Sampling Nested Archimedean Copulas

Alexander J. McNeil*

Maxwell Institute for the Mathematical Sciences &
Department of Actuarial Mathematics and Statistics
Heriot-Watt University
Edinburgh EH14 4AS, Scotland
A.J.McNeil@hw.ac.uk
Tel. +44 131 451 3230 Fax +44 131 451 3327

12th January 2007

Abstract

We give algorithms for sampling from non-exchangeable Archimedean
copulas created by the nesting of Archimedean copula generators, where
in the most general algorithm the generators may be nested to an ar-
bitrary depth. These algorithms are based on representations of these
copulas using Laplace transforms. Precise instructions are given for
the case when all generators are taken from the Gumbel parametric
family or the Clayton family; the Gumbel case in particular proves
very easy to simulate.
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1 Introduction

Copulas are multivariate distribution functions with standard uniform mar-
ginal distributions and Archimedean copulas are a prominent class of copu-
las with a common method of construction involving one-dimensional gen-
erator functions; standard textbook references are Joe [5] and Nelsen [9].
There has been recent interest in multivariate Archimedean copulas, partly
prompted by new applications in financial modelling; see Schénbucher [11]
and Cherubini et al. [1]. In these applications Archimedean copulas are used
as parsimonious parametric models for the dependence structure of random
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vectors, particularly in situations where data are not available to estimate
more complex multivariate distributions. Because the resulting models are
frequently used in a Monte Carlo context, it is very important that we are
able to sample Archimedean copulas and this paper is a contribution to that
subject.

A bivariate Archimedean copula is constructed according to

Clur,u2) = (" (u1) + 9~ (u2)), (1)

where 1 : [0,00) — [0,1] is any continuous, decreasing, convex function
satisfying ¢(0) = 1 and 9(0c0) = lim; o ?(t) = 0. The function ® is
known as the copula generator and ¢! is its inverse, defined in general by
Y~ (u) = inf{t : ¥(t) < u} where, by convention, inf () = co. A comprehen-
sive reference for bivariate Archimedean copulas is Nelsen [9].

One way of extending the bivariate copula to higher dimensions is to use
the so-called exchangeable construction

Clug,... ug) =¥ (" (w) + ...+ (ug)) - (2)

Kimberling [6] showed that this gives a copula in any dimension d if and only
if the generator v is a completely monotonic function, so that it satisfies

k
(—1)’“%@&@) >0, keN, t>0. (3)

We refer to completely monotonic generators as LT-Archimedean copula
generators, where LT stands for Laplace transform. This is because the class
of completely monotonic functions ¢ on [0, co) with 1(0) = 1 coincides with
the class of Laplace-Stieltjes transforms (henceforth simply Laplace trans-
forms) of distribution functions on [0, c0) according to Bernstein’s Theorem
(1928) (see Feller [4] or Widder [14]).

The representation of Archimedean copulas using Laplace transforms
leads to a very useful way of simulating such copulas, which was recognized
by Marshall and Olkin [7]. The textbook of Joe [5] contains much informa-
tion on the link between Archimedean copulas and Laplace transforms; see
also McNeil et al. [8]. A recent reference on sampling Archimedean copulas
is Whelan [13], who discusses methods based on Laplace transforms as well
as other integral representations.

Random vectors with the distribution (2) have a highly specialized form
of dependence structure: they are exchangeable or, in other words, dis-
tributionally invariant under permutations. Moreover they are models for
positively dependent random vectors in the sense that the bivariate margins
are positive quadrant dependent (PQD) (see Nelsen [9], page 151), which
implies that pairwise rank correlations are non-negative. There has been
interest in constructing more flexible multivariate Archimedean copulas and



Joe [5] discusses Archimedean copulas constructed by the nesting of genera-
tors. These models continue to have bivariate Archimedean margins that are
PQD but they do allow different degrees of positive dependence in different
bivariate margins.

