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Outline & Motivation

1. QCD → epsilon regime chiral Perturbation theory:

ΛQCD ≫ p ∼ 1/L ≫ mπ ∼ 1/L2box V = L4

LEC F Pion decay constant Σ chiral condensate
source term µ chemical potential m quark mass

2. Equivalent Matrix Models: easier

3. Lattice Data: fitting plots

• Results for:

spectral density & individual /D-eigenvalues

currents 〈S(x)S(0)〉



QCD and Banks-Casher Relation

ZQCD =

∫

[DA][dΨ] exp[−
∫

Ψ̄( /D[A]+M)Ψ− SYM [A] + iΘ

∫

FF̃ ]

ZQCD =
∑

ν=topo

∫

[DA]ν
∏Nf

f det[ /D[A] + mf ] e−SYM [A]+iΘν
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∫
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∏Nf
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QCD and Banks-Casher Relation

ZQCD =

∫

[DA][dΨ] exp[−
∫

Ψ̄( /D[A, µ]+M)Ψ− SYM [A] + iΘ

∫

FF̃ ]

ZQCD =
∑

ν=topo

∫

[DA]ν
∏Nf

f det[ /D[A,µ] + mf ] e−SYM [A]+iΘν

in box V : =
∑

ν

∫ V
∏

i

[dλi[A, µ]] e+iΘν Π
Nf

f mν
f [λ2

i +m2
f ] e−SYM [{λj}]

spectral density ρ /D(λ) ≡ 〈∑′
i δ(λ−λi) 〉QCD ∈ C

Banks-Casher ρ /D(λ ≈ 0) = 1
πV Σ , Σ = 〈Ψ̄Ψ〉



Cartoon of QCD Phasediagram
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Cartoon of QCD Phasediagram

- µ chem. potential

6T
temp.

•

〈Ψ̄Ψ〉 6= 0

〈Ψ̄Ψ〉 = 0

schematic phase diagram for QCD with 2 light flavors [Halasz et al. 98]



Matrix Models

ZMM ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−Nσ2Tr WW †

[Shuryak, Verbaarschot 93]

fixed topology: W = N × (N + ν) random matrix

ZMM =

∫ N
∏

i

dλi λν
i Π

Nf

f [λ2
i +m2

f ] e−Nσ2λ2
i×

∏

k>l

(λ2
k−λ2

l )
2
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→ MM parameters: σ = Σ , N ∼ V

• solvable for all ρk(λ1, . . . , λk) and Pk(λ)



Matrix Models

ZMM ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−NTr V(WW †)

[Shuryak, Verbaarschot 93]

fixed topology: W = N × (N + ν) random matrix

ZMM =

∫ N
∏
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dλi λ
ν
i Π

Nf

f [λ2
i +m2

f ] e−NV(λ2
i )×

∏

k>l

(λ2
k−λ2

l )
2

• ρMM(λ ≈ 0) = 1
πNσ XSB!

→ MM parameters: ρ(0) ∼ Σ , N ∼ V

• solvable for all ρk(λ1, . . . , λk) and Pk(λ)

• limit N →∞ universal & equivalent to LO εχPT



Matrix Models

ZMM ≡
∫

dW Π
Nf

f=1 det





mf iW + µMM

iW † + µMM mf



 e−Nσ2Tr WW †

[Stephanov 96]

fixed topology: W = N × (N + ν) random matrix

ZMM =

∫ N
∏

i

d2λi λ
ν
i Π

Nf

f [λ2
i +m2

f ] e−NV(λ2
i )×

∏

k>l

(λ2
k−λ2

l )
2

• ρMM(λ ≈ 0) = 1
πNσ XSB!

→ MM parameters: σ = Σ , N ∼ V ; µ2
MM ∼ µ2F 2

• solvable for all ρk(λ1, . . . , λk) and Pk(λ)

• limit N →∞ universal & equivalent to LO εχPT



Spectral Density and Individual Eigenvalues
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Spectral Density and Individual Eigenvalues
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[G.A., Wettig 03]



Chiral Perturbation Theory and epsilon-Regime

spontaneous χSB: SU (Nf)× SU (Nf) −→ SU (Nf)

L = 1
4
F 2∇aU(x)∇aU

†(x) + 1
2
ΣM

(

e
i Θ
Nf U(x) + e

−i Θ
Nf U †(x)

)

- ∇a = ∂a + i[B, · ] for vector current, e.g. B ∼ µσ3

- fix topology: SU (Nf) −→ U (Nf)
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L = 1
4
F 2∇aU(x)∇aU

