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U(P), the universal enveloping algebra of the Poincaré algebra P, admits a
certain one-parameter family of deformations

U(P)  with  Us(P)=U(P).

[Lukierski,Nowicki,Ruegg 1992]
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U(P), the universal enveloping algebra of the Poincaré algebra P, admits a
certain one-parameter family of deformations

U(P)  with  Us(P)=U(P).

[Lukierski,Nowicki,Ruegg 1992]

SO(]., 4) Inénij—Wiggrcontraction SO(]., 3) " R1’3 —p
Map = Jap
N, = Jao

P, = Ja4/R, R — >
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U(P), the universal enveloping algebra of the Poincaré algebra P, admits a
certain one-parameter family of deformations

U, (P) with Uso(P) =U(P).
[Lukierski,Nowicki,Ruegg 1992]

Inonii-Wigner contraction
—

U(so(1,4)) U(P)
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U(P), the universal enveloping algebra of the Poincaré algebra P, admits a
certain one-parameter family of deformations

U(P)  with  Us(P) =U(P).

[Lukierski,Nowicki,Ruegg 1992]

U(SO(]_, Inénﬁ—Wigﬂfontraction Z/{(P)
UQ(SO(]'74)) — UH(P)

1
R — oo, Rlogg — —
K
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The k-deformed Poincaré algebra in 3+1 dimensions

Rotations M;, boosts N;, translations Py, P;, i=1,2,3.
(M, Mj] = eucMic— [Mi, Ni] = eicNic [Ni, Nj] = =€ M
[Pi,Po] =0 [P, P]=0  [M;P]=0  [Mi,Pj] = ejuPx
[N;, Po] = P; [N;, Pj] = djjrsinh %

1

Po
[Ni, Nj] = —ejjk (l\/lk cosh — =3

pkﬁ.m)
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The k-deformed Poincaré algebra in 3+1 dimensions

Rotations M;, boosts N;, translations Py, P;, i=1,2,3.
[Mi, Mj] = € My [Mi, Nj] = eijic N [Ni, Nj] = —e€ijeMi
[P, Po] =0 [P,P]=0  [Mj,P]=0  [MiPj]=ejuPx
[Ni, Po] = P; [N;, Pj] = djjrsinh %

1

Po
[Ni, Nj] = —ejjk (l\/lk cosh — =3

pkﬁ.m)

Coalgebra:
AM;ZM;®1—|—1®M;

Po Pq 1 Py Po
AN; = N;® ez +e 2= @ N; + 5. €k (Pj ® Myez + e 2 M; ® Pk)
K

P P
APy =Py@1+18P),, APi=Pi®en +e 2P
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Bicrossproduct basis

[Mi7 Mj] = €ijkMka [M,-, NJ] = GUka, [Ni7 NJ] = _eijkMk,
[Pi,Po] =0, [Pi,P]=0
[Mi, Po] =0,  [Mi, Pj] = € Px
[Ni, Pol = Pi,  [Ni, Pj] = & <’; (1 - efT> +
[Majid,Ruegg 1994]
Coalgebra:
AM; =M e1+1e M, ANi:Ni®1—i—e’i~°®Ni+leykPj®Mk
K

Po

APyb=Py®1+1® Py, AP, =P,®1+4+e + ® P;
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Casimir: x-deformed Dispersion Relation
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Casimir: x-deformed Dispersion Relation

Po\? = -
<2nsinh) — PP =m?
2K

@ Doubly Special Relativity
[Amelino-Camelia 2002]
e AdS/CFT magnons
[Beisert 2005]
@ Lattice Phonons
[Celeghini,Giachetti, Sorace, Tarlini 1990]
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Non-Commutative Spacetime

k-deformed coordinate
algebra:

[xi,xj] =0, [xo,xi] = lxi
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Non-Commutative Spacetime

k-deformed coordinate c.f. f-deformation/ Moyal
algebra: plane:
x0,x0] =0, [0,x] = [, V] =

K

[see e.g. Szabo 2003]
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Non-Commutative Spacetime

k-deformed coordinate c.f. f-deformation/ Moyal
algebra: plane:
x0,x0] =0, [0,x] = [, V] =

K

[see e.g. Szabo 2003]

Twist deformation of commutative coordinate algebra?
o O-deformation: Yes F =exp(i0*P, ® P,)
o k-Minkowski spacetime: Yes [Bu et al 2006,Meljanac et al 2008]
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Non-Commutative Spacetime

k-deformed coordinate c.f. f-deformation/ Moyal
algebra: plane:
x0,x0] =0, [0,x] = [, V] =

K

[see e.g. Szabo 2003]

Twist deformation of commutative coordinate algebra?
o f-deformation: Yes F =exp(i0*P, ® P,)
o k-Minkowski spacetime: Yes [Bu et al 2006,Meljanac et al 2008]
@ but k-Poincaré Hopf algebra U, (P) is not a twist of U(P)

[Lukierski 2006]
and no quantum R matrix is known.
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r-deformed Quantum Field Theory...