A three-dimensional example can be constructed using two LT-Archimedean
generators, 11 and v, according to

C(ur,ug, ug) = ¥y (P (ug) + 7" o o (3 (ug) + 5 (ug))) . (4)

Under the additional condition that the first derivative of 1| Lo apy is com-
pletely monotonic (a condition that will later make sense) the construc-
tion (4) yields a proper distribution function.

Random sampling from (4) can be based on a representation using
Laplace transforms given in Joe [5], but this does not seem to be a known
result. We explain how sampling is performed and then go on to consider
higher-dimensional constructions. We give algorithms for sampling from the
four-dimensional construction

C(Ul, uz,us, U4) =

1 (7t o (W () + 5 (u2)) + 47t o (v (us) + 95 (14))) (5)

and a d-dimensional construction defined iteratively for d > 2 by

Ca(u, ..., ugr1;01, ..., 0q) =
U (0 () + 9y (Camauz, o uapni s, %)) (6)

where in this notation C7(uqy,us;1) refers to the bivariate copula (1) and
where Cy(uq,ug,us;11,19) is the copula (4). We note again that further
conditions apply to the LT-Archimedean generators in order for the con-
structions (5) and (6) to yield valid multivariate distribution functions. A
reader who understands how sampling is achieved for (4), (5) and (6) will see
how the ideas may be adapted to even more general Archimedean copulas
with nested generators.

The paper is structured as follows. In the next section we review the
generation of random vectors with exchangeable Archimedean copulas using
the Laplace transform method. In Section 3 we discuss the construction (4),
present simulation algorithms and give parametric examples. In Section 4
we treat the d-dimensional construction (6) and give a theoretical result to
justify both a recursive and a fully explicit algorithm. Examples are given
in Section 5.

2 The Exchangeable Case

Let 1 be a completely monotonic function on [0,00) with (0) = 1 and
limy o ¥(t) = 0 and let G be the distribution function on [0,00) with



Laplace-Stieltjes transform given by ¢ so that
w(t) = / e dG (), ¢ > 0. (7)
0

Note that the requirement that lim;_. ¥ (t) = 0 means that the distribution
may not have point mass at zero (so that G(0) = 0) but otherwise there
are no constraints on the distribution function G; in particular, it may be
discrete or continuous.

Marshall and Olkin showed explicitly how to construct a random vec-
tor (U,...,Uz) with distribution function given by the copula (2). Let
F(u) := exp(—1~(u)) and observe that F(u) is a valid univariate distri-
bution function on [0,1] for any v > 0. If V is a random variable with dis-
tribution function G and Uy, ..., Uy are conditionally independent given V
with conditional distribution function given by P(U; < u |V =v) = F"(u)
then (Uy,...,Uy) has the required distribution function, as is seen by ob-
serving that

o0
PUL <un... Uy <uy) — / PUL <, Uy < g |V =) dG(v)
0

d
= [ IFrwac)

oo
i=1
_ /Oo e (¥ )7 (wa) g ()
0
= P () + o+ 9 () -

In summary, the algorithm for sampling this copula has the following steps.
Algorithm 1.

1. Generate a variate V with distribution function G with LT .

2. Generate independent uniform variates X1, ..., Xg.

3. Return (Uy,...,Uy) = (W(—=In(X1)/V),..., (= In(Xq)/V)).

To apply this method in practice we either begin with a particular dis-
tribution function G that we can sample and for which we can calculate the
Laplace transform, or we begin with a particular completely monotonic gen-
erator ¢/ and search for the distribution function G for which v is the Laplace
transform. In this paper we adopt the latter approach, although we note
that it is often difficult to find the distribution function G corresponding to
a given 9 and, even when G can be found, we still have the practical prob-
lem of sampling the corresponding distribution. Clearly a generic method
to sample distributions with given Laplace transforms would be desirable,



but we are not aware of a viable general solution and we are forced to con-
sider Archimedean copulas on a case by case basis. Algorithms proposed by
Devroye [2, 3] can help in certain cases, particularly the case where G is the
distribution function of a discrete random variable.

