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The Weak KAM theory was developped by Fathi in order to study the dynamics of convex Hamiltonian
systems. It somehow makes a bridge between viscosity solutions of the Hamilton-Jacobi equation and
Mather invariant sets of Hamiltonian systems, although this was fully understood only a posteriori. These
theories converge under the hypothesis of convexity, and the richness of applications mostly comes from
this remarkable convergence. In the present course, we provide an elementary exposition of some of the
basic concepts of weak KAM theory. In a companion lecture, Albert Fathi exposes the aspects of his
theory which are more directly related to viscosity solutions. Here on the contrary, we focus on dynamical
applications, even if we also discuss some viscosity aspects to underline the connections with Fathi’s
lecture. The fundamental reference on Weak KAM theory is the still unpublished book of Albert Fathi
Weak KAM theorem in Lagrangian dynamics. Although we do not offer new results, our exposition is
original in several aspects. We only work with the Hamiltonian and do not rely on the Lagrangian, even if
some proofs are directly inspired from the classical Lagrangian proofs. This approach is made easier by the
choice of a somewhat specific setting. We work on R? and make uniform hypotheses on the Hamiltonian.
This allows us to replace some compactness arguments by explicit estimates. For the most interesting
dynamical applications however, the compactness of the configuration space remains a useful hypothesis
and we retrieve it by considering periodic (in space) Hamiltonians. Our exposition is centered on the
Cauchy problem for the Hamilton-Jacobi equation and the Lax-Oleinik evolution operators associated to
it. Dynamical applications are reached by considering fixed points of these evolution operators, the Weak
KAM solutions. The evolution operators can also be used for their regularizing properties, this opens a
second way to dynamical applications.
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1 The method of characteristics, existence and uniqueness of
regular solutions.

We consider a C? Hamiltonian
H(t,q,p): R xR?x (R)* — R
and study the associated Hamiltonian system
q(t) = OpH (L, q(t),p(t)) , p(t) = —0,H(t q(t),p(t)) (HS)
and Hamilton-Jacobi equation
O+ H(t,q,04u(t,q)) =0. (HJ)

We denote by X (x) = Xg(q,p) the Hamiltonian vector field Xy = JdH, where J is the matrix

0 I
I
The Hamiltonian system can be written in condensed terms 4(t) = X g (¢, 2(t)). We will always
assume that that the solutions extend to R. We denote by

7 = (Qr P) : T"R — T"R*

the flow map which, to a point z € T*R?, associate the value at time ¢ of the solution z(s) of
(HS) which satisfies z(7) = x.
If u(t, q) solves (IJ), and if ¢(s) is a curve in R?, then the formula

t1
u(ty, q(t1)) — ulto, q(to)) = | Oqu(s, q(s)) - 4(s)) — H(s, qu(s, q(s)))ds (1)

to

follows from an obvious computation. The integral on the right hand side is the Hamiltonian
action of the curve s — (¢(s), 9,u(s,q(s))). The Hamiltonian action of the curve (¢(s),p(s))
on the interval [tg, t1] is the quantity

/t 1 p(S) . Q(S) — H(S, q<3)7p(3))d3.

A classical and important property of the Hamiltonian actions is that orbits are critical points
of this functional. More precisely, we have:

Proposition 1. The C' curve (q(t),p(t)) : [to,t1] — R? x R*™ is a Hamiltonian trajectory if
and only if the equality

d
ds

- (/t:l p(t,s)q(t,s) — H(t,q(t,s),p(t, s))dt) —0,

where the dot is the derivative with respect to t, holds for each C' variation (q(t,s),p(t,s)) :
[to, t1] x R — R x R™ satisfying q(t,0) = q(t) for each t, (q(to, s),p(to, s)) = (q(to), p(to)) and
(q(t1,8),p(t1,8)) = (q(t1),p(t1)) for each s.



PROOF. We set 0(t) = dq/ds|s=o, ((t) = dp/ds|s=o and compute:

d

ds

= /t1 pO)O() + C(8)d(t) — OgH (¢, a(t), p())0(t) — DpH (¢, q(t), p(t))¢ (t)dt

to

=0 (/tt p(t,s)a(t,s) — H(t,q(t, s), p(t, 8))dt>

=mmwm—me%»g/R«w—@Hmﬂmmmxmﬁ

to

t1
= [ 6 + 0, ale).0(0)p(0)ar
to

The result then follows from the classical fact that the integral fttol f(t)0(t)dt vanishes for each
continuous function 6(¢) null on the boundaries if and only if the function f (assumed continu-
ous) is identically null. 0O

Let us state our first connection between (HS) and (HJ).

Theorem 1. Let Q C R x R? be an open set, and let u(t,q) : @ — R be a C? solution of the
Hamilton Jacobi equation (HJ). Let q(t) : [to,t1] — R? be a O curve such that (t,q(t)) € Q
and

q(t) = 0pH (q(t), Oqult, q(t)))
for each t € [to,t1]. Then, setting p(t) = Oqu(t,q(t)), the curve (q(t),p(t)) solves (HS).

The curves ¢(t) satisfying the hypothesis of the Theorem, as well as the associated trajectories
(q(t),p(t)) are called the characteristics of w.
PROOF. Let q(t,s) be a C! variation of ¢(t) which fixes the end points, which means that
q(tiys) = q(t;) for i = 0 and ¢ = 1, and that ¢(¢,0) = ¢(¢t) for each t € [tg,t1]. Let us define
p(t,s) by

p(t, 3) = aqu(tv Q(ta 8)))

Our hypothesis is that ¢(t) = 0,H(t,q(t),p(t)), which is the first part of (HS). For each s, we
have

u(th Q(tl)) - u(t07 Q(tO)) = /tl p(t7 3) : Cj(t7 3) - H(tv Q(t7 S),p(t, S))ds'

to
Setting 6(t) = dg/ds|s=o and ((t) = dp/ds|s=0 as above, we deduce that

0= % B (/t 1p(7575)4(t38) — H(t,q(t, s),p(t,s))dt)
=[n@ﬁ—@ﬂmammmx@ﬁ—lh@@+%H@ﬁmmmw@ﬁ

:_/“@@+@H@¢mmmwmw

to

Since this equalilty holds for each 6 vanishing on the endpoints, we deduce that

p(t) + 0, H (¢, q(t), p(t)) =0,

hence both equations (HS) hold. 0O

The following restatement of Theorem 1 has a more geometric flavor:



Theorem 2. Let Q C R x R? be an open set, and let u(t,q) : @ — R be a C? solution of
the Hamilton Jacobi equation (HJ). Then the extended Hamiltonian vectorfield Y = (1, Xg) is
tangent to the graph

G :={(t,q,0qu) : (t,q) € Q}.
The following corollary is espacially important:

Corollary 2. Let u(t,q) be a C? solution of (HJ) defined on the open set Q =|tg, t1[xR%. Then,
for each s and t in |ty,t1] we have

I't = @g(rs)v
where 'y is defined by
Ty = {(q, dur(q)) : g € R}

PROOF. Although Theorem 2 is a restatement of Theorem 1, we give another, more direct,
proof. We first differentiate the Hamilton-Jacobi equation with respect to g:

0= 2 ult,q) + O H (1, 4, Byult, ) + OpH (1, g, Dyult, @) © O2u(t, q)

= Ojqult,q) + g H(t,q, 0qu(t, ) + Oqult, q) - DpH (t,q, Oqult. q))
In the first line, we see 9, H as a linear map from (R%)* to R and 8q2qu as a linear map from RY
to (Rd)* so that the composition d,H o 8gqu is a linear form on RY. In the second expression,
we see 0, H as an element of R?, and 8q2qu -OpH is the linear form obtained by applying the map

agqu to the vector 9,H. The equality between these expressions follows from the symmetry of
Eﬂgqu as shown by the following calculation, where v € R%:

OpH o agqu(v) = OPH(agqu(v)) = quu(v)@pH) = Ggqu(ﬁpH)(v) = 83qu -OpH (v).

The sceptical reader should write everything explicitely in coordinates to check these formula.
We have proved that

_6QH(t7 q, 8qu(t7 Q)) = atzqu(ta Q) + 8gqu(t7 Q) ’ 8PH(t7 q, un(t, Q)),
which implies that the extended Hamiltonian vectorfield
Y(t,q,0qu(t,q)) = (1,8, H (¢, q, qu(t,q)), 0, H(t, q, Oqu(t, 0)))

belongs to the tangent space of G at point (t, g, dyu(t, q)), which is the graph of the linear map

(T7 g) — 8t2qu(t7 Q) T+ a(?qu<t7 q) ' E

O
Let us consider the projection 7 : (¢,q,p) — (t,q). It is useful to lift the function u to the

surface G by defining w = u o w. On the surface G, we have
dw = pdq — Hdt. (2)

We say that the function w is a primitive of the canonical form pdq — Hdt. This formula is
essentially equivalent to (1).

Let us now consider an initial condition ug(g) and study the Cauchy problem consisting of
finding a C? solution u(t,q) of (HJ) such that u(0,q) = uo(q). If such a solution u(t,q) exists
on the open set Jto, t1[xR? (with 0 €]tg,t1[), then the equality

Iy = @6 (FO)

determines u; up to a constant (which may depend on t). We conclude



Proposition 3. Given a time interval Jtg, t1[ an initial time T €]to, t1[ and a C? initial condition
ur, there is at most one solution u(t,q) :]to,t1[xRe of (HJ) such that u(T,q) = u,(q) for all
q € R%,

PROOF. If u and v are two solutions of this Cauchy problem, then d,u = d,;v hence there exists
a C? function f(t) such that u(t,q) = v(t,q) + f(t). Plugging this expression in (HJ) gives that
1/ (t) = 0 for each t, while the initial condition at ¢ = 7 implies f(7) = 0. We conlude that f =0
on |to, t1]. 0

In order to discuss the existence problem, we first define the set
G:= J {t} x¢b(To) (G)
te}to,h[
and, denoting by Qts(a:) the derivative with respect to s, the function

w: G—R
(t,2) — ur(Qf / P ()03 (x) — H(s, 5 (x))ds. (W)

More generally, we say that (g, wp) is a geometric initial condition if 'y is a C! submanifold
of R% x R% of dimension d and if wg is a C! function on T’y such that the relation dwg = pdg
holds on I'g. A geometric initial condition can be associated to a genuine initial condition wug
by setting Ty = {(q,dup),q € R%} and wy = ug o 7. The other example of geometric initial
condition that will be relevant in the sequel is Iy = {¢} x R (for any fixed ¢) and wy = 0.

Proposition 4. Let (I'g,wg) be a geometric initial condition. Then, the function w defined by
(w) satisfies dw = pdq — Hdt on G (as defined in (G)).