Two approaches:
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r-deformed Quantum Field Theory...

Two approaches:
@ QFT is quantized field theory. So

o Formulate classical field theory on x-Minkowski spacetime
o Quantize it
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r-deformed Quantum Field Theory...

Two approaches:
@ QFT is quantized field theory. So
o Formulate classical field theory on x-Minkowski spacetime
o Quantize it
@ QFT is the theory of quantum mechanical particles with x-Poincaré
symmetry.
Fields, field equations etc. emerge later.
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Single particle states = Irreps of x-Poincaré.

lp) €V |p) = Alp), A€Uy(P)
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Single particle states = Irreps of x-Poincaré.

Py €V |p) = Alp), A€Uy(P)

Many particles?
lp) ® |q) — AA|p) ® [q)

P,
(Pi Rl+e ®® Pi) lp) ® |q)

AP;i|p) ® |q)
_Po
= (Pi+e "‘Qi) p) ® |q)
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Single particle states = Irreps of x-Poincaré.

Py €V |p) = Alp), A€Uy(P)

Many particles?
lp) ® |q) — AA|p) ® [q)

P
APilp) ® |q) = (Pi®1—|—e_70 ®Pi) lp) ® |q)

_Po
= (Pi+e "E")Qi) lp) @ [q)

_%
APla) @ lp) = (a+e %p) la) @ Ip)
Order of particles in state matters. Familiar in 141 dimensional theories.

Bad news in 341 or more dimensions.
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Particle exchange in undeformed QFT

Two particle states (bosons):

V®V/T, r1p) ® la) — la) ® |p)
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Particle exchange in undeformed QFT

Two particle states (bosons):

V®V/T, r1p) ® la) — la) ® |p)

veN / Sn

where symmetric group Sy is generated by 7, all commuting with the
action of U(P).

Fock space:

N-particle states:

Encoded in
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Particle exchange in k-deformed QFT

T |r) @ |s) — |f(r,s)) @ |g(r,s))
Covariance:
with respect to AP,:
_f _n
fo+g =rn+s, fite xgi=rite *s
[Lukierski et al 2007]
with respect to boosts AN;:

Dify = —f
K 2 1-- 1
Dif = —5,-j<2 (1—e ~)+2ﬁf~f>+ﬁf,-tj~
_f
Digp = —gie ~
_6 (K _ 2 1. 1 _# 1 1. -,
Digi = —dje ~<2 (1—e ~)+2l€g~g)+ﬁe ng,-gj—k;ﬁg,-—gé,-jf-g
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D —C (% (1_6—2;0)+1;F) 5,10
! "Ory 2 2K or Kk 'Jf)rj
—e_%os-i e (L& (1—6_27> +1§-§) i—k
"9sp 2 2k Os;
o 1.,.0
+ rjs,-a—sj ;r-sﬁ—Si

is the realization of the boost operator N; on such states.
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Charles Young (Durham University)

fo(r,s)

fi(r,s) =

go(r,s) =

gi(r,s)

Identical particles in

So+ ...

Si+...

n+...

ri+...

ICFT08
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1,
fo(r,s) = so—l—Ers—l—...

1
fi(r,s) = si+—rsp+...
K
1.,
gl(r,s) = n——-rs+...
K
1
gi(r,s) = r,-—Es,-ro—F...
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1 - "
fo(r,s) = so+ =75+ = (sor"F — 1S5S+ rpr-s+ sr's)
K

22
+..
1
fi(r,s) = s+ — r,so—l—2 2( 75 — iP5+ rirgsp — SifoSo — riSoS0)
+..
1, 1 S -
gl(r,s) = fo—gr‘5+22(ross—sorr—r0rs—so 7-5)
+.
1 . -
gi(r,s) = ri— Es,-ro + 52 (r;7S + si7-5 — rirgso — sifoSo + Sitoro)
+....
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1, 1 S - - S
fo(r,s) = 50+Ef'5+ﬁ(50f F— roS'S+ rpr*s + sor-5)
1 o
+ e (F-S7-F+F5554+2rsorF — 2rgspr-5 — 2r9505-5) + . .
K
1 o o
fi(r,s) = s+ —fiso+ 5 (ri7-8 — 5,75 + rirgso — SifoSo — riS050)
1 S oo . S0
+ P (2078 — ro5-5 — 2rosp50 + SoT-F — 25075 + 5505050)
+ 5 (—21078 + 1085 — sor-?)) .
1., 1 o . o .
go(r,s) = rn— TS + 52 (roS-§ — soF-F — rof*5 — sp75)
1 oaas oo . -
~ a3 (FSFPr+ 71555+ 2rsor-7 — 2rpsprs — 2rgs05-5) + - . .
K
1 1 S on
gi(r,s) = ri— —Sifo + 5.2 (ri7S + s;7°5 — rirgso — sifoSo + Sitoro)

1 Do o - -
+ m (S,’ (250!"5 + sof-r + 2sgrgrg — 19SS — 2rgr-s — %I‘ofofo)

+ri (250F§+ 50?-?— r0§-§) + ...
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(To fourth order in 1) there exists a unique non-trivial intertwiner

TV ®@Vy — Vi @ Vi
It has the property that
2 =1.