In this paper we restrict attention to two of the more common one-
parameter families of copulas, these being the Gumbel and Clayton copula
families as given in Table 1. The variables V' to be sampled have respectively
positive stable and gamma distributions.

Gumbel Clayton
Copula Summary
W(t;0) exp(—t'/") (1+0)~7
Parameter space 0>1 0>0
P (u;0) (—Inw)? uw?—1
Distribution of V' St(1/6,1, (cos(m/(26)))?,0) Ga(1/6,1)
Inner Copula Summary
Q/Jél)(t; v,01,09) exp(—vt?1/%2) exp (v —v(l+ t)61/92>
equivalent generator exp(—t1/%) exp (v —(t+ va)l/a)

Table 1: Copula generators and inner copula generators for the Gumbel
and Clayton parametric families. For details of the stable distribution to be
sampled in the Gumbel case, see Appendix A.

3 The Trivariate Nested Case

Assume that 17 and vy are LT-Archimedean and let G; be the distribu-
tion function with Laplace transform 1. We note first that (4) may be
represented as

Cuy, up, uz) = / - oo (m) oy oy ()t () g (). (8)
0
Following Joe [5] we will show that when the derivative of 1! ot is com-
pletely monotonic, the integral representation can be interpreted as a mix-
ture of distributions.
Let F;(u) := exp(—; (u)) for i = 1,2 and note that the functions F (u)
are valid univariate distribution functions for any v > 0. The first term in



the integrand is F}'(u;) and the second may be written as

H(ug,uz;v) = FP (a3 (u2) + 15 ' (uz)))
— DS T EY ()i v) + o8 THEY (ug); v)iv)  (9)

where the function wél)(- ;v) is given by

Y 50) = FY(a() = exp(—vy o ga(-)). (10)

Under our assumption that the derivative of 1, L6 1)y is completely mono-

tonic, the function wgl) (- ;v) in (10) is an LT-Archimedean copula generator
so that (9) is a bivariate distribution function on [0, 1] with marginal dis-
tributions FY(u). The complete monotonicity of the generator wgl)(- ;)
follows from a result in Feller [4] (see also Nelsen [9], page 123), which says
that if f is completely monotonic and g is a positive function with a com-
pletely monotonic derivative then f o g is completely monotonic. This is
applied here by taking f(¢) to be exp(—vt) and g to be w;l o 9.
We can rewrite (8) as

Co(ur, ug, us; iy, ¥2) = /OOO FY () Oy (FY (u), Y (us); 08 (- 30))dGh (v),

(11)
using the notation of (6). This represents the copula as a mixture distribu-
tion and reveals how it may be sampled.

Algorithm 2.
1. Generate a variate V' with distribution function G1 with LT ;.
2. Generate a uniform variate X;.

3. Generate (X2, X3) from the bivariate Archimedean copula with gen-
erator wgl)(- : V) = exp(—Vep; ! oha(+)) using Algorithm 1.

4. Return (Uy,Us, Us) where U; = ¢1(—In(X;)/V) for i = 1,2, 3.

Assuming we can accomplish step (1) for the generator 1; the next
practical concern is whether we can accomplish step (3) for the generator
gl). We will refer to this step as sampling the inner copula. In the absence
of a generic method for generators we are again forced to consider copulas
on a case by case basis.

The first issue is what generators 1 and ¥y we can mix while ensuring
that the derivative of 9 L6 4y is completely monotonic. This has again
been considered in some detail in Joe [5], who looks in particular at the case
when we take generators ¥1(-) = (- ;601) and ¥2(-) = ¥(- ;62) in the same
parametric family (- ;6) for some parameter values 6; and 5. For many



LT-Archimedean generators, including the Gumbel and Clayton generators
in Table 1, it may be verified that the function | Lo 49 has a completely
monotonic derivative if and only if 89 > 6.

