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AdS/CFT Duality

Duality between a string theory on AdS spacetime and CFT on boundary.
Main example:

IIB strings on AdSs x S°: U(N.) N = 4 susy gauge theory:
e 2D string sigma model or e 4D conformal QFT,

e 10D target space model. e technical similarities to QCD.
Two very different models are apparently equivalent. [es- i /0711200
Parameters:

e N.: string coupling constant ~ 1/N.,  AdS: IIBsiringson AdS;xS’

here: 't Hooft planar limit N, — oo, CFT: N=4 SYM

e (): theta angle, non-perturbative effects,
here: irrelevant because of large NV,
e \: 't Hooft coupling,

rals

here: main parameter —

ICFT 08, Niklas Beisert


http://arxiv.org/abs/Maldacena

Spectrum of AdS/CFT
String Theory: AdS5 x S° background

States: Solutions X of classical equations of motion
plus quantum corrections.
Energy: Charge Ex for translation along AdS-time.

Gauge Theory: Conformal N =4 SYM

States: Local operators. Local, gauge-inv. combinations of the fields, e.g.

O ="Tr @1@2(D1D2¢2)(D1f24) + ...
Energy: Scaling dimensions, e.g. two-point function in conformal theory
(O(x) O(y)) = Cla — y| 2P0,

AdS /CFT: String energies and gauge dimensions match, E(\) = D(\)?!
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Strong/Weak Duality

Problem: Strong/weak duality.

Perturbative strings at A\ — oo.

Perturbative gauge theory at \ =~ 0.

EN) =VAEy+ E14+ Ey/VA+... D(\) = Do+ ADy +N\2Dsy+ ...

Ey: ¢ loops (worldsheet model),
practical limit: 1 or 2 loops.

Cannot compare:

e not analytically (term by term),

e not approximately (extrapolation),
e not numerically (lack of method).
Need finite A\ to compare!
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Dy: ¢ loops (Feynman diagram),
practical limit: 3 or 4 loops.

perturbative
N=4 SYM

perturbative
AdSsxS° strings




Planar Limit

® Slmp||f|cat|ons & Su rpI’ISGS NthcIHOI;)Pf;S] [hep Lipatov ] [KFaddeev ] Anastasiou, Bern]

B72. 461 th /9311037 orchemsky|| || Dixon, Kosower
| th ' Mandal Bena audacher
o AdS/CFT |ntegra b|||ty ICI‘T'%at:logg?] [Sury\:/a\?aaglaayana] [%/Ialpeamhﬁg] [g(tr;s;cgjir;izr:] [P%Ign;gsm] [rl?lel?),_tSht/O:st?é\M]. L
- PN
String Theory: ¢, = 0. @
e Strictly cylindrical worldsheet.
e No string splitting or joining. a

Gauge Theory: N. = oco. Only single-trace operators relevant.

e [ranslate single-trace operators to spin chain states, e.g.

O =Tr 10102010101 0202 O)y=[11TL11T11101)

b @ o
¢1®¢1
6 f

1 2
P2
e Energy spectrum: Eigenvalues of spin chain Hamiltonian.
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Integrability in AdS/CFT

Planar AdS/CFT models apparently integrable.
Perturbative String Theory:

e integrable classical sigma model on supercoset o t2:214) Polchini]
g g Sp(l,l)xSp(Q)’ Roiban
. . Arutyunov :

e quantum corrections apparently integrable. StFré’lovh | [heptnfontanro

Perturbative Gauge Theory:

e one loop: integrable NN spin chain Hamiltonian, Minaharl] [Nes.cnos0r0es
. . . . NB

e higher loops: short-range corrections to Hamiltonian. g;istjf“;e“]

Integrability enables precise computations: perturbative

_ _ AdSsxS° strings
Using constructions and educated guesses

based on integrability proposed: [\ s
. NB L
o all-order expansion at A — 00, [Heminde]
- I ~ NB, Eden |
e all-order expansion at A = 0. Staudacher] | pertur bative
Small window of numerical overlap! N=4 SYM
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Strong/Weak Interpolation