[C.Y., R Zegers, 0711.2206]
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Exact results in 141 dimensions

Undeformed case, kK = oo:

7

w

p = (mcosh z, msinh z)

G = (mcosh w, msinh w)

T.Z— W

%
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Exact results in 1+1 dimensions

Undeformed case, x = oo:

w

p = (mcosh z, msinh z)

G = (mcosh w, msinh w)

T .:Z— W

1 2
Cio = <2m cosh 5(2 - W)>
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Exact results in 1+1 dimensions

Undeformed case, x = oo:

w

p = (mcosh z, msinh z)

G = (mcosh w, msinh w)

Z T:{¢=%(z+w)e¢

p=3(z-w)——p

Cio = (2mcosh p1)?
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General deformed case [C.Y., R. Zegers, 0803.2659], set:
p = (—km Am(z, k), —imDn(z, k))

G = (—km Am(w, k), —im Dn(w, k))

where k = 2ik/m.

o= —%Iog%(Dnz—kan)(Dnz—ikSnz)
—ll l(D — kCnw) (Dnw + ik S )—&—ll 1—i
5 log 1 (Dnw nw) (Dnw + ik Suw) + 7 log 2 )
¢ = —%Iog%(Dnz—kan)(Dnz+ikSnz)
+%Iog%(DnW—kCnW)(DnW—ikSnW)+I§,
1
T 0o ) C12:<1—2)(2mcoshu)2
o= = k
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_ exp(7)
2
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3 particles

General state: Iru(z1)) @ [su(2)) ® |tu(z3)) € VE3
3-particle boost operator:
N o= e L ope2 0 2ep 0
823 Z2 821

All solutions to Nu(z1, 22, z3) = 0 are functions of 12, fips:
1 1 .
Biit1 = =5 log T (Dnz; — k Cnz;) (Dnz; — ik Snz;)

1 1 . 1 1
> log " (Dnzj41 — kCnzi41) (Dnzjq1 + ik Snziyq) + 5 log (1 — ﬁ)

These 111, p123 .. label the irreducible components of V®3. Total Casimir is

2
Cios — (1 _ %) (e2u12+2#23 + e—2u12—2uz3) _ % (1 _ %) (e2M12—2M23 + 9—2#12+2M23)

+ 1_i 1_3 (e2u12+e*2mz+e2uz3+e*2uz3)+3 1_i 2+i
k2 k2 k2 k4
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4 particles

Ci234

3
4 (]_ _ %) (62#12+2#23+2#34 + e—2u12—2u23—2u34) (1)

(ef2u12+2u23+2u34 + e2H12+2023 21134
+e*2#12*2#23+2u34 + e2lt12*2#23*2u34)

(e2u1z—2u23+2u34 4 e—2u1z+2uz3—2u34)

1
4
1 2 2 2 2 —2, -2, 2 2 -2, -2,
+(1- = 1— = (e K12FT2023 | @ T2H1272H23 | o2H23F2134 4 2123 u34)
) (1 _ 3) (ezu12*2u23 4 e 2M12+2103 | o213 2134 4 ef2uz3+zus4)
k2
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Contour of C1234(,u12, 23, ,u,34).
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Contour of C1234(,u12, 23, ,u,34).
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Contour of C1234(,u12, 123, ,u,34).
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Contour of C1234(,u12, 123, ,u,34).
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Contour of C1234(,u12, 123, ,u,34).
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Contour of C1234(,u12, 123, ,u,34).

All have topology of S3
Can define action of S5 = A3
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@ To understand many particle quantum theory with k-Poincaré
symmetry, at least in 3+1 or higher dimensions, need a notion of
identical particles.

@ Amounts to finding realization of the “particle exchange group” Sy
on tensor product states VEN which

e is k-covariant, i.e. commutes with action of U, (P)
e collapses to exchange of tensor factors as k — o0, so that usual notion
of particle exchange is recovered.
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@ To understand many particle quantum theory with k-Poincaré
symmetry, at least in 3+1 or higher dimensions, need a notion of
identical particles.

@ Amounts to finding realization of the “particle exchange group” Sy
on tensor product states VEN which

e is k-covariant, i.e. commutes with action of U, (P)
e collapses to exchange of tensor factors as k — o0, so that usual notion
of particle exchange is recovered.
Conclusions:
@ Such a notion of particle exchange exists
@ Unique for N = 2.
@ For N > 2 need some additional input to pick out the natural choice.

Correct labelling of states in xk-deformed theories? Purely algebraic
approach? Algebra of creation/annihilation operators in closed form?
CCRs of fields....
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