We note that this does have an implication for the kind of dependence
structure that the copula (4) can represent. Suppose (Uy,Us,Us) is a ran-
dom vector with this distribution. Then the pairs (Uy, Uz) and (U, Us) have
bivariate marginal distributions that are Archimedean copulas with genera-
tor ¢ (- ;01) and the pair (Us, Us) is distributed according to an Archimedean
copula with generator (- ;603). The requirement that #; < 03 means that
the pair (Usa,Us) is more concordant than the pairs (Uy,Usz) and (Uy,Us),
so that the rank correlation (Spearman or Kendall) between the inner pair
(Ua, Us) is higher than that between the other pairs; see Nelsen [9] for more
details.

The generator ¢§1) of the inner copula depends in general on three pa-
rameters: v, the realization of the random draw in the first step of the
algorithm, #; and 6». For the two copula families in Table 1 we give the
inner copula generators obtained from (10).

We note however that some simplification is possible. First, we observe
that in both cases the dependence of the inner copula on 61 and 65 is through
the ratio a = 65/60; > 1, so that we could parameterize these generators in
terms of a. Second we note that for any generator 1 and any k£ > 0,
the generator ¢(t) := v (kt) yields exactly the same copula when used in
Archimedean constructions of the kind (2), (4) and (6).

In the case of the Gumbel copula, the inner copula generator may be
replaced by the Gumbel generator exp(—t'/®). This means that Algorithm 2
is particularly easy in the Gumbel case; in step (3) we generate (X2, X3) from
a Gumbel copula with generator ¥(-,02/601). The realization of V' actually
plays no role in the inner copula generation for this copula, which is not
generally the case.

In the Clayton case we can also give an equivalent generator which is
closely related to the Gumbel generator. In fact, if g(z; ) denotes the den-
sity of the stable distribution with Laplace transform t(t; o) = exp(—t'/®)
then the equivalent generator is the Laplace transform of the tilted stable
density

—vx .
flaso, ) = S A0, (12
This can be sampled in principle using a rejection method with g as enve-
lope, although we note that this may be slow (because of a high rejection
probability) for some values of v and a.

Algorithm 2 is a recursive algorithm in the sense that the three-dimensional
copula can be sampled if we have already implemented a method for the
simple two-dimensional exchangeable copula (and the required inner cop-
ula generator). It is of course possible to give a fully explicit algorithm



for simulating the three-dimensional copula. This may be based on further
development of the mixture representation (11). By using the argument of
Section 2 we have that

C1 (s, uz; 957 (- 5v)) = / emvavs ~ aiv) ot T () 4G (g )
0

where Gy(- ;v) is the distribution function with Laplace transform wgl) (t;v).

Moreover, since wgl) _I(Flv(u); v) = b5 *(u) we can rewrite (11) as

Cou, s, s 1, ) = / / Fo (ug) B2 (uz) F2 (u3) dGa (v; 01 )AG (w1 ).
0 0

(13)
Both the mixture representation (13) and the representation (11) may be
found in slightly different form in [5] (see pages 87-88) but their implications
for stochastic simulation are not discussed. Representation (13) yields the
following explicit algorithm

Algorithm 3.
1. Generate a variate V7 with distribution function G; with LT ;.

2. Generate a variate Vo with distribution function Ga(v;Vy) with LT
057 (: V1) = exp(=Vaw ! o (1))

3. Generate independent uniform variates X1, Xo, X3.

4. Return (Uy, Uy, Us) where U; = (= In(X;)/V;) for i = 1,2 and Us =
Yo (—In(X3)/V2).

We end this section by giving a recursive algorithm for the 4-dimensional
copula (5), where we assume that 11,19 and 13 are LT-Archimedean and
both Lo4py and (I L 043 are functions with completely monotonic deriva-
tives. The justification of the algorithm follows easily from the kind of
arguments employed in this section.

Algorithm 4.

1. Generate a variate V' with distribution function G; with Laplace trans-
form ).

2. Generate (X1, X9) from the bivariate Archimedean copula with gen-
erator wgl)(- : V) = exp(—Vep; ! oha(+)) using Algorithm 1.

3. Generate (X3, Xy) from the bivariate Archimedean copula with gen-
erator wél)(- ; V) = exp(—V; ! 01ha(-)) using Algorithm 1.

