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. . . 6-vertex

Transfer matrix. Fix 

T(v)! 1···! N
"1···" N

=
!

δk=± . . .

. . .
δ1 ! 2 ! N

εN! 1 ε2

! N! 1 σ2

δ1

Partition function

Transfer matrices commute

u+ iv u! iv u! iv

u ! C

ZM ×N (! , u, v) = tr
(
T (v)M )

!
T (v), T (v!)

"
= 0



. . . 6-vertex

Fused transfer matrix

. . .

. . .

εN! 1 ε2

! N! 1 σ2
Tm(v)! 1 ááá! N

" 1 ááá" N

=
m!

jk=1

j 1 j 2 j N j 1

T(v)
T(v)

T(v)

u+ iv u! iv u! iv

Tm (x)



. . . 6-vertex

Properties of fused transfer mat.
T(v)
T(v)

T(v)

T2(v) = T(v)
Tm (x)

!
Tm(v), Tn(v!)

"
= 0

= Tm! 1(v)Tm+1(v) + T1(v+ in)T1(v−in )
Tm (v+i )Tm (v! i )

T1(v) = s(θ, u, v)N áid

Tm (v + 2! i / " ) = Tm (v)

Fusion hierarchy



. . . 6-vertex

Remember:

 ¥             Òdefect linesÓ in lattice model

 ¥" linear operators on space of states

¥" commute

 ¥" fusion hierarchy

Tm(x)

Tm (v+i )Tm (v! i )
= (scalar fn) · id + Tm−1(v)Tm+1(v)



References: 

Free Þeld construction

Bazhanov, Lukyanov, Zamolodchikov  Ô94 Ô96 Ô98

Free boson with bg charge :

! ! : Fock space, momentum p

" " : 2j+1 dim. irrep. of                , j=0, #,  1, . . .

c = 13 ! 6(! 2+ ! ! 2)

öFp =
!

n∈Z
Fp+nβ

Fp

Vj Uq(sl(2))

öFp ! Vj

! = 1 ! c = 1

Next: an operator on 

q = ei πβ2



Vertex operator h=β2  x  Matrix

An operator on               : 

. . . free Þeld construction

öFp ! Vj

K(x) = :e−2! (x ) : ! q
H
2 E + :e2! (x ) : ! q−

H
2 F

e2! iP H Pexp
!

!
" 2!

0
K(x) dx

#

Tj (! ) = trVj

!
· · ·

"
: F̂ p ! F̂ p



Have                            →  set

Properties (              )

¥"

¥"

¥"

¥"

. . . free Þeld construction

Tj (! ) = Tj (! ! ) ÷Ts(! 2) = T 1
2 (s−1) (! )

÷T1(µ) = id
[
T̃m (µ), T̃n (µ!)

]
= 0

T̃m (q! ) T̃m (q−1! ) = i d + T̃m−1(! ) T̃m +1 (! )

q = ei πβ2

[L0, ÷Ts(µ)] = 0



minimal model Mp,pÕ :

   : irreps ,  Kac-labels (r,s) mod Z2

Defect operators

Perturbed defects in CFT

c = 13! 6(t2+ t−2) t =
p

p′

I

H =
⊕

i ! I

Ri ⊗ R̄i

D ! : H ! H!



¥" conformally invariant defect

¥" topological defects

! top. def. labelled by 

. . . perturbed defects in CFT

Petkova,
Zuber Ô00

[Lm, D! ] = 0 = [øLm, D! ]

[Lm ! øLm, Dα] = 0

α ! I

Dα =
∑

k! I

Sαk

S1k
idRk " øRk

Dα Dβ =
∑

γ! I

N γ
αβ Dγ



!

! α ! β
=

. . . perturbed defects in CFT

Fusion of topological defects

Dα Dβ = Dα! β =
∑

γ" I

N γ
αβ Dγ



. . . perturbed defects in CFT

Defect Þelds

Field content from torus with two defect lines

!
!

!
! (x)

!
! (x)

! !

! !=



. . . perturbed defects in CFT

Perturb defect operator by

=
!

+
! 2

2

! 2π

0
dx dx!+ λ

! 2!

0
dx

y

ψ(x+ y)
! !

y y

! !

+ ááá

D! (! , y) = exp
(

!
∫ 2"

0
" (x+y)dx

)
! (x) ! ! ! ! ! (x)



. . . perturbed defects in CFT

Suppose         has weight (h,0).

Then                            as                           . 

Also                                  .  Thus independent of y.

! (x)

D! (! , y) = exp
(

!
∫ 2"

0
" (x+y)dx

)

D! (! )Write            . 