The pair (G, w) is the geometric solution associated to the geometric initial condition (g, wp).
PROOF. Let (T(¢),0(e),((€)) be a C! curve on G. We have to prove that

d de

dT
de|_, w(T(0,09,C0)) = (0) o) = H(T(0),6(0),¢0) |

Let us set Q(s,€) = Q7o) (0(¢),C(€)) and P(s,e) = T(E)(H(e), C(€)). We have

T(e) ,
w(T'(€),0(e), ¢(€)) = wo(Q(0,€), P(0,€)) + /0 P(s,€)Q(s, €) — H(s,Q(s,€), P(s,€))ds.

Since dwg = pdq on Ty, the calculations in the proof of Proposition 1 imply that

2 @, 00),¢9)
e=0
=P(0,02.Q(0,0) + (P(T(0)0QT(0),0) = HT(0),Q(T(0),0), PT(©).0)) G|
+ P(T(0),0)0.Q(T(0),0) — P(0,0)9.Q(0,0)
—c0) (0.Q(r(0).0)+ Qr0).0) 5| )+ HTO.60),c0) G|
e=0 e=0

The desired equality follows from the observation that

O 5.0(1(0),0) + O(T(0),0)

de e=0

g
de

e=0



Corollary 5. If there exists a C* map x : Q — R% on some open subset 0 of Jto, t1[xR? such
that (t,q,x(t,q)) C G for all (t,q) € S, then the function

U(t,Q) = w(t7Q)X(t7 Q))
solves (HJ) on Q.

PROOF. The relation dw = pdg — Hdt is equivalent to the equations
x(t,q) =0qu , O+ H(t g x(t,q)) =0.

0
The following hypothesis, which it is stronger than is really necessary, will allow us to rest on

simple estimates in this course.

Hypothesis 1. There exists a constant M such that
|d*H (¢, q,p)|| < M

for each (t,q,p).

This hypothesis implies that the Hamiltonian vectorfield is Lipschitz, hence that the Hamil-
tonian flow is complete. The hypothesis can be exploited further to estimate the differential

[ 0,040 8,04
d%‘[iéw>£ﬁuﬂ

using the variational equation

6qQ6(:c) 819@6(37) ] _ [ OpH (t,x)  OppH(, ) ] [(%QB(H?) 9pQp(2)
0 F5(x)  0pPi(2) —OgpH (t,x) —OppH(t, ) Py

We obtain the following estimates:
ldg? — I < Mt| (M)
or componentwise
10,Q0 — Il < Mlt| , 118,P5 — I < M| ,  [19,P50 < Mt| , 118,Q0]l < Mt|.
We can now prove:

Theorem 3. Let H : R x R? x (RY)* be a C? Hamiltonian satisfying Hypothesis 1. Let ug be
an initial condition which is C? with bounded second differential. There exists a time T > 0 and
a C? solution u(t,q) ;] — T, T[xRY — R of (HJ) such that u(0,q) = uo(q). Moreover, one can
take

T = (2M(1 + o))

and we have
[P uel|oo < [|d*u]loe + 5EM (1 + [|d®ul|oo)

when |t| < T, with a constant C which depends only on M.



PROOF. It is enough to prove that the map

F(t,q) = (t, Qo(a, du(q)))

is a C! diffeomorphism on | — T, T[xR?. Indeed, denoting by (¢, G(t,q)) the inverse diffeomor-
phism, we can set

x(t,q) = Py(G(t,9), du(G(t,q))),
and observe that the geometric solution is the graph of x. We have

dF(t,q) = (1,0,Q5(q, du(q)) + 0,Qp(q, du(q)) - d*u(q)).

By the estimates (M), we have

ldF (¢, q) — Id]| < tM(1 + |d*uo(q))),

so that ||dF(t,q) — Id|| < 1/2 provided [t| < (2M(1 + ||d2u0||oo)> . We conclude using the
classical Proposition 45 of the Appendix that F' is a diffeomorphism. Given a point ¢, let us set
(QOaPO) = (G<t7Q)a du(G(‘L Q))) Since Put = 906(Fu)7 we haV67

d*us(q) = (0,PL(q0, po) + 9pPL(q0, po) - d*u(qo)) (94Q5 (g0, po) + 8, Q% (g0, po) - d*ulqo)) .
We now estimate

10,Q6/(q0, o) + Qb (g0, po) - d*ulqo) — I| < tM(1+ |d*u(qo)])

hence
| (84Q5 (90, p0) + 3pQb (a0, po) - d*u(qo)) ™" = T) < 24M(1 + |d*u(qo)|)

-1
provided |[t| < (2M(1 + HdQuHoo)> . The first factor can be estimated as follows

|04 P (g0, p0) + 9P (g0, po) - d*ulqo) — d*u(qo)| < tM (1 + |d*u(qo)|)-

We conclude that
|d*ui(q) — d*u(qo)| < 5tM (1 + |d*u(qo)])

-1
provided |t| < (2M(1 + ||d2u||00)) : -

1.1 Exercise :

Take d = 1, H(t,q,p) = (1/2)p?, and ug(q) = —q?, and prove that the C? solution can’t be
extended beyond ¢t = 1/2.
2 Convexity, the twist property, and the generating function.

We make an additional assumption on H. Once again, we make the assumption in a stronger
form than what would be necessary, this allows to obtain the simplest statements:

Hypothesis 2. There exists m > 0 such that
2
OppH = mld

for each (t,q,p), in the sense of quadratic forms.



Let us first study the consequences of this hypothesis on the structure of the flow.

Proposition 6. There exists o > 0 such that the map p — Q}(q,p) is (mt/2)-monotone when
t €]0, 0], in the sense that the inequality

(Qb(a,0") — Qo(a,p)) - (0 — p) = mt|p’ —p[*/2
holds for each q € R?, each t € [0,0]. As a consequence, it is a C* diffeomorphism onto R

We say that the flow has the Twist property.
PROOF. Fix a point ¢ and denoite by F* the map p — Qf (g, p). We have dF*(p) = 9,Q%(q, p).
In order to estimate this linear map, we recall the variational equation

GPQB(QU) = 8qu(t, (pé(x))apr)(x) + 6ppH(t> gpf)(x))@ppg(x).
We deduce that
0pQ0(x) — O, H (¢, 06(x)) = O3, H (t, 0h(2))0p Q0 (x) + Oy H (1, 04(2)) (8, Py (x) — 1d)

and then that '
10,Q0(x) — O3, H(t, 0h(x))|| < 2M7t

As a consequence, for t < o = m/(4M?), we have
9,Qb = (m — 2M?t)I > (m/2)I

in the sense of quadratic forms (note that the matrix GPQB is not necessarily symmetric). Since

t .
0,Q}(x) = /0 0,03 ()ds,

we conclude that
dF*(p) = 8,Qb(q,p) = (m/2)Id,

which means that (dF(p)z,2) = (m/2)|z|? for each z € R%. This estimate can be integrated,
and implies the monotony of the map F:

1
Q@) - Qap) - (¢ —p) = ( [ 0@ p st - p)ds) @ —p)
1
— /0 (0,Q (0.0 + 50 —p)) - (7 — ) ds
1
2/0 (m/2)t(p" —p)- (0 —p)ds = (m/2)t(p" —p) - (' — p).

It is then a classical result that the map F! is a C! diffeomorphism, see Proposition 46 in the
appendix. 0

Corollary 7. The map (t,q,p) — (t,q,Qb(q,p)) is a C diffeomorphism from |0, o[xR?% x R%*
onto its image |0, o[xR? x RY.

PrROOF. We have already proved that this map is a bijection. In order to prove that it is a
diffeomorphism, it is enough to observe that its differential (7,6,&) — (7,6,9,Q4(€)) is an
invertible linear map. 0
We denote by po(t, qo,¢1) the unique momentum p such that Qf (¢, qo, po(t, g0, ¢1)) = g1 In other



words, po(t,qo,q1) is the initial momentum p(0) of the unique orbit (g(s),p(s)) : [0,¢] — R? x
R% of (HS) which satisfies ¢(0) = g and ¢(t) = ¢1. By the Corollary we just proved, the map pg
is C''. We denote by S*(qo, g1) the action of the unique trajectory (q(s),p(s)) : [0,1] — R? x R%
of (HS) which satisfies ¢(0) = qo and ¢(t) = q1:

t
St(QO,QI) = /0 P(Sg(q07p0(tv q0, QI))QS(QOa Po(t,QO7 Q1)) - H(57 @8(‘]07[)0(75’ QO,Q1))d5'

The function (,qo,q1) — S%(qo,q1) is C'. This function is closely related to the Hamilton-
Jacobi equation. More precisely, if we consider the ”geometric* initial condition (I'g = {qo} X
R%, wg = 0), and the associated geometric solution (G,w), then Proposition 6 implies that G
is a C'! graph above |0, o[xR%, and that

St(QO) Q) =wo (7T|G')71(t7 q)'

Proposition 4 and its corollary then imply that the function (¢,q) — S%(qo, q) is a solution of
(HJ). It is the genuine solution associated to the generalized initial condition (I'g,wg). Finally,
if we denote by p1(t,qo0,q1) the final value p(¢) of the momentum of the unique trajectory
(q(s),p(s)) : [0,1] — RY x R of (HS) which satisfies ¢(0) = go and ¢(t) = ¢1, then we see that

G ={(t.q,p1(t,20,9)), (t,q) €]0,0[xR"}

and that
p1(t,q0.q1) = 015" (qo, q1),

where 0; is the differential with respect to the second variable.

We have defined the function S%(qo,q1) as the action of the unique orbit joining go and
q1 between time 0 and t. We can define similarly the function S%(qg,q1) as the action of the
unique orbit joining go to ¢ between time 7 and time ¢, all this being well-defined provided
0 <t—7 < o. It is possible to prove as above that the function (s,q) — S%(q, q1) solves the
Hamilton-Jacobi equation

Osu+ H(t,q,—04u) =0,

on s < t, and that
0S5 (g0, q1) = 00SH(q0, 1) = —po(t, g0, q1)-

We have proved the relation

©b(q0, —30S(q0, q1)) = (q1,015%(q0, q1)).

We say that S* is a generating function of the flow map ¢f. See [13], chapter 9, for more
material on generating functions. The relations 9pS = —po, 015 = p1, S = —H(t,q1,p1) =
—H(0, qo, po) that we have proved imply that the function S is actually C2. It is useful to
estimate its second differentials:

Lemma 8. The function S is C? on ]0,0[xR? x R?, and the estimates

agosf>§1 L

S+ O

C
19605 11 + 1106, 811 + 1105: 81l <

hold, with constants ¢ and C which depend only on m and M.



PROOF. Let us first observe that

9%.5%(q0,q1) = (8, P (40, po(t, 90, 1)) (@5 (g0, po (£, q05 01)))

and recall the estimates:
10, P5 — Id|| < Mt, [|0,Q0]l < Mt, 0,Q4 > (mt/2)Id.