4. Return (Uy,Us,Us,Uy) where U; = ¢ (—In(X;)/V) fori=1,...,4.



4 The General Nested Case

In this section we show how the ideas of the previous section may be applied
to sample copulas where generators are nested arbitrarily deeply, such as the
copula in (6).

Throughout the section we will assume that 1, . .., ¥, are LT-Archimedean

copula generators and that w;lowkﬂ have completely monotonic derivatives
for k =1,...,d — 1. Note that this implies that wk_l o 1); have completely
monotonic derivatives for any j > k, as may be seen from the following kind
of argument.

Lemma 4.1. Ifl/)l_l oy and ¢2_101/)3 have completely monotonic derivatives
then so does 1/){1 o 1s3.

Proof. Let f := @bfl og, g = z/;;l oz and h := 1/1{1 o1, so that h = fog.
The derivative is h'(t) = f'(g(t))g'(t) on t > 0 and two lemmas of Feller [4]
(see also Nelsen [9], page 123) guarantee that h’ is completely monotonic:
f' o g is completely monotonic, as it is a completely monotonic function
of a function with a completely monotonic derivative, and h’ is completely
monotonic because it is a product of completely monotonic functions. [

Now suppose that we define for k = 1,...,d — 1, j > k and v > 0 the
copula generators

¥ () = exp(—op Lo wy()

Clearly, by the argument used in Section 3, these are LT-Archimedean gen-
erators because they are completely monotonic. The role of these functions
in this section is that they will be the generators of recursively nested inner
copulas indexed by k, which is a consequence of the following property.

Lemma 4.2. For 1 <k<d-2,k+1<j<d andv,v >0 we have
k) -1, ,(k o~ k+1
exp(—vd () (@M (- 9);9) = (o).
Proof. This follows easily by observing that
k) -1, ,(k - _
e @ 5005 0) = vl o (),
O

The following lemma on the manipulation of nested copula functions will
also be useful.

Lemma 4.3. Let d > 1 be given and assume that 1,...,0q are LT-
Archimedean generators. Let F : [0,1] — [0,1] be a strictly increasing
continuous function such that @;k; = Foyp, k = 1,...,d are also LT-
Archimedean generators. Then the function Cy defined in (6) satisfies

F(Cd(ulu'“7ud+1§¢1u~wwd)) = Cd(F(U1),...,F(Ud+1);1/~11,...,@;d).



Proof. Using the recursive definition (6), we have

F(Cq(u, ... ugy1;n,- .-, %a))
= Foiy (Y o FTHE(w)) + 47" o FTHF(Cy(ua, . ugst; Y2, .- %a))))

= (@fl(F(m)) + T (F(Caoy(ugy ... ugia; do, .. - ,wd))))
If the identity

F(Ca1(uzy -y ugi1i¥2, ...y ha)) = Ca1 (F(u2), ..., Fugi1); ¥, ., ¥a)

can be assumed to hold, then the lemma follows again from (6). We proceed
in this way by a process of backward induction, which ends by noting that

F(C1(ud, ugr1;%a)) = C1(F(ua), F(ugi1); ¥a)-
O

Our main result gives two representations for nested Archimedean cop-
ulas, which will both yield simulation algorithms.

Theorem 4.4. Ifq,... 94 are LT-Archimedean generators and ¢1;101/1k+1

have completely monotonic derivatives for k =1,...,d—1 then the function
Ca(ur, ..., uge1;¥U1,...,%q) defined in (6) is a copula and has the mixture
representations

ula" ud+1a1/)17"'7wd)

/ M (w1)Ca- 1( Hug), oy FY (g ); 030 (o), {0 ;m)) dGy(v1)
_ / / FU (ur) - FY(ug) F (ugs1)dGa(va; va_1) - - - dGi (v; 01)dG (v1),

where G has LT i, Fi(u) = exp(—wk_l(u)) fork=1,...,d and Gy (v;vk_1)
is the distribution function with LT w,(f_l)(- sUp—1) for k=2,...,d.

