sol ns7.nb

B Chapter 7 (Systems of differential equations): Solutions

= Solution 7.1.
The eigenvalues are the solutions to the characteristic equation

det (A-2al)=0

-4 -2 3
4 det( 3 _4_).):0
= (A+4)2—9=0
= A2 +81+7=0

= (A+1) (A+7) =0.
Hence the eigenvalues are
A o=-1, A =-T.

For 21 = -1, the eigenvector solves
(_43+1 -43+1) (2; ) B (8)
= (3 2)(2)=(o)
< Cr =C;.
Hence the eigenvector corresponding to A =-1is, for any «a#0:

cieald)

For X, = -7, the eigenvector solves
(75" ) (6)= (o)
= (53 3)(e)=(o)
< Cy =-C1.

Hence the eigenvector corresponding to A =-7is, for any pB#0:
1
C =B (-1 )
Looking for a solution of the form

Y (t) = Ce?t
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to
Y o(t) =AY
gives
= (A)2Ce* =ACe
= (A-21)C=0
This is the eigenvalue problem but 2% with instead of 2, i.e.
2 =-1, A =-T7.
If we set

A=iw o A% =-0?
then for 2% = -1 we have
w1 ==+1,

and so one natural frequency of oscillation is  wi = +1.

For 5 = -7 we have

w2 = t'\/_7-,
and so another natural frequency  of oscillation is  wp = +/7.
The corresponding modes of oscillation are

wy, = +1: o> O0-

wy = +V7 : o o5

The general  solution is

Y (t) = (a1 cos (t) +bysin (t)) (1)

+(azcos (V7 t) +bzsin (V7)) ( 1),

-1
where ai, by, a; and b, are arbitrary constants (fixed by the ini -
tial data).
= Solution 7.2.
(@) The eigenvalues are the solutions to the characteristic

equation
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0 1 -1-2x

= —(1+A) ((2+2) (L+2)-1)-1(-1(L+2)) =0
= -(1+2) ((2+2) (L+2) -1-1) =0

= -(L+2) (A2 +321) =0

= A(1+2A) (A+3) =0.
Hence the eigenvalues are

A=0, A=-1, x=-3.

For 2=0, the eigenvector solves
-1 1 0 X1 0
(A-21)X=0 < [1 -2 1][X2]=[OJ.

The augmented matrix is

-1 1 0 O
H: = 1 -2 1 0]
0O 1 -10

H=H/. H[[2]] > H[[2]] + H[[1]];
H// Matri xForm

-1 1 0 O
0 -1 1 O
0 1 -1 0

H=H/. H[[3]] >H[[3]] +H[[2]];
H// Matri xForm

-1 1 00
0 -110
0 0 0O

Hence
X2 =X3, X1 =X3

and the eigenvector corresponding to xA=0is, for any az0:

1
1].
1

For 2=-1, the eigenvector solves

0 1 0 X1 0
(A-21)X=0 & [1 -1 1][X2]=[0].

0 1 0/ \xs 0

X=a

The augmented matrix is
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0 1 00
H:=(1 -1 1 O]
0 1 0O

The first and third equations immediately imply

while the second equation gives
X1 = =-X3

Hence the eigenvector corresponding to a=-1lis, for any pj+0:

-1
0 ]
1

For 2=-3, the eigenvector solves

2 1 0y (X1 0
(A-21)X=0 e [1 1 1][x2]=[0].
01 2) \xs 0

X=p

The augmented matrix is

H:=]1 1 1 0

2100
0120]

H=H/. H[[2]] > 2H[[2]] -H[[1]];
H// Matri xForm

2100
0120
0120

=H/. H[[31] - H[[31] -H[[2]];
// Matri xForm

Hence
X2 = -2 X3, X1 =X3

and the eigenvector corresponding to 2=-3is, for any vyz0:

1
X = Y [ -2 J
1
(b) Looking for a solution of the form

Y (t) = Ce?t

to
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Y o(t) =AY
gives
= (A)2Ce* =ACe
= (A-21)C=0
(c) From part (a) we know
X2 =0, A3 =-1, 23 =-3.
If we set
A=iw = A% =-0
then for 2% = 0 we have

w1 =0 (twce),

which doesn't correspond to any oscillation at all but only
translation and uniform  velocity invariance.
For 2% = -1 we have
Wy = +1,
and so one natural frequency of oscillation is  wr = +1.
For 25 = -3 we have
and so the other natural frequency  of oscillation is w3 = +3.
(d)
w; =0: o> 05 0-
wy) =1 : -0 o 0-
w3 = ‘\/§ . 0> —0 0-
(e) The general solution is
1 -1
Y(t)=(ap+byt) [1] +(axcos (t) +bysin (t)) [ 0 ]
1 1
1
+(azcos (V3t) +bgsin (V3t)) [—2],
1
where aj, b1, az, bz,az and bz are arbitrary constants (fixed by

the initial data).