†(x) + 1
2
ΣM

(

e
i Θ
Nf U(x) + e

−i Θ
Nf U †(x)

)

- ∇a = ∂a + i[B, · ] for vector current, e.g. B ∼ µσ3

- fix topology: SU (Nf) −→ U (Nf)

ε-Regime: mπ ∼
1

L2
≪ 1

L
[Gasser, Leutwyler 87]

- zero-momentum modes non-perturbativ:

U (x) = U0 eiξ(x)

LO : ZεχPT =
∫

dU0 det[U0]
νe
−1

2ΣV Tr
(

M(U0+U
†
0)

)

×
∫

[dξ(x)]e−
∫ 1

2∂aξ∂aξ
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L = 1
4
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†(x) + 1
2
ΣM

(

e
i Θ
Nf U(x) + e
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)

- ∇a = ∂a + i[B, · ] for vector current, e.g. B ∼ µσ3

- fix topology: SU (Nf) −→ U (Nf)

ε-Regime: mπ ∼
1

L2
≪ 1

L
[Gasser, Leutwyler 87]

- zero-momentum modes non-perturbativ:

U (x) = U0 eiξ(x)

LO : ZεχPT =
∫

dU0 det[U0]
νe
−1

2ΣV Tr
(

M(U0+U
†
0)

)

+1
4V F 2Tr[B,U0][B,U

†
0 ] × . . .



Objects of study: Currents & Densities

• currents: scalar source S(x) = Ψ̄(x)1Nf
Ψ(x)↔mass

[Hansen 90]

〈S(x)S(0)〉εχPT ∼
1

ZεχPT
∂2

mZεχPT =

〈

(

Tr[U0 + U †0 ]
)2

〉

εχPT

- O(ε2 ∼ 1/L2) known, beyond MM !
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• currents: scalar source S(x) = Ψ̄(x)1Nf
Ψ(x)↔mass

[Hansen 90]

〈S(x)S(0)〉εχPT ∼
1

ZεχPT
∂2

mZεχPT =

〈

(

Tr[U0 + U †0 ]
)2

〉

εχPT

- O(ε2 ∼ 1/L2) known, beyond MM !

• densities: SUSY-εχPT [Damgaard et al 98, Basile, G.A. 07]

Σν(m) ≡ ∂m

〈

det[ /D + m]

det[ /D + m′]

〉m=m′

εχPT

=

〈

Tr
1

/D + m

〉

εχPT

=

∫

dλ
ρ /D(λ)2m

λ2 + m2

ρ /D(m) = ℑm[Σν(m)] (or ∂∗mΣν(m) when µ 6= 0)

1st eigenvalue : P1(λ) = ∂λ

∑

k

(−)k

k!

∫ λ

0

dλ1 . . . dλk ρk(λ1, . . . , λk)

[G.A., Damgaard 04]



Results: Some Examples

scaling λ̂ = V Σλ

• density: ρ(λ̂) =
∫ 1

0 dtJν(tλ̂)Jν(tλ̂)

• k-point: ρk({λ̂}) = deti,j [ λ̂i λ̂j ]/Vandermonde

⇒ P1(λ̂) = ∂λ̂

∑

k

∫

ρk = 1
2λ̂ exp[14λ̂

2]
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scaling λ̂ = V Σλ , µ̂2 = V F 2µ2

• density: ρ(λ̂) =
∫ 1

0 dtJν(tλ̂)Jν(tλ̂) e µ̂2t2

• k-point: ρk({λ̂}) = deti,j [ λ̂i λ̂j ]/Vandermonde

⇒ P1(λ̂) = ∂λ̂

∑

k

∫

ρk = . . .

• current:

〈S(x)S(0)〉εχPT = ∂2
m̂ log[Zeff ] + ∆̄(x)(A+µ̂2B + µ̂4C)

Σeff = Σ(1 + c1√
V

) Feff = F (1 + c2√
V

) , and ∆ ∼ 1√
V

NEW ZεχPT =

∫

dU0 det[U0]
νe
−Tr

(

1
2ΣV M(U0+U

†
0) +

∑

K aK

(

[B,U0][B,U
†
0]

)K
)



Real Spectra vs. Lattice

[R.G. Edwards et al 99]

SU (2)

ν = 1

SU (3) SU (2) adj.

ν = 0



Complex Spectra vs. Lattice
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Currents vs. Lattice
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Some Open Problems

◦ complete all χSB classes with µ 6= 0:

real and complex spectrum of adjoint QCD

◦ simple form for P1(λ) on C ?

◦ Polyakov loop ←→ /D eigenvalues

◦ other applications of new group integral ?