Proof. If Cy(uy,. .., ugs1;91,. .. ,%q) is a valid multivariate distribution func-
tion for any d under the conditions of the theorem, then it is obviously a
copula, since the marginal distributions are standard uniform. We show
that Cy is a valid multivariate df by deriving the mixture representations.

It follows from (6) and the complete monotonicity of ] ! that we can
write

[o¢]
Calur, ... ugp 1301, .. ha) = / e—vﬂﬂfl(U1)e—vﬂ/)fl(Cd—l(U2,~~~7ud+1ﬂ/12,m7¢d))dG1 (v1),
0

where G is a distribution function on [0, 00) with LT ;. The first term in
the product is Fy* (u1), which is clearly a continuous and strictly increasing

10



univariate distribution function on [0, 1]. Moreover, we can use Lemma 4.3
to show that the second term is

Ca—1(F{" (uz), . Ffl(udﬂ);wé”(' ;U1)7-~-,¢§1)(' ;1))

If C’d_l(u2,...,ud+1;¢§1)(- ;vl),...,wgl)( ;v1)) is a copula then this is a
valid multivariate distribution function (by the Theorem of Sklar [12]; see
also Nelsen [9], page 41) and Cy(uq,...,uq41;%1,...,%q) will have the first
mixture representation as asserted and be a multivariate distribution func-
tion.

Thus the problem is pushed back to showing that

Cy_1(ug,y ..., ugsq; wgl)(- V1) ,w((il)(- ;v1)) is a multivariate distribution
function and hence a copula. In general, by repeating the above argument
we will have, for Kk =2,...,d — 1, the sequence of representations

Cdkarl(Uk»---7Ud+1§w](€k_1)(' ;’kal)a"-:w(k V(o) / F¥ (ug; vg—1)
Ca- k( P15 Vk—1)5 -+ B ¥ (Way1; vp-1); ¢k+1( Vk), - ~-,¢d (;Uk)> dG (v vg—1),

where Fj(u;vp—1) = exp(— w(kfl) 71(u; vg—1)). At eachstepk =2,...,d—1,
if we can assume that

Cd*k (ukJrlv <oy Ud1; w](gli)l( ;Uk)7 s 7¢C(lk)( avk))

is a copula, the so-called kth inner copula, then we have the asserted mixture
representation for the previous inner copula

Cdkarl(Uk»---7Ud+1§w](€k_1)(' ;kal)w--ﬂﬁ (k= 1)( Uk—1))-

The form of the generators of the inner copulas follows from Lemma 4.2.
The inductive argument is anchored when we arrive at the ultimate inner
copula C1(ug, Ugs1; zb((idfl)(‘ ;v4—1)). This is certainly a copula because its
generator is completely monotonic and the argument of Section 2 shows that
it has the representation

-
01(Udjud+1;?/}c(g V(- vg1) / FJ*(ug; vg—1)F)* (ugs1; va—1)dGq(vg; va—1).

The second mixture representation is obtained by simplifying the se-
quence of nested representations and noting that for £ > 2

EJR (R (- Fo? (B (u)sv1) -+ vp—2) s vk—1) = Fp¥(u).

11



A recursive algorithm for generating random samples from the cop-
ula Cy(uy,...,uqr1;%1,...,%q) based on the first mixture representation
in Theorem 4.4 has the following steps.

Algorithm 5.
1. Generate a variate V' with distribution function G1 with LT ;.
2. Generate X7 from a standard uniform distribution.

3. Generate (X2,...,Xg41) from the nested Archimedean copula
Cam(uz, - uars vy (V) g (V).
4. Return (Ul, ceey Ud+1) where U; = wl(— IH(XZ)/V), i=1,....d+ 1.

A fully explicit algorithm based on the second mixture representation
has the following steps.

Algorithm 6.
1. Generate a variate V; with distribution function Gy with LT 4.

