(z,0) —{ Ofor L <z<L

We seek solutions of the form u(z,t) = X (z) T(¢).
To ensure that u(0,t) = 0 = u(L,t) we require that X (0) = 0 = X(L).
Substituting into the equation we must have that

T'() X (z) = kX" (z)T(t)

: Thus it is sufficient to have

X"(z) 1 T'()
X(z) k T@)

==\
fwhere A is a constant,
' i.e., we require

~X"=\X, X(0)=0=X() (1)

T = —kXT (2)
(1) has nonzero solutions if and only if A = ﬂ%—’; forn=1,2,...,,..., and

the corresponding eigenfunctions are sin(%f2).

IfA= %’,‘—2—, (2) becomes T" = k 727 and so has solution I' = Age” _E?—t

Hence any function of the form u(z,t) = > 02 ; Ap sin(ﬁg—”‘)e_knirt satisfies
the PDE and the boundary conditions.
Tofor0 <z < %

We now choose A, to ensure that u(z,0) = { Ofor L<z<L

Since u(z,0) = 3°52, Ansin(%f%), we choose Ay,’s as Fourier sine coefficients,

ie.,

=0

=2 [ sin(" gp = 2 Lo M1 ytr  ops oe(7T)

Equation describes temperature u(z, t) of a metal bar, thermal diffusivity k,
lying between z = 0 and z = L with the ends of the bar maintained at 0°,
the left hand half of the bar initially at T° and the right hand half initially
at 0°.

(b) Suppose that u satisfies

Ut = Ugz ; u(0,%) =0 = u(1,t);~ u(z,0)=0 0<z<1

i Let E(t) = fo u?(z,t) dz. )
Clearly E(t) > 0 for all ¢ and since u(z,0) = 0, E(0) = 0.
\ Also

L E(t)] 2f0 w(z, t)us(z, t) dz = 2f61‘u(z, t)um(z, t)dz

= 2u(z,t)uc(z, )25 — 2f = -2 fol u(z,t)dz < 0.

It follows that E(t) =0 and so u(z,t) =0.




H

5. We seek solutions of the form u(z,y) = X(z)Y (y)-
Thus we require XY + XY" =0.
Hence it is sufficient to have

X"z) __Y'(y) _

X@) - YW "

- where k is a constant.

To ensure that u(0,7) = u(2,y) = u(z,0) = 0, we require that X(0) =

X(2)=0and Y(0) =0.

Thus it is sufficient to have

—X" = EkX; X(0)=0=X(2) (1)
Y" =kY; Y(0) =0 (2)

| (1) has nonzero solutions if and only ifk = ”24-—”—2 with corresponding solutions
| X(z) = sin(#5%) for n =1,2,....
If k = 257%, (2) has solution Y (y) = Ay sinh("g%).
| Thus equation has solution

oo
. NAL. T
u(z,y) = Z Ay sm(—2—) smh(-—gﬁ)
n=1

and we must choose the Ay,’s to ensure that u(z, 1) = sin(nz).
Thus we require

oo
Z Ap sin(n—;rf) sinh(%) = sin(7z)

n=1

and so we choose A, = 0 for n # 2 and A, sinhw =1, i.e, Ay = sir;h -

sin (xz) sinh (wy)
sinh (r) ’

Thus we have solution u(z,y) =




(b) Upp + %ur + ;lgugg =0.
We seek solutions of the form u(r, §) = R(r)©(6).
" Clearly © must have period 2.
Also we have a solution to the equation if

R'O+ -l—R’e + lRG)" =0
r 72

Thus it is sufficient to have that
9 R” RI @II

"Rt R °F
where k is a constant.
Thus we require '
r?R" +rR' —~kR =0 1)
—©" =kO; O has period 27. (2)
(2) has non-zero solutions if and only if k = n? forn = 0,1,2,...; whenn = 0

eigenfunction is a constant and when n > 1, eigenfunctions are sin(nf) and
cos(nd).
When k = n?, (1) becomes

r?R" +rR' —n?R =0 — an Euler equation

When n = 0, we have solutions 1 and Inr.
When n = 1, we have solutions " and ™™,

Since we require solutions to be bounded at r = 0, we do not make use of

the solutions Inr or ™.

Thus we seek a solution of the form

(o 0]
u(r,0) = Ag + Z( Ay, cos(nf) + By, sin(nd) )r™
n=1
- such that u(1,0) = cos?(f) = %(1 + cos(26)).
| Hence we choose Ag = %, Ay = % and all the other coefficients = 0.

| Thus we have solution

DOf =

u(r,0) = = [ 1+ cos(20)r? ].