Convergence Properties:
Expansion at A — o¢

e Series asymptotic, no convergence,
e good approximation at low orders.
Expansion at A = 0

e finite radius of convergence |\| < 72,

e defines holomorphic function.
Finite Coupling:

e Integral representations exist,

e numerical evaluation convenient.
Finite coupling model:

e quantum sigma model!

e long-range spin chain?!

e quantum algebra?
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perturbative
AdSsxS° strings

perturbativ
N=4 SY

classical ssgma model

quagtised sigma model

e chai

quantun%éigma model

finite
coupling

short—rangechain

NN spin chain




Bethe Ansatz
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Short-Range Spin Chain

Action of perturbative spin chain Hamiltonian at g ~ ~

o=@ W )K

O(g"): excitation number operator

O(g?*): nearest-neighbour Hamiltonian (supersymmetric XXX_1 /5)
O(g*): next-nearest-neighbour corrections, range increases with order
O(g°): length fluctuates ...

At least: excitation number £, conserved, local action (on long chains)!

Representation of symmetry generators psu(2, 2|4)

D =@+ B+ @B+

Not a coproduct! (or not clear how to interpret as such)
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Asymptotic Bethe Ansatz

Staudacher
he

Spectrum? States of infinite spin chain with few “excitations”: |, oiisiee

e Ferromagnetic vacuum: [0) = |...000...), all constituent particles ‘0.

e One-magnon states with excitation 0 — 1,4 of momentum p
a

, !
A, p) = Za eP...0...14...0...),  H|A,p) = E({)|A,p).

Berenstein

(8] 8) admissible flavours 14 of single excitations. [Mitdacens]
e Asymptotic two-magnon states, Hamiltonian eigenvalue E(p) + E(q)
a b
ipa—+1qb . .
A, p; B, q) ~ Za<<b6 ..0...14...15...0. .b.> +aza%b...
! !
SSE patiab) 0. 1p... 1o... 0.0,
+ 8450 ), e p...lc )

e Factorised scattering for three or more magnons (?!).
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Residual Symmetry

QM particle model of 8 bosonic and 8 fermionic flavours on the circle.
Integrability: S-matrix as R-matrix of quasi-triangular Hopf algebra?!

Excitations transform as (2|2) x (2]2) of psu(2|2) x psu(2|2).
Consider just (2|2) flavours and one copy of psu(2|2). Generators:

e R, su(2) subalgebra of internal symmetry su(4).

o £%: su(2) subalgebra of conformal symmetry su(2,2).
e 0%: 4 (Poincaré) supercharges.
e G%3: 4 (conformal) supercharges.

psu(2|2) has three-dimensional (exceptional!) central extension.

Need this central extension f := psu(2]|2) x R? for consistency: [ o)
e ¢: Hamiltonian (up to integer shift),

e : (classical) gauge variation,

e R (quantum) gauge variation.
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Lie Algebra psu(2|2) x R® and Coproduct

Commutators define Lie algebra

o R%,, £%3: canonical brackets of su(2) x su(2) generators,
o C B R: central elements, @ 9%, Gz supercharges

(0%, 6% = 658% + GORY, + 5E6EC,
{Q%,Q74} = eerd'B,
{Gag, 665} — é‘acé‘g(sﬁ.

Length fluctuations lead to non-trivial coproduct Gomez | [["S5i |

Hernandez .
Torrielli

A =3"e1+ut 34

with [B] = 12, [Q] = +1, [R] = [¢] = [¢] = 0, [6] = —1, [A] = —2.
Abelian group-like generator 1 measures magnon momentum e*?/2.
Cocommutativity on centre: P = gatH(1 — UT?), & =ga (1 - U?).
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Fundamental Representation

Have (2|2) flavours of particles {|¢%), |10%)}. Represent algebra! [.....\o1100
Most general action compatible with su(2) x su(2)

Q%|¢°) = adfly®), &5]¢°) = ceepsl?),
Q%|7) = beMepalg?),  Gp[Y7) = ddje7).

Imposing consistency of superalgebra

e fixes central charges C' = 2(ad + bc), P = ab, K = cd,

e yields constraint ad — bc =1 or C* — PK = 1.