2. For k = 2,...d, generate variates V}, with distribution functions G (v; Vi—1)
. k— —
with LTs V(- V1) = exp(=Vio1vy. !y 0 ()

3. Generate independent uniform variates Xi,..., Xg41.

4. Return (Uy,...,Ugy1) where U; = ¢;(—In(X;)/V;) fori =1,...,d and
Uar1 = ¢a(—In(Xat1)/Va).

Consider the nested Gumbel copula where the generators ¢(- ;0;), i =
1,...,d have the parametric form given in Table 1. The conditions of Theo-
rem 4.4 are met if 1 <6 <-.. <6, In this case the recursive algorithm is
an attractive way to proceed and can be implemented in any software that
allows recursive definition of functions. The (first) inner copula simplifies to

Ca—1(u2, ... ugp1;9(- 302/01),...,( ;04/61))

so that the generators do not involve V;. In other words the inner cop-
ula is again Gumbel of dimension one less and with new parameters that
are related in a simple way to the original parameters. An example of an
appropriate recursive algorithm in the S language is given in Appendix B.
For the nested Clayton copula the conditions of Theorem 4.4 are met if
0<6; <--- <643 We could base a simulation algorithm on either mixture
representation (the recursive or the explicit) but in both cases the practical
problem of efficiently generating variates from exponentially tilted positive
stable distributions will arise. The first inner copula simplifies slightly to

Ca1(ut, .. ugy1; (- ;Vi,09/01), ..., (- ;V1,04/01))

12



where @5( ; v, ) is the LT-Archimedean generator which is the Laplace trans-
form of the tilted positive stable density in (12). Note that the generators
involve V7, the value of the gamma-distributed mixing variable from the first
step of the algorithm. A representation for the first inner copula in terms
of the second inner copula (and in general for the kth inner copula in terms
of the k£ — 1 inner copula) will involve mixing over tilted stable densities. In
terms of Algorithm 6 the sequence of variates Vs, ..., V; will all be from the
tilted stable family.

5 Examples

In Figure 1 we show 3000 points from a 4-dimensional Clayton copula with
structure (5) where the generators have parameters 61 = 1, § = 3 and 03 =
8. These were generated using Algorithm 4. Note that we essentially obtain
a 2-group model: the first group consists of (U7, Uz) and these are distributed
according to a bivariate Clayton copula with parameter 65; the second group
consists of (Us, Us) and these are distributed according to a bivariate Clayton
copula with parameter 63; the between-group dependence of any pair is
described by a bivariate Clayton copula with parameter 6;. The positive
dependence within the first group is weaker than that within the second
group and the between group dependence is weaker still. The Kendall’s
rank correlations p, in this model may be easily calculated using the formula
pr = 0/(0+2) (see Nelsen [9]) and take the values 0.6 and 0.8 within groups
and 1/3 between groups. (Empirical estimates of these correlations from
the simulated data provide a useful confirmation that implementation is

accurate. )
In Figure 2 we show 3000 points from a 7-dimensional Gumbel copula
with structure (6) where the generators have parameters ; =7, i = 1,...,6.

These data were generated using Algorithm 5 and the code in Appendix B.
Here we obtain a multivariate uniform distribution in which dependence
get stronger as we move along the sequence Uy, ...,Uy; more accurately,
U, is independent of all subsequent values, Us has moderate dependence
with all subsequent values, Us has a stronger level of dependence with all
subsequent values, and so on, Ug and U; being most strongly dependent.
The Kendall’s rank correlation values may be easily calculated using the
formula p; = 1—1/6 and the values are respectively 0,0.5,2/3,0.75,0.8 and
5/6.

