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Bl Final exam 2004: solutions

= Solution 1(a)

w=+\/_=3.

= Solution 1(b)

yp = Asin (2t) + Bcos (2t).

= Solution 1(c)

This is a resonant case; the frequency of the oscillatory
ing matches the natural frequency  of unforced  oscillations
the system ( w=3), hence try

yp = At sin (3t) + Bt cos (3t).

= Solution 2(a)

The auxillary equation is
X +5x+4=0
= A=-4, A=-1
= yr=C e’ +Get.

The inhomogeneity in the ODE suggests we try
yp = Ae?!
= yp =2Ae?!
= yp ' =4Ae’.

Substituting our guess for the Pl into the ODE
= 4Ae®" +5 (2A®') + 4 (Ae®') = 2e?!
= 4A +10A + 4A =2

1
= A= —.
9
Hence the general solution to the ODEis

Y = Ycr + Yp

forc
of
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1

= y=C1zz-*:'4t +G et +5e2‘.

= Solution 2(b)
The auxillary equation is

422 +122+25=0

= A=z-—-21, A=-—4+21
2 2

= VYo et (Cisin(2t) +C cos (2t)).
The inhomogeneity in the ODE suggests we try
yp =Asin (t) +Bcos (t)
= Yyp ' =Acos (t) -Bsin (t)
= yp ' =-Asin (t) -Bcos (t).
Substituting our guess for the Pl into the ODE

= 4 (-Asin (t) -Bcos (t)) +12 (Acos (t) -Bsin (t))
+25 (Asin (t) +Bcos (t)) =9sin (t)

Hence equating  coefficients:
sin(t): -4A-12B+25A=9 < 7A-4B=3,
cos (t): -4B+12A+25B=0 < 4A+7B=0.
Solving this pair of simultaneous equations

21 12
= A= —, B=-—.
65 65
Hence the general solution to the ODEis
Y= Yo + Yr

3, ) 21 12
= y=eZ" (Csin(2t) +C cos (2t))+g5|n(t)—gcos (t).

= Solution 3
The auxillary equation is

22 -81+16=0

A=4, 2=4

= YcF =C e‘“ +C2te4t.
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The inhomogeneity in the ODE suggests we try
yp = At? e*!
= yp ' =2At e*! +4At2 e

= yp ' =2Ace* +16At e*! +16 At? *!.

Substituting our guess for the PI into the ODE and dividing

through by the exponential term

= 2A+16At +16 At?2 -8 (2At +4At?) + 16 (At?) = 2

= A =1
Hence the general solution to the ODEIis
Y=Y+ Yp

= y=0C e’ +Gt et +t2 et

= Solution 4(a)

Since from the table

L[sin (2t)] =

s24+4’

the shift theorem (also in the table)

= L[e’'sin(2t)] = ———MM .
(s-5)2+4

= Solution 4(b)

Since the denominator factorizes

1 1

s24s5 -2  (s-1) (s +2)

we can use partial fractions to split this  fraction into
sumof two simpler fractions, try
1 A B
5-1) 5+2)  (5-1) (s+2)
= 1=A(+2)+B(s-1)

= 1= (A+B)s+2A-B

Equating coefficients

the
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0 - - _ 1 1
s®: 1=2A-B, {S + 1=2A-B, = A=z —, B=-—.
sl: 0=A+B 3 3
1 1/3 1/3

(s-1) (s +2) (s -1) (s +2)

Using the table of Laplace transforms

1 1 1/3 1/3
]L[—et——e'Zt]= / - / .
3 3 (s-1) (s +2)
Hence
1 1 1
H_.'l[—]=—et——e'2t.
s24+s -2
m Solution 5

Taking the Laplace transform of both sides of the ODE
= L[y’ (t) +7y’ (t)+6y (t)]=L[&6 (t -2m)]

= s2y(s)-sy (0) -y’ (0)+7(sy(s)-y (0)) +6y (s) =e?™°

= (s? +75+6)y (s) =e 27

e—27rs
=V =T
e—2 7S
= Yy (s) = Gl 5i0)
Using partial fractions, we can expand
1 A B

5+1) (5+6)  (s+1)  (s+6)

= 1

A(s+6) +B(s+1)
= 1= (A+B)s+6A+B.