Cocommutativity constraints P, K = ga (1 — {*?2)

e provide dispersion relation C? = i—l— 4g° sin2(%p).

e Lattice-like (Brillouin zones) and almost relativistic: Deformed Poincaré.
e Elliptic curve with modulus k = 4ig (rectangular complex torus).
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Fundamental R-Matrix

Ansatz for fundamental R-matrix with su(2) x su(2) symmetry

R|p%¢") = A12|pt%¢™) — Bia|@l®¢") + 10126 519079°),
R|*pP) = — Dyatpt P + Eyo|pl*pPly — 1F19e%Pecql 00,
Rl¢*7) = Gro|¢®h”) + Hioltp" %),

Rlyp*¢") = Ki12|¢"®) 4 Lia|1p*¢").

Invariance Ro A(J?) = Ayp(J?4) oR fixes A, ..., L up to phase function.
YBE R12R13R23 = R23R13R12 fulfilled.

Questions to be addressed:

e What spin chain model does this R-matrix generate?
e What is the Hopf algebra and its universal R-matrix?
Steps: x Quantum deformation? % Yangian? x Classical r-matrix?
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One-Dimensional Hubbard Model

Electronic model: Fermionic oscillator c, cl, four states per site

o) =10y, [Ty =clo), [l)=cll0), |])=clcl|o).

Simple nearest-neighbour Hamiltonian with s1(2) x su(2) symmetry

Hub __ T T A
HiR = D (Ca,jca,k T Ca,kca,j) +Ucp;¢1,5€1.45¢1 5

a=T,|
Diagonalised by Lieb—Wu equations and E = ) _, cos kj, ggy;iz&g)]
M o . -
2sink, — 24, + 2U
1 = exp(—itkpK) H i ;2

2sinky, — 24; — 2U

- H2Ak_281nkj‘|‘§UH2Ak—2Aj—ZU

2A), — 2sink; — U +4 243, — 245 +iU

g=1

j=1 j=1

j#k
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Shastry’s R-Matrix

One-dimensional Hubbard model has an interesting R-matrix oRL e e

e Intricate form with around 10 coefficient functions.

e Not of difference form R(u1,us) # R(ui — us).

e Spectral parameters u;. defined on elliptic curve.

e Does not fit standard scheme Y (g) for simple Lie (super)algebras g.
e Exceptional integrable structure?!

Consider the identification of bosonic/fermionic states

o) =1¢"), M=), =) )=l

Integrable structures agree: [lin 510610017

e Bethe equations can be made to coincide (choice of Bethe roots).
e Fundamental R-matrix equivalent to R-matrix of Hubbard chain.
e Hubbard chain integrability explained, simple construction for R.
e Exceptional case of centrally extended psu(2|2).
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Quantum Deformations U,(psu(2|2) x R?)

Can we quantum deform all of the above? ko]

e More convenient to formulate Hopf algebra & R-matrix at ¢ # 1.
e Yangian double as contraction of quantum affine algebra at ¢ — 1.

e Quantum deformation of the Hubbard model?
1 2 3

Use Chevalley—Serre basis: ¢5, 95, 31, k= 1,2,3 O—XX—0O

su(2) su(2)
Drop two Serre relations for central extension (consistent with coalgebral)

{ler, €alg, (€5, &}, =B #0,  {[F1,F2ly [§3, Felo}, = R#0.

Construction of algebra and coalgebra standard, but deform by

A(E) =E1+q¢ T @ ¢, AF2) =% Q¢ +U ' @ Fo.
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Fundamental Representation

Can construct a (2|2)-dimensional representation as before:

e Everything quantum-deformed, e.g. constraint [0]2 PK = [3]2.
e Still rectangular elliptic curve with k = 4ig /1 — g2(q — ¢~ 1)2.

Invariant fundamental R-matrix can be constructed.

e Big mess (bi-elliptic functions).
e Satisfies YBE!
e ¢ = 1 limit is previous fundamental R-matrix.

Three-parametric (g, q,u) NN integrable spin chain Hamiltonian

L
d
H p— ZHk’k+1' H12 = —1 R12 il 1R12

k=1 ui2=u

Hamiltonian includes Alcaraz—Bariev deformation of Hubbard model. [i]
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Yangian Y (psu(2]2) x R?)