The S code for the Gumbel case is very fast and has been included in the
library QRMlIib; see http://www.math.ethz.ch/~mcneil/book/QRM1ib.html.
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data[,1]

data[,2]

data[,3]

data[,4]

Figure 1: 3000 points from a 4-dimensional Clayton copula with struc-
ture (5). The generators have parameters 1 = 1, 5 = 3 and 03 = 8.
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Figure 2: 3000 points from a 7-dimensional Gumbel copula with struc-
ture (6). The generators have parameters 6; =i, i = 1,...,6.
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A Simulating Positive Stable Variates

The random variable X has an a-stable distribution, written X ~ St(«, 3,7, 0),
if its characteristic function is

exp (—’yo‘|t|°‘ (1 — ifsign(t) tan %) + 2'(515) a# 1,
exp (—7[t| (1 + iBsign(t) 2 In[t|) + i6t) a=1,

(14)
where o € (0,2], € [-1,1], 7 > 0 and 6 € R. Note that there are various
alternative parameterizations of the stable distributions and we use a pa-
rameterization of Nolan (see [10], Definition 1.8). The case X ~ St(a, 1,7, 0)
for @ < 1 gives a distribution on the positive half-axis, which we refer to
as a positive stable distribution. A simulation algorithm for a standardized
variate Z ~ St(«, 3,1,0) is given in Nolan (see [10], Theorem 1.19). In the
case @ # 1 then X = 0 +~Z has a St(a, 3,7, 0) distribution.

Y(t) = Fexp(itX) = {

B S Code

rcopula.Gumbel2Gp <- function(n = 1000, gpsizes =c(2,2), theta =c(2,3,5))
{

Y <- rstable(n,1/thetal[1])*(cos(pi/(2*theta[1]))) "thetal1]

innerUl <- rcopula.gumbel (n,theta[2]/thetall],gpsizes[1])

innerU2 <- rcopula.gumbel(n,thetal[3]/thetall],gpsizes[2])

U <- cbind(innerU1,innerU2)

Y <- matrix(Y, nrow = n, ncol = sum(gpsizes))

out <- exp( - ( - log(U)/Y)~(1/thetall]))

out

USSR

rcopula.GumbelNested <- function(n, theta)
{
d <- length(theta)+1
if (d==2)
out <- rcopula.gumbel(n,theta,d)
else if (d>2){
Y <- rstable(n,1/thetal[1])*(cos(pi/(2*theta[1]))) thetal[1]
U <- runif(n)
innerU <- rcopula.GumbelNested(n,thetal[-1]/thetal1])
U <- cbind (U, innerU)
Y <- matrix(Y, nrow = n, ncol = d)
out <- exp( - ( - log(U)/Y)~(1/thetal1]))
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out

HEHFHHHFHHAFHHAFHHAFHHASHH RS H R H B RAE R R R R S

rstable
t0 <-
Theta
W <-
terml
term2

<- function(n,alpha,beta=1){

atan(beta*tan((pi * alpha)/2))/alpha

<- pi * (runif(n)-0.5)

- log(runif(n))

<- sin(alpha*(t0+Theta))/(cos(alpha*t0)*cos(Theta)) " (1/alpha)
<- ((cos(alpha*t0+(alpha-1)*Theta)) /W)~ ((1-alpha)/alpha)

terml*term?2

HUHFHHHFHHAFHHAFHHAFHHASHF RS HH R H B RAHRRR R R S
rAC <- function(name, n,d,theta) {
illegalpar <- switch(name,

clayton=(theta<0),
gumbel=(theta<1))

if (illegalpar) stop("Illegal parameter value")
independence <- switch(name,

clayton=(theta==0),
gumbel=(theta==1))

U <- runif(nx*d)

U <-

matrix(U,nrow=n,ncol=d)

if (independence) return(U)
Y <- switch(name,

psi

clayton=rgamma(n,1/theta),
gumbel=rstable(n,1/theta)*(cos(pi/(2*theta))) “theta)
Y <-

matrix(Y, nrow=n,ncol=d)
<- switch(name,

clayton=function(t,theta){(1+t) ~(-1/theta)},
gumbel=function(t,theta){exp(-t~(1/theta))})
psi(-log(U)/Y,theta)

}

HEHFHBHFHBHFH R H B H R R AR HRR SRR RS H R RS R R R R S

rcopula.gumbel <- function(n, theta, d){
rAC("gumbel" ,n,d,theta)

}
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