We conclude that (see Lemma 47)

-1 m
0,057 > i

Id -, [(9,Q0) | < 2/(mt).
Finally, we obtain that

m 2M
—— | 1d>
2M?t m>

m

Id
4M3t

0115(q0, q1) = (
provided t < m?/(8M3). The other estimates can be proved similarly, using the expressions

agOSt(qo, q1) = _(appto(qlapl(ta q07Q1)) (8pQg(Q17P1(tv 4o, ql)))717
82,5 (g0, a1) = (9,Q% (a0, po(t, 4o, o)) -

O

We have defined the function S%(qo,q1) as the action of the unique orbit joining qo and
q1 between time 0 and t. We can define similarly the function S%(qg,q1) as the action of the
unique orbit joining ¢o to g; between time 7 and time t, all this being well-defined provided
0<t—7<o.

Proposition 9. We have the triangle inequality

St(q0, @) + ST (a6, 4-) = S§(qo, ).

Moreover, S§(qo,qr) = miny (Sé(qo, q) + 57 (q, qT)).

PROOF. Let us consider the map

q— f(q) = Si(q0,q) + S7(q,¢r)-

We have d?f > 2c hence the map f is convex. Now let us denote by (q(s),p(s)) : [0,7] —
R? x R% the unique orbits which satisfies ¢(0) = qo and ¢(7) = ¢,. We can compute

df (q(s)) = 9154(q0, a(5)) + 9057 (a(s), 47) = p(s) — p(s) = 0.

The point ¢(s) is thus a critical point of the convex function f, hence it is a minimum of this
function. We conclude that

S6(q0,q) + ST (g, 47) = Si(q0.a(s)) + ST (a(s), a-) = 5§ (q0,a-)

for all q. O
Under the convexity hypothesis 2, Theorem 1 can be extended to C' solutions:

Theorem 4. Let Q C R x R? be an open set, and let u(t,q) : @ — R be a C solution of the
Hamilton Jacobi equation (HJ). Let q(t) : [to,t1] — RY be a C' curve such that (t,q(t)) € Q
and

q(t) = 0pH (a(t), Ou(t, a(t)))
for each t € [to,t1]. Then, setting p(t) = Oqu(t,q(t)), the curve (q(t),p(t)) solves (HS).

10



PROOF. As in the proof of Theorem 1, we consider a variation q(¢,s) = q(t) + s0(t) of q(t),
where 6 is smooth and vanishes on the endpoints. We choose the vertical variation in such a
way that the equation

q(t,s) = OpH(t,q(t,s),p(t,s))

holds. The map p(t, s) defined by this relation is differentiable in s, because ¢ and ¢ are. It is
also useful to consider

P(t,s) := Oqu(t, q(t, s))).

Our hypothesis is that ¢(t) = 9,H (t,q(t), p(t)), which is the first part of (HS). We can conclude
that the second equation holds as in the proof of Theorem 1, provided we establish that

a
ds

(/t:l p(t,s)q(t,s) — H(t,q(t,s), p(t, s))dt) —0

s=0
We deduce this equality from the observation that s = 0 is a local minimum of the function
t1
s F(s) = [ p(t, )it s) ~ Ha(t,).p(t, ).
to
This claim follows from the equality
t1
F(O) = u(tla Q(tl)) - U(to, q(t[))) - / P(t7 8) ' Q(ta 8) - H(ta Q(t, S)? P(ta S))dS,

to

which holds for all small s, and from the inequality
t1
F(s) > P(t,s)-q(t,s) — H(t,q(t,s), P(t,s))ds

to

which results, in view of the convexity of H, from the computation

(P(ts) —p(t,s)) - OpH (L, q(t, 5),p(t, 5)) + H(t, q(t, 5), p(1, 5))
(P(ts) —p(t,s)) - 4(t, 8) + H(t, (L, 5), p(t, 5))-

H{(t,q(t,s), P(t,s))

VoWV

O

A last property of the functions S will be useful. Assume that we are considering a family
H,, p € I of Hamiltonians, where I C R is an interval, such that the whole function H(y,t,q,p)
is C? and such that each of the Hamiltonians H . satisfy our hypotheses 1 and 2, with uniform
constants m and M. Then, for each value of u, we have the function S*(u;qo,q1), which is
defined for ¢ €]0, 0], the bound o > 0 being independent of . Since everything we have done
so far was based on the local inversion theorem, the function S*(u;qo,q1) is C' in p, or more
precisely the function (u,t,qo,q1) — S*(11;qo,q1) is C*. Moreover, a computation similar to
the proof of Proposition 1 yields

t
mﬁw%@ﬂzjémmmﬂmﬁmwmwa

where s — (q(u, s),p(1,5)) is the only H,-trajectory satisfying q(u,0) = qo and q(u,t) = ¢1.
We can exploit this remark when H, is the linear interpolation H, = Hy+ u(H1 — Hy) between
two Hamiltonians Hy and H7p, and conclude the important monotony property:

Hy<H; = SY0;q,q) > 5" (1;4,¢). (Monotone)

11



2.1 Exercise :

If H(t,q,p) = h(p) is a function of p, then

S'qo,q1) = th* <q1 ; qO> )

where h* is the Legendre transform of h. As an example, when H(t,q,p) = a|p|?/2, then
S0, 1) = 5~ la1 — ol
0 2ta o

3 Extension of the generating function: The minimal action.

We now assume, in addition to Hypotheses 1 and 2, that the Hamiltonian satisfies:

Hypothesis 3.
m M
S P =M< H(tq,p) < - [pl* + M

By exploiting the monotony property (Monotone), we conclude immediately that

1 ) 1
— g — —Mt< St < ——|q1 — qol® + Mt.
2tM’q1 qo| (g0, q1) th!fh qol” +

Th following estimate will also be useful:

Lemma 10.

p-OpH(t,q,p) — H(t,q,p) > ~-H(t,q,p) — (m + M).

SE

PRrROOF. We deduce from Hypothesis 2 that
m
H(t,q,0) > H(t,q,p) = p- pH(t,q,p) + 7 Ip|".

We deduce that

m m
P OpH(t,q,p) = H(t,q,p) > T |pl* = H(t,q,0) > T(H(t.q,p) = M) = M
O
It is useful to extend the function S to all ¢ > 0. We can do this by setting
A@, @) = min 1(53/"(610,91) S8 (01,02) + St 1)y (0, @) (A)

where n is any integer such that t/n < o. It is an easy consequence of our estimates on S that
this minimum is achieved.

Lemma 11. The minimum is well defined in the definition of A, and its value does not depend
on n provided t/n < o. Moreover, we have

1 ) 1
——\q1 — — Mt < At < —g — 2 4 Mt
2Mt‘q1 qo| < A%(qo0,q1) 2tm‘(h Ql° +

12



PROOF. Since we have not yet proved the independance of n, we temporarily denote by A% (qo, q1)
the value of the minimum. We have
n

t/n t/n >
S (QO791)+ + S (9n—1,Q1) = Mt

(161 — qo* + 102 = 61> + -+ + g1 — O |*) — M1t

hence the minimum is achieved. Moreover

n
Al >  mi (—e— 24 ... —9_2—Mt>
n(q0,q1) 91,92?.1.%”71 th(\ 1=+ +la —0pal)
1 2
= ——|q1 — qo|* — Mt.
2Mt‘q1 QO‘

If t < o, then the equality S*(qo,q1) = A% (qo,q1) can be proved by recurrence for each n using
Proposition 9. For general ¢, let us prove that A! is independent of n. We take two integers
n and m such that t/n < o,t/m < o and want to prove that A’ = A! . We will prove that
Al = Al = Al . Since t/m < o, we have

AY™(qo,q1) = S (g0, q1)

Al (q0,q1) = min  [SY"™(qo, 1) + SV (01, 09) + SV (01, 0n)+

01,02,..0nm—1
ST G, O1) + S (B 1, Oez) + S (B, B2 )+
4
St/nm(a(m—l)na H(m—l)n—i—l) + St/nm(e(m—l)n-l—la H(m—l)n—f—?) + St/nm(emnfla QI)]
= min [St/m(qo, gn) + St/m(en, 92n) + -+ St/m(g(m—l)n7 ql)]

92n793n7"’79(m71)n

= Aﬁn(QOv Q1)
We have proved that Af,, = A! | by symmetry we also have Af, = Al hence A!, = A! . Finally,
we have
S/ (g0, 61) + 57" (01, 602) + -+ S (01, 0) < 5 (161 = @0l + 102 = 01 +]q1 — 01 ) + M

hence

. n
Al (go,q1) € min  ——

1
01— qof® + 162 — 01> + g1 — B |?) + Mt = a1 — qof® + Mt.
01,02,...0n_1 2mt(| 1= qof” + 162 1"+ o 1] ) + 2mt|Q1 qo|” +

O

The following remark is called the method of broken geodesics, it appeared in Riemannian
geometry, and was first used in the context of Hamiltonian dynamics by Marc Chaperon, see
[6]. It allows to prove the existence of various kinds of orbit of the Hamiltonian using finite
dimensional critical point theory.

Lemma 12. If (©1, - ,0,_1) is a critical point of the function
(9 ) t/n 2t/n t
1oy On1) S0 (g0, 01) + 55,7 (01, 02) + - 4 S 1y (On—1, 01),

then there exists a unique orbit (q(s),p(s)) : [0,t] — R% x R¥ such that ¢(0) = qo, q(t) = q1,
and q(it/n) = ©; fori=1,...,n — 1. The action of this orbit is S*/"(qo,©1) + Sé/n(Gl, ©2) +
et S€n71)t/n(@nfla QI)'

13



PRrROOF. Let (¢(s),p(s)) be the piecewise orbit defined on [it/n, (i + 1)t/n] by the constraints
q(it/n) = ©; and q((i + 1)t/n) = ©;41. The action of this piecewise orbit is S*/™(gy, ©1) +
Sé/n(@l, O2) + -+ an_l)t/n(@nfla q1). We have to prove that, if (01,...,0,_1) is a critical
point, then this piecewise orbit is actually an orbit, or in other words that p~(it/n) = p™*(it/n).
At a critical point, we have

0= 815Y™(04_1,0;) + 8SY™(04,0441) = p~(it/n) — p* (it/n)

as desired. 0

Since the function in the statement of the lemma is coercive, it has a minimum hence there
exists an orbit joining points gg and ¢; in time t. Note however that, although the function

(01, 0n1) — S (a0, 01) + S0 (01,02) + -+ + Sty 1y (On1, 1)

is convex separately in each of its variable, it is not necessarily jointly convex when n > 2. As a
consequence, it can have several critical points. This reflects the possible existence of more than
one Hamiltonian orbit joining g to ¢ in time ¢ when ¢ > 20. The Function A(qo,q1) is then
defined as the minimum of the actions of such orbits. There may exist more than one minimal
orbit.