Can we find a Yangian generator J* to enhance J* of psi(2]2) x R37?
Coproduct of J4 is deformed by 4

AGH =301 +uleyd

Educated guess for deformed coproduct of ?5*4

AN

AGYH =3 @1+ U @34 —ira 3Pl @ 3°,

Define evaluation representation

34X, p) = cot(2 \/1+169 sin®(3p) 3% X, p).

Fundamental R-matrix is invariant under Yangian! [

e Hopf algebra probably Yangian double generated by 3%, n € Z.
e Presumably ¢ = 1 contraction of quantum affine algebra.
e One more symmetry discovered. How to complete algebra? [worams | [27]

Torrielli
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Classical r-matrix & Lie Bialgebra
1

Torrielli

R-matrix has a classical limit g — 0o, p >~ g~ [hep-th/or01281

Ri2=1®1+g¢ 'r24+0(g77)
with classical r-matrix . Coproduct becomes cobracket ¢

A(J) — AOp(ﬁ) = 9_15(3) + 0(9_2)-

Treatment simplifies:
e Need only loop algebra g. No universal enveloping. No deformation.

e Classical -matrix r € g ® g.
e Cobracket given by §(J%) = [J4,7].
e (Classical YBE: [7“12, 7‘13] -+ [7“12, 7“23] -+ [Tlg, 7“23] = 0.
I\/Ioriyama]

Proposal for deformed u(2|2) loop algebra & r-matrix. .
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Deformation of the u(2|2) Loop Algebra
Alternative proposal for deformed () u(2|2) loop algebra o

Spill

{(Qm)abv (Gn)ccS} — 5§(£m+n)a5 T 5?(%m+n)cb T 5§5§é(€m+n)v

)
)ab] — +(Qm+n)ab — QQﬁgavgbd(Gm—l—n—l)dva
)%8) = —(Gmtn)¥s — 20 B 55(Qintn—1)’c-

Properties:

e Satisfies Jacobi identities.

e Non-homogeneous loop level.

e Includes additional (automorphism) generators B,,,.

e Central extensions P, R (and thus 1) replaced by loop charge ¢ ;.

ICFT 08, Niklas Beisert 26


http://arxiv.org/abs/arxiv:0708.1762

Classical r-matrix
Classical r-matrix is almost standard u(2|2) r-matrix

r = Tpsu(2|2) — Z %—1—m = th — Z Q—l—m 2y iBm

with the classical r-matrix 7y4,(2)2) for psu(2|2)

Tpsu(2|2)—+zg%lm)d® Zﬁlm Vs ® (L)
m=0 m=0
+Zﬂlm)d® Zglm (Qm)ac-
m=0

Satisfies CYBE = quasi-triangular Lie bialgebra.

Double structure r € g_ ®g. with subalgebra decomposition g = g. ®g_:
Standard J,>0 € g+ (but By € g_) and Jh<0 € g (but €_; € g4).
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Restriction of Maximally Extended Algebra
Can start with maximally extended algebra b = s[(2) x psu(2]2) x R?.

Has r-matrix

Tf)+ — Tpsu(2|2) — Z (%—1—m)cb X (Q:m>bc — Z (Q:—l—m)cb X (%m)bc-
m=0 m=0

Restrict automorphisms (23,,,)% to subalgebra spanned by

B = (Bn)'1— (Bn)’2+ 207 8(Bn_1)'2 + 208(Br—1)*1.
Factor out an ideal spanned by some (&,,,)% such that

Cn = (€)1 = (€)% = (€pp1)'2/2a8 = (€, 11)%1 /20710

Modified r-matrix belongs to g ® g and satisfies CYBE!

ro=ry, + (€21 A ((Bo)'h — (Bo)%) € g g.
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Conclusions

*x Extended psu(2|2) Algebra
e Symmetry for AdS/CFT scattering picture.
e Hopf algebra structure yields interesting fundamental R-matrix.
e Quantum deformation U,(psu(2|2)) appears to work.
e Integrable structure of Hubbard model and AB deformation explained.
e R-matrix appears to have Yangian symmetry.
e Classical bialgebra and r-matrix identified.
Agrees with classical limit of R-matrix.

* Outlook
e Find Yangian double (quantum affine algebra) and universal R-matrix.
e Understand integrable structure for long-range psu(2,2|4) chain.
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