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I . Background

. ZD CFT understood since 805
-

many critical lattice models linked to CFTS

. 1st rigorous results from 2000 on [ see 2010 Smirnov review ]

. Full results for Ising , plus u . few other cases :

dimes
, percolation . . .

Proofs rely on existence of a DH lattice operator :

Corr fns obey a discrete Bvp ; cont . limit exists

& is unique



. Beyond Ising : Ops obeying ± of DH conditions

constructed
'

by hand
'

for a few models [ 01N ) 4ICND
Cardy ,

Riva
, Rajabpow ,

Iklet ( 06 - ) ;

de Gier ,
Lee

,
Rasmussen ( 13 ) ;

Alam
,

Batchelor ( 14 )

. Understood how to construct in terms of QuantumGps
Iklet ,

RW
,

wheeler ,
Zinn - Justin (b)

. IDH still enough to prove some aspects of

scaling limit

Duminil - Coppin of Smirnov ( 10 )

Also useful for identifying PCFT related to

massive lattice models



2 . Conserved Currents IDH

Cauchy - Riemann relns : For Tex ,t)=J[ at ) +iJFx,t )

CR relns are 2tJt 2xJt=o ( i )

dx Jtt dtj
"

- o ( 2 )

or with z= xtit
,

J= J×+iJ±

2EJ - dzF= o ( i )

de Jt 2zF= o ( 2)

C 1 ) is current conservation
(2) isn't



. Discretization

- Consider J defined at midpoint of edges of lattice :

1 x ,t )

- t of x.

J ( x ,t ) ~

;
J ( x ,t ) ~

- A possible discretization at dtJ[ dxJ" = o ( i ) is

-  - +  = o

Jtx ,E+i ) - Jet .t ) - JTX + JYX ,t ) = o ( Di )

Defining Jcx ,± , = {
JY " 't ) ; ( xit ) on horiz . edge

ijtlx ,t ) I , ,  i . uert .  ii

Zz
•

( Di ) is §fZiJ( Zi ,Ei ) =o around z } z ,

• •

•

24

Sz ,=i , fzz=  - 1
, fzz = - i

, fza= 1



- { Fti Jlzi ,Ei)=o ( Di )

is
discrete analog of

Zz
•

§Jdz=o around 2.3
. •

"

•

24

- Similar disc . analog of dxJt+duJ×=o ( D2 ) is

§ fwi JC Wi
,

Ji ) = o €2 ) around

Wz

•

Wz • • Wi:
4

- ( Di ) plus Dz ) are DH

- (Di ) alone is Current conservation



3 .
Conserved Currents from Quantum Groups

. Operators obeying

-  - +  = 0

I( × ,E+ ' ) -

j C x , E) -

j ( x + j ( x ,£ ) = 0 ( Di )

come directly from Q . groups [ Bernard ,
Felder ( 91 ) ]

. Consider

U=Uq(
stz )

, gen by ei.fi ,
ti± '

ice 0.13

D : a - s U@U chosen to be

Dcfi ) = fiats
'

+ I @ fi
,

. .
.

An'ffi ) = g€ EDIO . . .@fji@tIl@ . . . @tE
'



. Pictures : Denote repn V by

✓

fi rpm by
man

v

ti by
Xm

,

ti
'

byni

The "

An'ffi ) = €,

±@I@ . . .@fg@tIl@ . . . @tE
'

~ N

{ man

j=i ✓  ✓ ✓  v  ✓  ✓

j



Defining relns have nice form : e.g.

titi'
. I -

#nf=✓{
tifitj

'

= qtfi ~

f. = ii xxHim
✓



. Repn R - matrix Th : V ,@✓z→✓z@✓ , by

✓ 1 2

R ~

:
1

. A . matrix satisfies Rioblx) = Bhc )oRu

- For Blfi ) = fiats 't 1

@fiif+ < za
= < hue

+ <

one
V ✓ V v

- For Dlti
' ' )=til@ti

: he =th
u u



. Hence we get

Denoting f ; insertion at ( xit ) by

jfx
,

t )
,

this is

i

icx
,E+ ' ) -

j ( x ,t ) -

j ( x +
j ( x ,£ ) = 0 ( Di )

i i i

. Can view as reln between exp . values in ZD lattice model

<

to =
<

✓  v  ✓



4. Example + refinement to different embedding angle
- the 6 Vertex model

±i
. Algebra is

Uqlstz
)

gen by ee
,fe ,tie ,e=aiInterested in ZD repn ✓: /

f - (day)
,

f  ~ (
°e.) ,

ti -et
,

t.ae#=
.~( :?) ,

e .  ~ ( e
; :)