The minimal action A’(qo,q1) is not necessarily C'!, we need some definitions before we can
study its regularity. The linear form [ is called a K-superdifferential of the function u at point
q if the inequality

u(@) <ulq) +1(0 - q) + K|0 — g
holds in a neighborhood of ¢. The linear form [ is a proximal superdifferential of u at point ¢
if it is a K-superdifferential for some K. The form [ is a proximal superdifferential of u at ¢ if
and only if there exists a C? function v such that dv(q) = [ and such that the difference v — u
has a minimum at q. More generally, we will say that [ is a superdifferential of u at ¢ if there
exists a C! function v such that dv(g) = [ and such that the difference v — u has a minimum at
q. A superdifferential is not necessarily a proximal superdifferential.

A function v : R — R is called K-semi-concave if it admits a K-superdifferential at each
point. It is equivalent to require that the function § — u(#) + K|0|? is convex. A function is
called semi-concave if it is K-semi-concave for some K. If u is a K-semi-concave function, and
if [ is a superdifferential at u, then the inequality

u(@) <ulq) +1(6 - q) + K|6 — g|?
holds for each 6. In particular, [ is a K-superdifferential.

Lemma 13. The function A}y is C(1+ 1/t)-semi-concave, with some constant C' which depends
only on m and M.

PROOF. Let us first assume that ¢ €]0,0[. In this case, Ay = S§, this function is C? and its
second derivative was estimated in Lemma 8. Let us now assume that ¢t > ¢. Then, there exists
n € N such that t/n € [0/3,0/2[. We have

A(a,q') = min (S5/"(0,0) + A7, (0.0) + S{_,, (6 .0)).

Considering a minimizing pair (fg,#1) in the expression above at (qo,q1), we see that the C?
function
t t—t
(a.4') — 55" (@ 60) + A{ )" (B0.61) + 5}y, (61.4')

is touching from above the function A) at point (go,q1). In view of Lemma 8, this provides a
uniform (for ¢ > o) semi-concavity constant for Af. 0O
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4 The Lax-Oleinik operators.

We define the Lax-Oleinik operator T% which, to each function v : R — R associates the
function

T*u(q) := min (u(8) + A°(6, q)-

More generally, for each 7 € R and ¢ > 7, we define the analogous operator T where the time
origin is 7 instead of 0. We have the Markov (or semi-group) property:

TF o T =T5.
At some occasions, we will need to use the dual operators

T*u(q) := max (u(6) — A°(6,q)).

Each property concerning the Lax-Oleinik operator has a counterpart for the dual operator, that
we will not bother to state, but not hesitate to use. The Lax-Oleinik operators solve (HJ) in
various important ways. Let us first establish the relation with regular solutions.

Proposition 14. Let u(t, ) :]tg, t1[xR? — R be a C* solution of HJ, then Ttu, = u; for each
T m ]to,tl[.

This property is one of the main motivations to introduce the Lax-Oleinik operators.
PROOF. It is enough to prove the result for 0 < t — 7 < 0. Given ¢ and 6 in T¢, we consider
the unique orbit (¢(s),p(s)) such that ¢(7) = 6 and ¢(t) = gq. By the convexity of H, we have

H{(q(s), 0qu(s, q(s))) = H(q(s),p(s)) + (9qu(s, q(s)) = p(s)) - OpH (s, q(s), p(s))-
Noticing that ¢(s) = 0,H (s, q(s),p(s)) and integrating gives:

with equality if p(s) = Oyu(s, q(s)) for each s. We conclude that

T‘It'uT(q) 2 Ut((]),

with equality if there exists an orbit (q(s), p(s)) : [, 1] — R% x R such that p(s) = d,u(s, q(s))
and ¢(t) = ¢. In order to prove that such an orbit exists, we consider the continuous vectorfield
V(s,q) = 0pH(s,q,0qu(s,q)). By the Cauchy-Peano Theorem, there exists a solution ¢(s) of
the equation ¢(s) = V (s, q(s)), defined in a neighborhood of s = ¢, and satisfying ¢(t) = ¢q. By
Theorem 4, this solution lifts to a Hamiltonian trajectory (q(s),p(s)), where p(s) = dqu(s, q).
By the completeness of the Hamiltonian flow, this solution can be extended to the whole interval
Jto, t1]. We obtain that u(t,q) = u(r,q(7)) + St(q(7), q), and therefore that T u,(q) = u(t,q). o

The Lax-Oleinik operators solve the Cauchy problem for (HJ) in the viscosity sense:

Proposition 15. For each Lipschitz initial condition ug, the function

(t,q) — u(t,q) = Tguo(q)

is a viscosity solution of (HJ) on ]0,00) x R? (hence a solution almost everywhere).
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PROOF. We consider a point (T, @), set s = min(7,0/2) and 7 = T'—s, and let © be a minimizer
in the expression

w(T, Q) = mln( () 4+ ST (0, q))

We have
u(t,q) < ur(0) + SL(O,q)

for all (t,q) with t € [r, 7+ o[ hence the C? function (¢, q) — u,(©)+ SL(O, q) is touching from
above the function u at point (7, Q). We conclude that

(- H(T.Q.0:57(0,Q)).5:57(0,Q))

is a superdifferential of the function u at point (7, Q). If the function w is differentiable at point
(T, Q), we must have

ou(T,Q) = —H(T,Q,057(0,Q)) , 0u(T,Q)=0S5r(0,Q)

which implies that
Ou(T, Q) + H(T, Q, 0gu(T',Q)) =

We have proved that the function u solves (HJ) at all its points of differentiability. Let us now
prove that it is a viscosity supersolution. We consider a subdifferential (h,p) of u at (T, Q) (if no
subdifferential exist, then there is nothing to prove). Since the function u has a superdifferential
and a subdifferential at (7,Q), it is differentiable at this point, with (0;u,0d,u) = (h,p). We
conclude that h + H(T,Q,p) = 0, hence that h + H(T,Q,p) > 0, as desired.

It is slightly more difficult to prove that w is also a viscosity subsolution. We could invoque
here the general fact, proved in Fathi’s joined lecture, that almost everywhere subsolutions of
the Hamilton-Jacobi equation are viscosity sub-solutions when the Hamiltonian is convex in the
momentum. We rather present an independent proof. Let v(t,q) :]7,7 + o[xR¢ — R be a
C? function touching u from above at (T,Q). Let wr be a C? function, with bounded second
differential, such that wr = ur near Q. Let w be the C? solution of (HJ) satisfying w(T, q) = wr,
defined on some small time interval containing 7'. The existence of such a solution follows from
Theorem 3. Considering the characteristic

s — Q(s) == Q7(Q, uw(T, Q))

through (7, @), we have
w(T, Q) = w(s, Q(s)) + 57 (Q(s), Q)

for s < T while, on the other hand,

w(T, Q) < u(s,Q(s)) + SI(Q(s), Q).

We conclude that

w(s,Q(s)) < uls, Q(s)) < (s, Q(s))
for s < T. Since wp = vp near Q, this implies that that J,w(T, Q) > dv(T, Q). Recalling that
w solves (HJ), we conclude that d,v(T, Q) + H(T, Q,0,v(T, Q)) < 0, as desired. 0

The Lax-Oleinik operators moreover solve the Cauchy problem for (HJ) in the following
geometric sense, where we denote by I', the graph of the differential of u on its domain of
definition,

Ly :={(g,du(q)): qeR? du(q)exists}.
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Proposition 16. Let u be a semi-concave and Lipschitz function. The set

ya
Pt (FTgu>
is contained in Iy, for each t > 0, and it is a Lipschitz graph.

PROOF. Let (¢,p) be a point of I'ze,,, which means that the function T{u is differentiable at g
and that d(T{u)(q) = p. Let © be a minimizing point in the expression T¢u(gq) = mingu(6) +
Al (6, q). Since each of the functions u and A(.,q) are semiconcave, this implies that they are
both differentiable at ©, and that du(©) + 9yAL(0,q) = 0. Moreover, this implies that the
function u(©) 4+ A}(0,.) touches the function T{u from above at point g, hence that A4(0,.) is
differentiable at ¢, with a differential equal to p. We then have

02(q,p) = ¢ (4, 01 AH(O, q)) = (0, -0 AH(O, q) = (0, du(O)) C I'y.

We have proved that ¢ (I'1ty) € Ty Moreover, we have Q?(FTOtu) C Z, where Z C R? is the set
of points § which are minimizing in the definition of T{u(g) for some point g.

We claim that u is C™! on Z, meaning that u is differentiable at each point of Z, and that
the map 6 — du(f) is Lipschitz on Z. In other words, the projection of I';, to R? contains Z,
and the set

Loz = {(0,du(0),0 € T}
is a Lipschitz graph.

We prove the claim by observing that u has C-superdifferentials and C-subdifferentials at
each point of Z, where C is the common semiconcavity constants of all the functions Aj(.,q)
and of the function uw. The claim then follows from a result of Fathi, see Proposition 48 in the
Appendix.

Let now (g,p) be a point in the closure ngu of I'ze,. There exists a sequence (¢n,pn) of
points of FTéu which converges to (g,p). By definition, the function Tgu is differentiable at g,
and p, = d(Tiu)(qy). Let ©,, = QY(qn, pn) be the sequence of points such that

Tou(gn) = w(On) + A(On; gn)-
The sequence ©,, is converging to © = QY(q,p), and, at the limit, we see that
Tiu(q) = u(®) + A4(©, q).

We conclude that © € Z. Since we have already proved the Lipschitz reguilarity of du on Z, we
deduce that

Sag(%p) = lim((P?(Qnapn)) - lim(@n, du(@n)) = (@7 du(@)> € I\u|I C [y
O

The action of the Lax-Oleinik operators on semi-convex functions also has a remarkable
property, see [3]:

Proposition 17. If u is K-semi-convex, then there exists T €]0, o[ such that T'u is (K + 1)-
semi-convex, hence C1t, for each t €]0,T[. One can take

T = min (0/2, (5M (1 + QK))_l)

17



PROOF. Let us denote by L the set of points (@, P) such that P is a proximal subdifferential
of u at @. Note that I, C L. For each (Q, P) € L, we have

u(g) = u(Q) + Pg— Q) — Klg — QI%,
we denote by I p(g) the function on the right in this inequality, so that

u= max lgp.
(Q,P)eL

Taking T as in the statement, it follows from Theorem 3 that the functions T%(lg p),t € [T, T
are C? with a second derivative bounded by 2K + 1. We claim that

T'u = max T ,
anax, (lg.p)

for t € [0,7], which implies that T%u is K + 1-semi-convex. We prove the claim in two steps.
First, the inequality
Tw > max Tl ,
onax, (lg.p)
follows immediately from the fact that « > ig p for each (Q, P) € L. In order to prove the other
inequality, we consider a point ¢ and a point 6 such that T%u(q) = u(f) + S*(, q). This implies
that the point (0,¢) = (6,—015(0, q)) belongs to L, and that ¢ = Q*(6,¢). Then, we have

T'(lg.c)(q) = lo,c(0) + S (0, q) = u() + 5°(0, q) = T*u(q)

hence

Tt < Tl )
u(q) A (lo,p)(q)

0
The following was first stated by Marie-Claude Arnaud in [1].

Addendum 1. We have L = ¢ t(T'p+,) for each t €]0,T[. Moreover, for each q, we have
T'u(q) = u(®) + S0, q), with 0 = Q™" (q,d(T"u)(q))-

PrOOF. For each ¢ € R?% we have seen that there exists a (6,¢) € L such that Ttu(q) =
w(f) + S1(0,q) and ¢ = —915%(0,q). Since we know that T?u is C!, the first of these equalities
implies that d(T%u)(q) = 825%(0,q), while the second implies that ¢(0,¢) = (q,525%(0,q)). We
conclude that ¢~*(I'z+,) C L. Moreover, since T%u is C', we have 92(6,q) = d(T%u)(q), hence
0 =Q " (q,d(T"u)(q))-

Conversly, let us consider a point (6, () € L, and denote by I the associated function ly . By
Proposition 14, the function (t,q) — T"I(q) is the C? solution of (HJ) defined on the interval
| = T,T]. As a consequence, we have

TH(Q'(9.€)) = 1(0) + 8'(6,Q"(0,¢)) = u(f) + 5°(0,Q"(0,¢)) > T'w(Q"(6,¢)).