Equating coefficients

0. - 1 1
{S . 1=6A+B, — A= B=-—.
sl: 0=A+B. 5 5
1 e-27rs 1 e-27r5
= y(s)=¢ - -
5 (s+1) 5 (s+6)
1 -@-2x) _ 1 _-6(t-2n)
='y(t)={5<z-: = e , U >2m,

0, t <2
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1
-— e (t, 0, 6n}]

1
Pl ot [UnitStep[t -2 (_e—n—m
[ plt -27] | = -

0. 08
0. 06
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- Graphics -

= Solution 6

The augmented matrix is

2 0 3 8
H:=]0 2 3 16
11 -1 0

H=H/. H[[3]] > 2H[[3]] -H[[1]];
H// Matri xForm

2 0 3 8
0 2 3 16
0 2 -5 -8

H=H/. H[[3]] > H[[3]] -H[[2]];
H// Matri xForm

2 0 3 8
0 2 3 16
0 0 -8 -24
Hence using back-substitution, the solution is
| ! | ! | 3
1 == ‘Z"y 2 = —2": 3 =

That 1, is negative simply means that the current actually

flows in the direction opposite  to that assumed in the figure.
m Solution 7
The eigenvalues are the solutions to the characteristic equation
-1-2x 6 0
det 2 1-2 1 =0

-2 -1 -1-2
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= -(1+2) (-(1-2) (L+A) +1) -6 (-2 (L+2) +2) =0

= —(1+x) A%)-6(-2x) =0
= A (A% +a-12) =0.

Hence the eigenvalues are
A=0, A=3, A=-4

For =3, the eigenvector solves

(A-Al)x =0
-1-3 6 0 X1
= 2 1-3 1 ][X2
-2 -1 -1-3 X3

The augmented matrix is

-4 6 0 O
H:=| 2 -2 1 O]
-2 -1 -4 0
H=H/. H[[2]] »2H[[2]] +H[[1]];
H=H/. H[[3]]1->2H[[3]] -H[[1]];
H// Matri xForm
-4 6 0 O
0 2 2 0
0 -8 -8 0
H=H/. H[[3]] - H[[3]] +4H[[2]];
H// Matri xForm
-4 6 0 O
0 2 2 0
0O 00O
Hence
3
X3 = =X2, X1=§X2

and the eigenvector corresponding

3
[?]
X=a 1 .
-1

= Solution 8(a)
Look for a solution of the form
Y (t) = Cet¥!

= (1 w)2 Cel®t = ACel¥!

to

A=3 is,

for

any oz0:
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= (A+w’l)C=0

= Solution 8(b)

The eigenvalues are the solutions

det (A+ w?l)=0

_ 2
= det( S+w 3 =0
3 -5+ w?

= (0?-5)2-9=0

= () -100?+16=0
= (W>-2) (w>-8)=0
w? =8

= w=i2'\/_2_, w:i'\/_Z_.

Hence w =2+/2 and
vi bration.

= w? =2,

w=+/2 are the

= Solution 8(c)

For w? =2, the eigenvector solves

(_53+2 -53+2) (812)= (8)
)

2 3(2)-19)

= (3 -3
= G =C.

Hence the eigenvector corresponding to

o -a})

and the corresponding mode of oscillation

y@® (t)=a(1)eiﬁt,

i.e. they oscillate exactly in phase.

For w? =8, the -eigenvector solves

(_53+8 —53+8) (g;)= (8)

= (5 5) ()= (o)

to the characteristic

fundamental

equation

frequencies of

w? =2is, for any azO0:

is
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= G =-C.
Hence the eigenvector corresponding to w?=2is, for any
1
@ .
c® =6 ()
and the corresponding mode of oscillation is

Y@ (t)=[3(_11)ei2«/51’

i.e. they oscillate exactly out of phase with each other.

= Solution 8(d)
The general  solution is
Y (t) =Re[Ky YV (1) +K, YO ()]
= V) =Re[Re (L) eVt LR, (L) et2VE],

where K; and K, are arbitrary complex constants (fixed
initial data).

3+0:

by the