1 q=e
"

) Blf

;)
= fiats 't |@fi

Dfei ) = ei@1 + ti@ei



sink

/±

htz
)rmfIii's

:¥s*⇒. embed into complex plane thus
h X

off
&# ' )

-0 = Llz , ) - 212-2 )
7 ,

••
zy

= #'
- A )

zz
•E•z

] fixed by crossing
" ✓

rinses = Rank ?'t



- ixcz ) f fe Current
.

Then felt,E ) = ejelziz )
4

satisfies { Szj ctelziz ) = 0 ( DH l )
j=i

Ai
• • 24

around
. .

Spec . param of
z ,

• •

zz line at Z

£
- isdlz ) Xlz )

Can write as cfelz ,E , = e e jelziz )

l /

s - ( iii
,r÷ ) spin with :

- isdizj
&

.
~ e ot@ qot @ qt±@ .

.
.

- isdlt )&
,

~ e or
-

@ gi£@q9@ . .  .



Procedure camied out for

- Dense loop models - Using GV -

loopfnodel
connection

- Dilute loop models - using AM vertex 1 dilute loop

model Connection

- Chiral Potts model - Using cyclic repns of Uq( st )
at q= eitin

- Trig . SOS models - Using vertex / face corresp .

In all cases ,
we produce parafermionic ,

fractional spin
ops in model .

New in some cases .



5.
A Use of the Construction

Massless loop I In (

CP
) case : PFS coincide

with existing constructions

. Massive case : Analysed most for CP care

( D ' ) { Szijlzi ,Ei)=o is discrete dEJ= 0

ExpandingJ= Jo +J.f...←'

, get
T

masskss limit

DE Jo ~ § ai X ;
← non - local fraat spin



. Standard CFT arg
.  ⇒

If S= Scar + { Ii fdicz .E ) d ?
,

then

2±Io
~ § hi Xi where in CFT

Chiral field Jo ( z ) ¢ ; ( w ,
as ) ~ . . - + ~#x ) + . . .

in CFT z  - W

By comparing we have

i ) confirmed Cardy 's ( 93 )

prediction of PCFT for CP

( ¢ ,= E=l÷* , Ia )
,

¢z= w.ie
, 43=5 .ie )

ii ) Found ni in terms of CP params .



6 . Trigonometric SOS Models

. Vertex / Face corres : 8- U → elliptic SOS

[ Baxter 73 ]

Taking none - so gives 6- V → trig . Sos

. Start from 6- Vertex

7

rm=f"
'

ski's:Yn*+
.)



Introduce vector - valued f 41 a ,b la )
a .be#

,
la - b1= 1

Hla

,a±ih)=
exp

ties)(

e×ptat#)
)

.

the
trim ) [ Kla ,bh ,

)@
hflbclhz ) ]

= § [ 41d .ci
,

)@4 ( a,dhzTw( adbe |h ,
- Th )

5
SOS weight



.

w(aa±,a±t±dx) = shhtz )

Wlaa
,
,a±tla ) = 1ham )

Sh ( aq )

w(aa±,a±t1a ) = sheath )

shlaz )

or wlaataataataala )=racial :& ,

s

with 9+4=9 '+E ' §
dynamical R . matrix

.



. W obeys face / dynamical YBE ( aij=1i - aj )

§wlfea9H 's )

wlatgbh
, . )w( bghlhzs )

= §w(f§1hDw(9e'd His )w( agklaz ):
2,217,2 ; atop ) Rizla , } ; a ) Rzz ( too ; atot )

= 12231723 ; a ) R , } ( 713 ;atoit ) Riz 17,2 ; a )

b C
b C

/

{
a

|a3g
" 23D={al

,

" '

5, :b d

G 2,2
9  723

f
'

e f e



7

With
R( p ,

- yz ) ~

12

÷ .