Since we know that 7%l < T'u, we conclude that this last inequality is actually an equality.
Setting q1 = Q'(0,(), this implies that

(0,¢) = (0,=01S(0,q1)) = ¢ (q1, 050, 1)) = o (a1, dT"u(q1)) C o~ (Tpey,).-

18



5 Subsolutions of the stationary Hamilton-Jacobi equation.

We assume from now on that the Hamiltonian does not explicitly depend on time. Then, in
addition to (HJ), we can consider the stationary Hamilton-Jacobi equation

H(Q7du(q)) = a, (HJ(I)

for each real parameter a. This stationary equation is the main character of Fathi’s joined
lecture. Formally, a function u(q) solves (HJa) if and only if the function (¢,q) — u(q) — at
solves (HJ). It is not hard to check that this also holds in the sense of viscosity solutions: The
function u(q) is a viscosity solution of (HJa) if and only if the function (t,q) — u(q) — at is a
viscosity solution of (HJ).

In this autonomous context, the Lax Oleinik operators form a semi-group, the famous Lax-
Oleinik semi-group. More precisely, we have T o T = T*+$, as follows easily from the Markov
property of the operators and from the equality T¢ = T¢T. Another important specificity of the
autonomous context is that the Hamiltonian H is constant along Hamiltonian orbits, as can be
checked by an easy computation.

Proposition 18. The following properties are equivalent for a function w:

1. The function u is Lipschitz and it solves the inequation H(q,du(q)) < a almost everywhere.
The inequality u(q1) — u(qo) < A*(qo, q1) + at holds for each qy € R%,q1 € Rt > 0.
The inequality u < Tu + ta holds for each t > 0.

The function u is a viscosity subsolution of the Hamilton-Jacobi equation H(q,du(q)) = a.

AT

The function u is Lipschitz and the inequation H(q,du(q)) < a holds at each point of
differentiability q of u (by Rademacher Theorem, the set of points of differentiability has
full measure).

ProoOF. It is tautological that 5 = 1 and easy that 2 < 3. Let us prove that 1 = 2,
following Fathi. If 1 holds, then there exists a set M C R? of full measure composed of points
of differentiability ¢ of u such that H(q,du(q)) < a. We first assume that ¢ < o and prove 2
(recall that A® = S*). Let us consider the map

(90,q1,7) — (q(7),q1,7),

where ¢(7) is the value at time 7 of the unique orbit (¢(s),p(s)) which satisfies ¢(0) = gp and
q(t) = q1. This map is a diffeomorphism of R? x R¥x x]0,t[, the inverse diffeomorphism being

(0,q1,7) — (¢(0),q1,7),

where (g(s),p(s)) is the unique orbit such that ¢(7) = 6 and ¢(t) = ¢:. As a consequence,
for almost each pair (qo,q1), the function wu is differentiable at the point ¢(s) for almost every
s €]0,t[. If (go,q1) is such a pair, we have, using the convexity of H in p,

u(ql)—U(qo)—U(Q(t))—U(q(O))—/0 duq(s)-Q(S)dS—/O dug(s) - OpH (q(s), p(s))ds
/ H(a(s), duug() + 0 H a(5), p(s)) - pls) — H(a(s), p(s))ds

< at + S5(q(0), (1)) = at + A'(qo, q1)-
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We have proved the desired inequality for almost every pair (qo, q1), hence on a dense subset of
pairs. Since both sides of the inequality are continuous, we deduce that the inequality holds for
all pairs (qo, q1), provided ¢ < o. In order to deduce the inequality when t > o, we write, for n
large enough,

A'(qo,q1) +at = min (St/”(qo, 01)+at/n+---+ St/"(qn_l,ql) + at/n)

15--sUn—1

> 9171[{17192 1 (w(01) — u(qo) + - -+ +ulqr) — w(bn-1)) = u(qr) — u(qo).
Let us now prove that 3 = 4. Let u be a function satisfying 3. This function then satisfies 2,
hence it is Lipschitz. We consider a C? function v(q) which touches u from above at some point
#, which means that v — u has a global minimum at 8. Since the function u is Lipschitz, we can
modify v at infinity and assume that it has bounded second differential. Then, there exists a
C? solution V (t,q) of (HJ) defined on | — T, T[xR? with T" > 0, and such that V(0,q) = v(q).
For t > 0, we have V; = T%v, by Proposition 14. Since v > u, we obtain that

V(t,q) = T'v(q) > T'u(q) > ulq) — at

for t €]0,T[, hence 0,V (0) > —a (recall that 0 is the point of contact between u and v). Since
we know that V solves (HJ), we conclude that

H(6,0,V(0,0)) = H (6, dv(6)) < a.

The proof that 4 = 5 is very classical and can be found in Fathi’s lecture, but we recall it here
for completeness. If ¢ is a point of differentiability of w, then du(q) is a superdifferential (but
not necessarily a proximal superdifferential) of u at ¢, hence H(q, du(q)) < a. We will now prove
that the function w is locally Lipschitz. The estimate H(q,du(q)) < a , which holds at each
point of differentiability of u, then implies that it is globally Lipschitz.

Let B(Q,1) be a closed ball, of radius one. Let us set r = maxge p(,2),qeB(Q,1)(1(0) — u(q))-
Let k be a positive number greater that 4r and such that |p| > k = H(q,p) > a for each q.
Given ¢ in B(Q, 1), the function

0 — k|0 — q| —u(0)

has a local minimum in the interior of the ball B(Q,2). If this minimum is reached at a point
q1 different from ¢, then the function v(6) := k|0 — ¢| is smooth at g1, and, since u is a viscosity
subsolution, we have H(q;,dv(q1)) < a, which is in contradiction with the fact that |dv(q1)| = k.
Hence the minimum must be reached at ¢, which implies that k|6 — q| — w(f) > —u(q) or
equivalently that

u(f) —u(q) < k|6 — g

for each 6 € B(Q,2) and all ¢ € B(Q,1). We conclude that u is k-Lipschitz on B(Q,1). 0O
Corollary 19. If u is a subsolution of (HJa), then, for each t > 0, T'u is a subsolution of

(HJa), and so is T'u.

PRrROOF. The function u is a subsolution if and only if T%u + as > u for each t > 0. Applying
T, we obtain T'T*u + as = T*T'u 4 as > T?u. Since this inequality holds for each s > 0, we
conclude that T"u is a subsolution. 0

Corollary 20. If the function w is Lischitz, and if the Hamiltonian is autonomous, then the
functions Ttu,t > 0 are equi-Lischitz.
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PROOF. If the function w is k-Lipschitz, then du(q) < k almost everywhere, hence u is a subso-
lution to (HJa) for some a (one can take a = supy, <, H(q,p)). As a consequence, the functions
T'u,t > 0 are all subsolutions to (HJa), hence they are K-Lipschitz, with K = sup{|p|, H(q,p) <

a}. O

6 Weak KAM solutions and invariant sets.

We derive here the first dynamical consequences from the theory.

Definition 21. The function u is called a Weak KAM Solution at level a if T'u + ta = u for
each t > 0. Weak KAM solutions at level a are viscosity solutions of (HJa). We say that the
function u is a Weak KAM Solution if it is a Weak KAM solution at some level a.

If u is a weak KAM solution, then it is semiconcave (with a semiconcavity constant which
depends only on M and m). By Theorem 16, for ¢t > 0, we have the inclusion

¢~ (Ty) C T
and this set is a Lipschitz graph. The set
T (u) :== Npeny " (fu)

is a closed invariant set contained in a Lipschitz graph. It would be a very nice result to have
obtained a distinguished closed invariant subsets of our Hamiltonian system contained in a
Lipschitz graph. Unfortunately, at this point, we can’t prove (because it is not necessarily true)
that the set Z*(u) is not empty. In order to obtain interesting dynamical consequences from this
theory, it is thus useful to make an additional assumption.

Hypothesis 4. We say that the Hamiltonian H is periodic if H(q + w,p) = H(q,p) for each
weZ qgeR? and p € R*.

Under this hypothesis, we should see the Hamiltonian system as defined on the phase space
T?¢ x R*, with T¢ = R?/Z?. Indeed, the flow ¢! commutes with the translations (¢, p) — (q +
w,p), w E Z%. The compactness of this new configuration space has remarkable consequences,
sumed up in the following Theorem:

Theorem 5. If the Hamiltonian is autonomous and periodic, then there exists a periodic Weak
KAM solution. The corresponding set Z*(u) is a non-empty closed invariant set which is con-
tained in a Lipschitz graph and which is invariant under the translations (q,p) — (¢ + w, p),
w € 74,

This last property on the invariance under translations means that Z*(u) naturally gives rise

to an invariant space on the quotient phase space T x R%.
PROOF. Let us first prove the second part of the Theorem. If u is a periodic Weak KAM
solution, then the set T, is containd in {|p| < C} for some constant C, and it is invariant
under the integral translations, hence it descends to a compact subset of T¢ x R%, that we still
denote by T',. Then the sets ¢~ "(I',) form a decreasing sequence of compact sets, hence their
intersection is a non-empty compact set.

Let us now prove that there exists a periodic Weak KAM solution. We follow the proof of
[0], which is slightly different from the original proof of Fathi. Observe first that The functions
Al(qo, q1) are periodic in the sense that Af(qo + w,q1 +w) = A'(qo, q1) for each w € Z?. This
implies that T"u is periodic when wu is periodic. Considering the Cauchy problem for (HJ) with
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initial condition equal to zero, we define v(¢,q) := T%0(¢q). The quantities a™(t) = max, v:(q)
and a~ (t) = mingv;(g) will be useful. Since the functions v;,t > 0 are equi-Lipschitz, there
exists a constant K such that a™(t) —a™ (t) < K for all t > 0. We have

at(t+s) = max 750 = max TH(T°0) < T*(a™(s)) = a™(s) + T*(0) < at(s) +a™(t),

and similarly
a (t+s)=a (t)+a ().