[L 0 + øL 0, D! (λ)] = 0

∂
∂a Dα(! , a + i b) = 0

∂
∂øy ! (x + y) = 0∂

∂øy Dα(! , y) = 0

[L̄m, Dα(λ)] = 0



. . . perturbed defects in CFT

Fusion without Þeld insertion

=
!

γ! I

! ! !
!

!
! !

=
!

γ,δ! I

!ψ(x) ψ! !
! !

!
!

!

Fusion of perturbed defects

Fusion with Þeld insertion → get defect changing Þeld

Dα(! ) Dβ(µ) = Dα∗β

! "

γ,δ

cγ,δ(! , µ) " γ→δ
#



. . . perturbed defects in CFT

e.g. Min. Mod.:  ψ of weight (h1,3 , 0) , α=(1,2) , β=(1,s)

" α * β = (1,s-1) + (1,s+1)

Use 3-d TFT approach (see                               )

Dα(! ) Dβ(µ) = Dα∗β

! "

γ,δ

cγ,δ(! , µ) " γ→δ
#

Fršhlich, Fuchs, Schweigert, IR Ô06

cs±1,s! 1 = (const)
(
λ ! µ e±iπst

)

α ! β
ψ+→−! +→+ ψ−→− = 0



. . . perturbed defects in CFT

Functional relation

T̂s(λ) = D(1 ,s) (λ)

T̂s(qλ) T̂s(q! 1λ) = id + T̂s! 1(λ) T̂s+1 (λ)

q = ei πp/p ′

D(1,2) (λ) D(1 ,s) (q
sλ)

= D(1,s−1) (q
s+1 λ) + D(1,s+1) (qs−1λ)

IR Ô07

This implies, with                             ,

Furthermore

[ öTs(! ), öTs(µ)] = 0 T̂1(! ) = i d öTp′ (! ) = D(1,p′)



. . . perturbed defects in CFT

Chiral perturbation:                      of weight (h,0)D (1,s) + λψ

D(1 ,s) (! )
!
!
Ri! øRi

=
"

!
#

" id øRi

øD(1 ,s) (µ)
∣∣
Ri ! øRi

= idRi ⊗
(
∗

)
D(1 ,s) + µ ø!Anti-chiral perturbation:                      of weight (0,h)

Puzzle: 
Two sets of fused transfer matrices in lattice model ?



. . . perturbed defects in CFT

What about                             ? D(1 ,s) + !" + µ ø"
!
L0 + øL0, D(1,s)(λ, µ)

"
!= 0

D(1,s)(! , µ)

D (1,s)(λ) D̄(1 ,s) (µ)               and                 ßow to topological defect.
Expect:

                  ßows to conformal defect.



Example: Ising model

topological defects

conformal defects

DD(ϕ)

DN (! )

id D! D!

! ∈ [0, " ]

! ! [0, π
2 ]

Petkova, Zuber Ô00

Afßeck, Oshikawa, Ô96



Conformal defects in the Ising model

1

0

R

ϕ

1

0

R

!
2

!

!
2

 

(++ ) ∪ (−−) (f f ) (+ ! ) " (! +)

(f +) ! (f " ) (+f ) ! (" f )

id

Dirichlet
Line

Neumann
Line

Quella, Watts, IR Ô06

ϕ

D ε

D!

DD(ϕ)

DN (! )



. . . example: Ising model

perturb                          ,  weights           and  D! + λψ + µψ̄ (0, 1
2 )( 1

2 , 0)

work in progress with 
GŽrard Watts and M‡rton Kormos

→ ßows to

DD(ϕ)

λ

µ

id

idD ε

D ε

(f f )

(f f )

(++ ) ∪ (−−)

(+ ! ) " (! +)

! = ! !
4 + atan "

µ



Application: boundary ßows

1) conformal b.c. a
" + bnd Þeld ψ, weight h

2) decompose into 
" ¥ defect α + ψÕ, weight (h,0)
" ¥ conformal b.c. b

3) use fusion hierarchy to analyse ßow
!
4) move defect back to bnd ,
! get endpoint of bnd ßow 

Dα
+ψ!

! " D !

|a! + λψ

|b〉
D! + !" !

D ! |b!



Summary

¥" topological defect 
! + perturbation by chiral defect Þeld

¥" fusion of perturbed defects gives functional relation

TODO:
¥" Q-operators in CFT/defect picture
¥" other examples than sl(2)
! . . .

T̂s(qλ) T̂s(q! 1λ) = id + T̂s! 1(λ) T̂s+1 (λ)

[ öTs(! ), öTs(µ)] = 0[L 0+ øL 0, öTs(λ)] = 0