4( a ,b1X ) ~ a b

7 ✓

wl :ban . ) -

n.

RH , -72 ) [ Kla ,bh ,

)@
lflbiclhz ) ]

= § [ 41dam ,

)@4(
a,dhzTw( adbe |h ,

- Th ) is

a b a b

tu ( { ifin°
d:



Also useful to  introduce Ya ,b1x )

4*laa±iH)=÷gaµ[exp( ' ¥97 ,

- expftstar ) )

Yaish ) ~ ✓

obeying
a b

a a v b

✓

< = E <

d
b

C d C

Finally , modify +
'

1 a ,b1a ) = shlaq )

st ,

4% , binger
~

7
✓

a b



4 inversion relns hold
a b

Ya .ch/)Y(a,b1t)=8b,c = She

a c

a
✓ b

§ 41A ,blx)Y*CaibW=I =
✓

a
✓

b

b a

ifllcialt ) 4lb ,
alt ) = fbce

✓

= Sbc
c a

✓

§ Ylbialx )Y' lb ,alx ) = I

b.
a

=
✓

b
✓

a



.

With
these relns

,
we can map part . fm & Corr fns

from vertex → face .

e . g. dressed

partition
b

Now we
= She

a c



.

t
This also works for cow fns of local operators

e.g.



NI local ops in 6- U model become non.IO# ones

in SOS model .

Used by [ Lashkeuichlpugai 198 ) ] to get corrfns of

8N model using vertex operator approach .



For GV not ops with simple tail
,

work the same

But what about complicated tail configs ?

osfxag
.



It tons out that we ¥ force V - IRF

corresp . through all such configs .

. Need all 4 inversion relns

. End
up with

'

plumbing
'

rules for building pure Sos

Currentsfrom dressed fi ,
till

b

F. ( a bola ) = 4*ca .ch )fi41aibh)= a . xp

c

a b

Tj( gbclt ) = 4*cd .ch ) tfvlaibh ) =

mi a b

Titladblx )= Ylldicntirflaobl D= mx
d a



. Dressed Cheualley gen obey relns analogous to

fe
.

teefete
"

=qtfe→

£ 5¥17'T !:L ")E(deehntetabh, )

= qitlfelabla )

. te't '= I →

£ Tetldeala )Te
-

( than ) = She



. Zip above together to get currents Jilziz )

e. s .

Ext^

virgin.$any
<

. For w→S & S→w comers
,

need to add in addit .factorsinto Jilz
,

'z )

a

Fxshlbz )p '{ × ship
- shcaz )

(
b Shlaz ) ms

a



. Rules for moving tail through Sos weight + 4 term

reln are inherited from vertex model

a b

e.g. f a b

/

{ f Tf= § <$9 c

e d
C ✓

e d

n•f+
§

=Ere +

ex

•
= summed over



. We can view

Jelz
,

E ) as living on seams of pre
SOS model

z

/
L

With this defn
,

under VFC

^

ZNC '-242Jz ,E )jelziz) ~ e el

N = winding # of tail

Zi

Around Tlz
, ) - Jlzz ) - Jlzz ) +J(z4)=o

Zz 24

23



Let Tlt ) = h Spectral variable

- - .
I 'z

.

))

with

⇐,xt
'

×=a'an -

htznyrddtytnud
))=2¥Zzx

fixed by crossing symm

led to define

- isidlz ) +Di It )

oIi( 7 E) = e [ e Jin ,E ) ]
Di  = ill - Si )tlz

where Si  
=

'

spin
'

So = 1
,

5
,

= 1 t2
E

with the
.

fzjEilzj .Ej ) = o ( DHI )



7 . Summary ( Conclusions

. Quantum
gp

currents lead to parafemionic ops

obeying DHI

VF com allows us to obtain parafemionic
fields in Sos models

CFT IPCFT interpretation can be constructed
( still in Png for Sos )

. DHZ still missing , except in Ising case

( Qo & & , Coincide giving DHI & DH ! )