By standard results on subadditive functions, we conlude that a™(t)/t and a~(t)/t converge
respictively to inf;>pa™(t)/t and sup;5ga™(t)/t. Since a™ — a~ is bounded, these two limits
have the same value, let us call it —a. We have

K—taza )+ K>a"(t)>~ta>a (t)>a"(t) - K > K —at

for all ¢ > 0, hence
K >v(t,q) +ta > —K.

We can now define
u(q) == ltlglélof(v(t, q) + ta).

We claim that u is a Weak KAM solution at level a. Since the functions v; + ta are equi-
Lipschitz and equi-bounded, the function v is well-defined and Lipschitz. We have to prove that
Ttu+ta =wu for all t > 0.
We have
v(t+s,q1) + (t+ s)a < v(s,q) +ta+ A'(qo, 1) + ta

for each qg,q1 and t > 0,s > 0. Taking the liminf in s yields

u(qr) < ulgo) + A(qo, q1) + ta.

We have proved that u is a subsolution to (HJa).
Conversely, we have to prove that T%u+ta > u. Let us pick a point ¢ and consider a sequence
t,, such that v(t,,q) + tha — u(q). Fixing ¢ > 0, we consider a sequence g, in R? such that

V(tn, q) +tha = v(ty —t,qn) + (tn, —t)a + A (qn, q) + ta.

This equality implies that the sequence g, is bounded, and we assume by taking a subsequence
that it has a limit ¢’. We can also assume that the sequence v(t,, —t,q") + (t,, — t)a has a limit,
that we denote by I. Note that [ > wu(¢’). Since the functions v; are equi-Lipschitz, we have
v(tn —t,qx) + (tn —t)a —> [ hence, taking the limit in the equality above,

u(q) =1+ A'd,q) + at = u(d) + A(d, q) + at > T u(q) + at.

We have proved that u is a periodic Weak KAM solution at level a. 0

The periodic Weak KAM solutions at level a are the periodic viscosity solutions of (HJa),
as is proved in Fathi’s joined lecture. The existence of periodic viscosity solutions was first
obtained by Lions, Papanicolaou and Varadhan in a famous unpublished preprint, [11]. The
most important aspect of Fathi’s weak KAM theorem that we just exposed is that these viscosity
solutions have a dynamical relevance and give rise to invariant sets.

Let us comment a bit further in that direction, and explain the name ”Weak KAM“. Consider
a periodic Lipschitz function u, and the associated set I'y,, that we consider here as a subspace
of T x R%*.

22



Assume first that u is C2, so that T', is a C' graph. This graph is invariant if and only if
there exists a such that u solves (HJa). This follows from Section 1: If u solves (HJa), then the
function U(t, q) = u(q) — at solves H.J, hence

o'(Ty) =Ty, =T,

Conversely, if T, is invariant, then T"u is equal to u up to an additive constant a(t). Since T"
is a semi-group, it is easy to deduce that a(t) = at for some a € R. As a consequence, u is a C?
Weak KAM solution, hence a classical solution of (HJa).

The classical KAM theorem gives the existence, in certain very specific settings, of some
invariant C' graphs of the form I',. From what we just explained, it can be interpreted as
giving the existence of C? solutions of (HJa), although this point of view is not the right one
to obtain its proof. It is natural to expect that the Hamilton-Jacobi equation could be used to
produce invariant sets in more general situations. Since we do not know any direct method to
prove the existence of C? solutions of (HJa), we should deal with some kind of weak solutions.
However, if u is just a Lipschitz solution almost everywhere, we can’t say much about the
dynamical properties of T',. It is remarkable that the inclusion ¢*(I',) D T, holds for viscosity
solutions (or, equivalentely Weak KAM solutions) in the convex case. This is the starting point
of the construction of the invariant set Z*(u) we exposed in the present Section.

7 Regular subsolutions and the Aubry set.

We abandon for a moment the hypothesis 4 and describe a new construction of invariant sets
based on the study of regular subsolutions. We define the Aubry set. We mostly follow [3] in
this section. The following result is at the base of our constructions, see [3, 1, 9].

Theorem 6. If (H.Ja) admits a subsolution, then it admits a CY' subsolution. Moreover, the
set of CY1 subsolutions is dense in the set of all subsolutions for the uniform topology.

PROOF. Let u be a subsolution at level a. Then, for each ¢t > 0 and s > 0, the function 757" u
is a subsolution at level a. We claim that

u—Ct<TT'w <u+Cs
for some constant C' depending only on M and m. We prove this inequlity by writing first

u(q) — Ct < u(q) — A'(q,q) < T'u(q) < u(g),

and then
u(q) — Ct < T'u(q) < T*T"u(q) < T'u(q) + A%(q,q) < T'u(q) + Cs < u(q) + Cs.

The function T%u is C(1+1/t)-semiconvex hence, by Proposition 17, there exists § > 0 such that
the subsolution 7%7T"*y is C1'. This subsolution converges uniformly to u when ¢ > 0 converges
to zero.

In some occasions, it can be better to rather use the formula T97*T( u to regularize
w. It is not hard to check that this subsolution is C™! and that it converges uniformly to u as
t — 0. A nice feature of this formula is that TT*T(1 9%y = ¢ when ¢ is small enough if u is
already C1. 0

1-8)t

Definition 22. The critical value of H is the real number o (or o(H)) defined as the infimum
of all real numbers a such that (HJa) has a subsolution. The subsolutions of (HJa) are called
critical subsolutions.

23



Lemma 23. We have the estimate —M <o < M.

PrOOF. The function u = 0 is a subsolution at level M, hence a < M. Conversely, since
H > —M there exist no subsolution at level a when a < —M. 0

Proposition 24. There exists a C1t subsolution of (HJo).

PRrROOF. Let a, be a sequence decreasing to . Since a, > «, the Hamilton-Jacobi equa-
tion at level a, has a subsolution w,. The sequence u,, is equi-Lipschitz, and we can assume
by adding constants that it is also equi-bounded. Taking a susequence, we can also assume
that it converges locally uniformly to a limit w. Taking the limit » — oo in the inequalities
un(q1) — un(qo) < AY(qo, q1) + tan gives u(qr) — u(qo) < A% (qo, q1) + ta,. This holds for all g, ¢
and t > 0, hence u is a subsolution at level «, or in other words a critical subsolution. Since
there exists a critical subsolution, Theorem 6 implies that there exists a C1! critical subsolution.

O

Definition 25. The projected Aubry set is the set A C R? of points q such that the equality
H(q,du(q)) = a holds for all C' critical subsolutions u.

Lemma 26. If ¢ € A, then all C' critical subsolutions v have the same differential at q. In
other words, the restriction I', 4 does not depend on the C' critical subsolution u.

PROOF. Let u and v be two critical subsolutions, and ¢ a point in .A. We have to prove that
du(q) = dv(q). Assume, by contradiction, that this equality does not hold and consider the
subsolution w = (u + v)/2. Since H(q,du(q)) = H(q,dv(q)) = «, the strict convexity of H(q,.)
implies that H(q,dw(q)) < «, which contradicts the definition of A. 0

Lemma 27. There exists a CY' subsolution ug such that A =T, N{H = a}. The subsolution
ug satisfies the strict inequality H(q,dug(q)) < « for all q in the complement of A.

PRrROOF. The set of C' functions is separable for the topology of uniform C' convergence on
compact sets. This topology can be defined for example by the distance

SUp|q|<n arctan(|u(q)| + [du(q)])
d(u,v) = Z on .
n
Since a subset of a separable space is separable, there exists a sequence u, of C critical sub-
solutions which is dense for this topology in the set of all C' critical subsolutions. Let us
set

ag
Qa =
b 2%supgey, g1<n (1 + Jur(@)| + [dug(q)]))
and choose ag such that Zn>1 a, = 1. The sum Zn>1 anuy, converges uniformly with its

differentials on each compact sets to a C' limit vg. The function vy is a critical subsolution,
and we claim that H(q,dvo(q)) = « if and only if ¢ belongs to A. Indeed, this equality holds
only if all the inequalities H (g, du,(q)) < « are equalities, which, in view of the density of the
sequence u,, implies that H(q,du(q)) = a for all C' subsolutions u. By definition, this implies
that ¢ belongs to \A. We have constructed a C! subsolution vg such that

H(q,dvy(q)) < «
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outside of A. We have to prove the existence of a C1! critical subsolution with the same
property. We consider a smooth function V(¢) which is bounded in C2, which is positive outside
of A, and such that

0< V() <a—H(q,dvo(q))

for all ¢ € R". The modified Hamiltonian H(q,p) = H(q,p) + V(q) satisfies all our hypotheses.
Since H > H, the corresponding critical value & satisfies & > «. Since g is a subsolution of the
inequation 3

H(q,dvo(q)) < a,

we can apply Theorem 6 to H at level v, and obtain the existence of a C1! subsolution ug to
the same inequation. The inequality

H(q,duo(q)) < a—V(q)

implies that ug is a critical subsolution for H which is strict on the set {V' > 0} which, from our
construction of V', is the complement of A. 0

Definition 28. The Aubry set A* is defined as:
A" = ﬂuru‘A = Nyly,
where the intersections are taken on the set of C1 critical subsolutions.

Note that A* =T, 4 for each C" subsolution u, hence w(A*) = A, where 7 : R x R%* — R¢
is the projection on the first factor. The second equality comes from the existence of a solution
ug such that H(q,duo(q)) < a on the complement of A. The set A* is obviously contained in
a the Lipschitz graph I',,. As in Section 6, we have obtained an invariant set contained in a
Lischitz graph, but which may be empty in general:

Proposition 29. The Aubry set is a closed invariant set.

PROOF. Let ug be a Cb! critical solution such that H(q,dug(q)) < « outside of A. By
Proposition 17, there exists 7' > 0 such that T"ug is still C*! for t € [T, T]. Given (q,p) € A*,
we conclude that, for ¢ € [0,T], we have p = d(T"ug)(q). Setting § = Q~*(q,p), the addendum
to Proposition 17 implies that T ug(q) = uo(0) + S*(0, q), and that

©'(0, duo(9)) = (¢, p)-

Since the flow preserves the Hamiltonian, we get that H(6,duy(f)) = «, hence the point 6
belongs to A, and then

¢~ (q,p) = (0, duo(9)) € A".
We have proved that ¢~f(A*) C A* for ¢t € [0,T]. We can prove in a similar way, using the C'!:!
subsolution T%ug instead of T ug, that ¢'(A*) C A* for t € [0,T], and hence that

P = A

for each t € [—T,T], which clearly implies that this equality holds for all ¢. We have proved the
invariance of A*. 0

Proposition 30. The equality
T'u(q) — ta = u(q) = T'u(q) + ta

holds for each critical subsolution u, each t > 0 and each q € A. The inclusion A* C Ty, holds
for each critical subsolution, hence the inclusion A* C T*(u) holds for each weak KAM solution
at level a.
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PROOF. Let (q(s),p(s)) be a trajectory contained in A*, and ¢t > 0 be given. For each C!
critical subsolution u, we have p(s) = dug,), and

ul(g(t)) — u(g(0)) = /0 dutg(s)d(5)ds = ta + /0 dutg(s)d(5) — H (g, duyy))ds

>A"((0), (1)) + tav.
Since wu is a critical sub-solution, the last inequality must be an equality, hence
u(q(t)) — u(a(s)) = A *(a(s),q(t) + (t = s)a

for each t > s. In the terminology of Fathi, we have proved that the curve ¢(s) is calibrated by
the subsolution u. We can now write

u(q(t)) < T'ulq(t)) + ta < u(q(0)) + A'(q(0), a()) + tar = u(q(t)).

This implies that T%u +to = u on A, and, similarly, T*u —ta = u on A. Let us now fix ¢ €]0, o|.
Given an orbit (¢(s),p(s)) in A*, we have

u(g(0)) < u(8) + 5'(6,4(0)) + ta

for each subsolution u and each 6, with equality at § = g(—t). This implies that 925(q(—t), ¢(0))
is a superdifferential of u at ¢(0). This holds for C! subsolutions, which satisfy du(q(0)) = p(0),
hence 025(q(—t),¢(0)) = p(0). We have proved that p(0) is a superdifferential of u at ¢(0).
Similarly, using the inequality

u(q(0)) > u(6) — 5(4(0),0) — ta,

with equality at 6 = ¢(t), we conclude that p(0) is a subdifferential of u at ¢(0). This implies
that v is differentiable at ¢(0), and that du(q(0)) = p(0). As a consequence, A* C T',, for each
subsolution wu. 0

In the course of the above proof, we have established the following Lemma, which will be
needed later:

Lemma 31. Let u be a subsolution at level a, and let (q(s),p(s)) be a Hamiltonian trajectory
contained in T'y N {H = a} (note that this set is not necessarily invariant in general), then, the
equality T'u(q(s)) — ta = u(q(s)) = Ttu(q(s)) + ta holds, for each t > 0 and each s € R.

8 The Mané Potential.

The Mané Potential at level a is the function
(o, q1) = %25 (A'(qo, q1) + at).

This function was first introduced by Ricardo Mané, see [12]. We leave as an easy exercise for
the reader to prove the triangle inequality

(I)a(q079) + q)a(97q1) 2 ‘I)G(QO7(]1)~

In view of Proposition 18, Each subsolution u at level a satisfies
u(qr) — u(go) < 2*(q0, 1)
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for each gp and ¢q;. We conclude that ®¢ is finite if there exists a subsolution at level a, which
holds if and only if a > «. Conversely, If the function ®¢ is finite, then we see from the triangle
inequality that the function ¢ — ®%(qq, ¢) is a subsolution at level a, which implies that a > «.
The estimates of Lemma 11 imply that

“(q0,q1) < 2v/2m(M + a)|q1 — qof

provided a > « (note that & > —M ). We have proved that the Mané Potential is the function
called the viscosity semi-distance in Fathi’s lecture:

Proposition 32. Ifa > «, then the function ¢ — ®(qo, q) is the mazimum of all subsolutions
u at level a which vanish at qo. If a < a, then there is no such subsolution and ®* is identically
equal to —oo.

This statemet also implies that the Mané Potential at level a only depends on the energy
level {H = a}. More precisely, if G is another Hamiltonian satisfying our hypotheses and such
that H = a & G = a, then G and H have the same Mané potential at level a, because G
and H have the same subsolutions at level a, as follows easily from the first characterization of
subsolutions in Proposition 18. This is also reflected in the following Proposition by the fact
that the involved orbits are contained in the set {H = a}.

Proposition 33. Given qy # q1 , there exists T €]0,00] and an orbit (¢(s),p(s)) : (—7,0] —
R? x R such that q(0) = q1, A%qo, q(s)) — as = ®%(q(s), q1),

(g0, q(s)) + 2*(a(s), ¢1) = (90, 1)
and H(q(s),p(s)) = a for each s € (—1,0]. If moreover T is finite, then q(—7) = qo.

PROOF. If qg # q1, then either the functions ¢t — A'(qo, q1) + at reaches its minimum at some
finite time 7 > 0, or it has a minimizing sequence 7,, — 0.
In the first case, there exists an orbit (g(¢),p(t)) : [T, 0] — RY x R% such that ¢(—7) = qo,
q(0) = ¢1, and ,
/ p-q—H(q,p)dt = A7(qo0,q1) = (g0, q1) — Ta.
—T

We obtain, for each s € [—7,0], that

0 0
‘I>“(qo,q1)+m=/ p-¢—H / p- q—qu)dt+/ p-q— H(qg,p)dt
> A° (g0, q(s)) + Aq(s), q1)
> ®%(qo,q(s)) —al(s +7) + 2(q(s), q1) + as
> ®%(qo,q1) + ar.

We conclude that all these inequalities are equalities, hence

®*(qo,q(s)) + ®*(q(s), q1) = ®*(q0, q1)-

We also deduce from the above chain of inequalities that A%(q(s),q1) — as = ®%(q(s), q1), which
implies that the function t — A%(q(s),q1) + at is minimal for ¢t = —s. Taking s €] — o,0[, we
can differentiate with respect to t at t = —s and get

at|t:—sSt(Q(5)7 q1) +a=0.

Recalling the equality
S (a(s), 1) + H(q1,p(0)) = 0
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(because p(0) = p1(t,q(s),q1) in the notations of Section 2), we conclude that H(q1,p(0)) = a,
and, since the Hamiltonian is constant on Hamiltonian orbits, H(¢(t),p(t)) = a for each t.
In the second case, there exists a sequence of orbits (¢, (t),pn(t)) on [—7,,0] such that

0
/ Pn - Gn — H(gn, pn)dt + a7, = A™(qo, 1) + a7 < (g0, q1) + Ons
_Tn

where §,, — 0. By Lemma 10, this implies that the sequence h,, := H(gyn(s),pn(s)) is bounded.
As a consequence, the curves pj,(s) are uniformly bounded, hence so is ¢, (s) = OpH (¢n(s), Pn(s)).
On each compact interval of time [t,0], the curves z,(t) = (qn(t),pn(t)) is thus uniformly
bounded, hence uniformly Lipschitz. Up to taking a subsequence, we can thus assume that
the curves x,(t) converge, uniformly on compact time intervals, to a Hamiltonian orbit x(t) =
(q(t),p(t)) : (—00,0] — R% x R%*. Passing at the limit in the inequality

(g0, qn(s)) + *(gn(s),q1) < 2*(q0,q1) + On,

which holds for each s € (—o0, 0], yields

®*(qo, q(s)) + ®*(q(s), q1) < (g0, q1),

which must actually be an equality. We prove as in the first case that H(qi,p(0)) = a, thus
H(q(s),p(s)) = a. O

The projected Aubry set A can be characterized in terms of the Mané potential (see also
Fathi’s lecture):

Proposition 34. The following statements are equivalent for a point qy and a real number a,
where we denote by u the function ®*(qo,.):

1. g0 € A and a = a.

2. T'u(qo) + ta = u(qo) = 0 for each t > 0.

3. The function u is a Weak KAM solution at level a.
4. u is differentiable at qq.

PRrROOF. 1 = 2. This follows from Proposition 30 since u is a subsolution at level a = «.

2 = 3. Let us fix t > 0 and ¢;. We have to prove that there exists 6 such that u(q;) >
u(0) + AY(0, q1) + ta (this inequality is then an equality). If g1 = qo, the existence of this point
follows from the equality T u(qo) + ta = u(qo).

If ¢1 # qo, we can apply Proposition 33. With the notations of Proposition 33, if 7 > t,
then the point § = ¢(—t) fulfills our demand. If 7 < ¢, then we set s = t — 7. We have
q(—7) = qo and A"(qo,q1) + at = u(q1). Since T*u(qp) + sa = u(qp), there exists 6 such that
u(f) + A*(6,q0) + sa = u(go) = 0. We conclude that

u() + A0, q1) + at < u(0) + A0, q0) + sa+ A" (qo, q1) + at = u(q1).

3 = 4. If uis a Weak KAM solution, then it has a proximal superdifferential at each
point. Conversely, if v is a C'! subsolution, then % — v has a minimum at g hence dv(qp) is a
subdifferential of w at gyp. The function u both has a superdifferential and a subdifferential at
qo, hence it is differentiable at qq.

4 = 1. If a > a or if gy does not belong to A, then there exists a C' subsolution v at
level a which is strict near gg. We can then slightly perturb the function v near gop and build
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a subsolution w such that dw(qy) # dv(qp). In view of the characterization of u as the largest
subsolution vanishing at go, we conclude that dv(qp) as well as dw(qp) are subdifferentials of u
at qg, hence wu is not differentiable at this point. 0

The Mané potential also allows to build Weak KAM solutions in the non periodic case by
the Busemann method, see [3] and Fathi’s Lecture. Let g, be a sequence of points of R? such
that |gn| = n. We consider the sequence of functions

un(q) = ®*(gn, q) = 2*(qn, 00)-

By construction, u,(qo) = 0, and it follows from the triangle inequality that the functions w,, are
equi-Lipschitz. We can then assume, without loss of generality, that the functions u,, converge,
uniformly on compact sets, to a Lipschitz limit u(q).

Proposition 35. The limit function u(q) is a Weak KAM solution at level a.

PROOF. The functions u,, are all subsolutions at level a, which means that u,(q1) — un(q0) <
At(qo,q1) for each t > 0, qo, q1. At the limit n — oo, we obtain that that T'u + ta > u for
each t > 0.

We have to prove that T?u + ta < u for all t > 0. Let us fix a point ¢ and a time ¢ > 0, and
consider a sequence t,, such that

A" (G, q) + atp < ©*(gn,q) + 1/n.

This inequality implies that

1

mmn —q)? <1+ (M —a)t, +2v/2m(M + a)|g, — q|

and, since |¢, — qg| — oo, that t,, — co. When n is large enough, we have ¢,, > ¢ and there
exists 0, € T such that A (gn,q) = A (qn,0,) + A'(0,,q). This implies that

®*(gn, q) = A" (qn,q) + at, — 1/n

>
> A g, 0,) + alty —t) + An, q) + at — 1/n
= q)a(%uen) + At(en,Q) + at — 1/n

This inequality implies that
Un(q) = tn(0p) + A0, q) + at — 1/n.

Since the functions u, are equi-Lipschitz, this implies that the sequence #,, is bounded. By
taking a subsequence, we assume that 6, has a limit 8, and, at the limit, we obtain

u(q) > u(f) + AY(0, q) + at,

which implies that u(q) > T u(q) + ta. 0

9 Return to the periodic case.

A more precise link can be established between the contents of Sections 6 and 7 under the
assumption that H is periodic (see Hypothesis 4). It is useful first to expose a variant of Section
7 adapted to the periodic case. We leave as exercises the proofs which are direct adaptations of
the ones given above. From now on, we assume Hypothesis 4.
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Theorem 7. If (H.Ja) admits a periodic subsolution, then it admits a periodic CY' subsolution.
Moreover, the set of periodic CY' subsolutions is dense in the set of all periodic subsolutions for
the uniform topology.

Definition 36. The periodic critical value of H is the real number «(0) defined as the infimum
of all real numbers a such that (HJa) has a periodic subsolution. The periodic subsolutions at
level a(0) are called critical periodic subsolutions.

Definition 37. The projected periodic Aubry set is the set A(0) C T¢ of points q such that the
equality H(q,du(q)) = a(0) holds for all C* periodic critical subsolutions u.

Lemma 38. If g € A(0), then all C' critical periodic subsolutions u have the same differential
at q. In other words, the restriction I'y 4 does not depend on the C' critical periodic subsolution
u.

Proposition 39. There exists a CY! periodic critical subsolution ug such that H(q, duo(q)) <
a(0) outside of A(0).

Without suprise, we define the periodic Aubry set A*(0) as
A™(0) := Ty a5
whith ug given by the proposition (there is not a single ug, but the Aubry set is well defined).
Proposition 40. The set A*(0) C T? x R* is compact, non empty, and invariant.

PROOF. Let us prove that A(0), hence .4*(0) is not empty. Assuming by contradiction that it
was empty, then the equality H (g, duo(q)) < a(0) would hold for all ¢ € R, Since the function
q — H(q,duo(q)) is periodic, we could conclude that sup, H(q,duo(q)) < «(0), which is in
contradiction with the defnition of «(0). 0

We are now in a position to specify the connection with the invariant sets introduced in
Section 6:

Proposition 41. In the periodic case, we have the equality
A*(0) = Ny Z* (u),
where the intersection is taken on all periodic weak KAM solutions.

PrROOF. The inclusion A*(0) C N,Z*(u) is proved as in Section 7. Our goal is to prove the
other inclusion. Let ug be a CH! periodic subsolution which is strict outside of .A(0). The map
t — Ttug+ta(0) is non-decreasing. In addition, the functions T u+ta(0) are equiLipschitz, and
they coincide with ug on A, hence they are equibounded. As a consequence, T ug + ta — Uso
uniformly as t — oo.

We claim that the limit uso is a periodic weak KAM solution, and that the inequality uy < Uso
is strict outside of A(0).

In order to prove that us is a weak KAM solution, it is enough to notice that the function
T Sug + (t + s)a(0) converges both to s and to TSus + sa(0) when ¢t — oo. This implies,
as desired, that T*us + sa(0) = us for each s > 0.

We know that us > ug, with equality on 4(0). Conversely, let us consider a point ¢ such
that us(q) = wuo(g). The point ¢ is minimizing the difference us, — ug. Since us is semi-
concave and ug is C!, the function us, must be differentiable at q with dus(q) = duo(q).
Since uq, solves the Hamilton-Jacobi equation at its points of differentiability, we conclude that
H(q,duo(q)) = H(q,dux(q)) = «(0), hence ¢ € A(0). We have proved the claim.
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Let us now establish that Z(us,) = A, which implies the proposition. By Lemma 31, we
have T s — tar = oo on Z(un) for each ¢t > 0. Setting €(t) = sup(us — T ug — ta(0)), we have

Uoo = Uy = T 0 TMug = T (oo — €(t) — ta(0)) = Truoo — €(t) — ta(0) = us — €(t)

on Z(ueo). Since this holds for all ¢t > 0, and since lim;_, €(t) = 0, we conclude that up = us
on Z(uso). On the other hand, we have seen that uy < us outside of A(0), hence Z(us) C A(0).

O
We finish with an easy remark which is specific to the periodic case:
Proposition 42. All periodic weak KAM solutions have level a(0).

PROOF. Let ug be a critical periodic subsolution, and let u be a periodic weak KAM solution at
level a. Since u is a periodic subsolution at level a, the definition of «(0) implies that a > «(0).
On the other hand, there exists a constant C' such that u — C < ug < u + C, which implies

u=T'u+ta>Tu— C +ta>ug+tla—a0)) —C=u+tla—a0)—2C.

We obtain that ¢(a — a(0)) < 2C for each t > 0, hence a — a(0) < 0. 0O

10 The Lagrangian.

In most expositions of weak KAM theory, the Lagrangian plays an important role. In the present
section, we relate it to our main objects in order to facilitate the connection with the core of
the literature, where where what we state here as properties is usually taken as definitions. We
define the Lagrangian as

L:RxRYxR? R

(t7Q7U) — sup (p ‘U= H(t7q7p))
pE(RY)*

By standard results on convex Analysis we then have

H(t7Q7p) = sup (p U= L(tv q, U))
veR

We obviously have the Legendre inequality
H(t,q,p) + L(t,q,v) = p-v
for all ¢, q, p,v. This inequality is an equality if and only if
p = 0y L(t,q,v) or equivalently v = 9,H(t,q,p).
Let q(t) :]to, t1]—> M be a curve, The action of ¢ is the number

/t Lt q(t), d(t))dt.

0
We can also call it Lagrangian action if we want to distinguish from the previously defined
Hamiltonian action. The Lagrangian and Hamiltonian actions are related as follows:
The Hamiltonian action of a curve (¢(t), p(t)) is smaller than the Lagrangian action of its pro-
jection q(t), with equality if and only if p(t) = 9, L(t,q(t),q(t)). In particular, the Hamiltonian
action of an orbit is equal to the Lagrangian action of its projection.
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Lemma 43. let qy and q1 be two points of R%, and to,t; be two times, with 0 < t; —ty <
min(o, 1/2M). If (q(s), p(s)) is the orbit satisfying q(to) = qo,q(t1) = q1, we have

t1 t1 )
S (g0, 1) = / L(5,(s), d(s))ds = min / L(s,0(s),6(s))ds,

to 6(s)

where the minimum is taken on the set of Lipschitz curves 0 : [to,t1] — R which satisfy
Q(to) = qo and 9(t1) =4dq1.

PROOF. Since Sf;(qo, q1) is the Hamiltonian action of the unique orbit (¢(¢),p(t)), hence the
Lagrangian action of the curve ¢(t):

5%(‘107%) = / 1L(s,q(s),q'(s))als.

to

The function u(t,q) := S (qo,q) solves (HJ) on ]0,o[xR% Let us now consider any Lipschitz
curve 0(s) : [to, t1] — R? satisfying 0(to) = qo and 6(t;) = q1, and write

/IL(S,O(S),Q(S))ds2/t1du(9(s))-9(5)—H(s,9(s),9(s))ds

= t du(6(s)) - 0(s) — dyu(s, 0(s))ds
= S (q0. q)-

The following proposition is usually taken as the definition of A:

Proposition 44. Given two points qo and q1 and two times tg < t1, we have

A%(qo,ql) = min/ 1 L(s,0(s),0(s))ds,

0(s) to

where the minimum is taken on the set of Lipschitz curves 0 : [tg,t1] — R? which satisfy
0(to) = qo and 0(t1) = q1.

It is part of the statement that the minimum is achieved. This is usually called the Theorem
of Tonelli. The statement can be extended to absolutely continuous curves instead of Lipschitz
curves, but this setting is not useful for our discussion.

PROOF. For n large enough, we have (t; —tp)/n < min(o, 1/2M), hence, setting 7; = to+i(t1 —
to)/n,

Aié((lo, q) = " min ) (57 (qo,61) + S22 (01,62) + -+ S (6n-1,q1))

15--3Un—1

al i t1 i
= min (min/ L(s,0(s),0(s))ds+ ...+ min/ L(s,6(s),0(s))ds)

(617"'7971—1) 9(5) to 9(5)
t1 X
:min/ L(s,0(s), 0(s))ds.
0(s) to
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A Some technical results.

Proposition 45. A C! map F : R — RY which satisfies |dF(q) — Id| < 1/2 for each q is a
global diffeomorphism of RY.

PRrROOF. The equation F(q) = 6 can be rewritten

0—(F(qg)—q)=q¢

And the function on the left is contracting. 0

Proposition 46. Let F : R — R? be a C', c-monotone map on R, with ¢ > 0. Then F is a
diffeomorphism from R® onto itself.

PROOF. Let us consider a point # € R?, and the line 6(s) = F(0) + s(f — F(0)). Since F is
a local diffeomorphism around 0, the points 0(s) for small s have a unique preimage p(s). Let
S be the infimum of the positive real numbers s such that the equation F(p) = 6(s) does not
have a solution in R?. The curve p(s) is well-defined, C', and Lipschitz on [0, S[, hence, if S is
finite, it extends at S with with F(p(S)) = 6(S). Since F is a local diffeomorphism at p(S), the
points near 6(.5) have preimages, which contradicts the definition of S. Hence S can’t be finite.

Lemma 47. Let A be a d x d matriz, such that A > ald in the sense of quadratic forms, and
|Al| < b. Then A=Y > (a/b*)I in the sense of quadratic forms.

ProOOF. We have
(A7 v, v) = (AA 0, A7) > a|A™ ] > a(|v]/b)2.
U

The following important result appears in Fathi’s book on Weak KAM theory (the proof is
also his):

Proposition 48. Let u : R — R be a function and K be a positive number. Let T € R be the
set of points where u has bothe a K -superdifferential and a K -subdifferential. Then, the function
u 1s differentiable at each point of T and the function ¢ — du(q) is 6K -Lipschitz on T.

PROOF. For each ¢ € Z, there exists a unique I(q) € R% such that
[u(g +6) —ulq) —U(q) - 0] < K||6]*.

We conclude that I(q) is the differential of u at ¢, and we have to prove that the map ¢ — I(q)
is Lipschitz on Z. We have, for each ¢, 6 and y in H:

(q) (y+0)—Klly+0)> <u(g+y+0) —ulq) <lq) (y+0)+ K|y+0]|

g+vy) - (—y) — Kllyl* <ulg) —ulg+y) <lg+y) - (—y) + Klly|?
Wg+y) - (=0) — K[> <ulg+y) —ulg+y+0) <l(g+y) - (=0) + K||6]>.

Taking the sum, we obtain

|(Ua+y) = U@) - (y+0) < Klly+ 0% + Klly|* + K||=]
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By a change of variables, we get
(g +y) —Uq) - 0] < K|6]* + K|yl + K6 — y[|*
Taking ||0]] = ||y||, we obtain

(g +y) = 1@) - (0)] < 6K O[]yl

for each 0 such that [|0]] = ||y||, we conclude that

(g +y) = Uq)|| <6K]ly]|.
0
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