Damped-driven KdV and effective equations for
long-time behaviour of its solutions.

Sergei B. Kuksin

Abstract
For the damped-driven KdV equation

U — Vg + Uppe — 6uuy = Vn(t,z), x € S, /udmz/ndmz(),

with 0 < v < 1 and smooth in z white in ¢t random force 7, we study the lim-
iting long-time behaviour of the KdV integrals of motions (I3, I, ... ), eval-
uated along a solution u” (¢, z), as v — 0. We prove that for 0 < 7:=vt <1
the vector I"(1) = (I1(u”(7,")), Ia(u”(7,")),...), converges in distribution
to a limiting process I°(7) = (I{,19,...). The j-th component I]Q equals
2(vj(1)? + v_;(1)?), where the vector v(7) = (v1(7),v_1(7),v2(7),...) is
a solution of a system of effective equations for the damped-driven KdV.
These new equations are a quasilinear stochastic heat equation with a non-
local nonlinearity, written in the Fourier coefficients. They are well posed.
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0 Introduction

In this work we continu% Ptgée study of randomly perturbed and damped KdV

equation, commenced in 8]. Namely, we consider the equation

Ut — VlUgy + Ugpe — 6uucc = \/;n(t> .CE), (Ol)
where 7 € §1 ¥ R/27Z, f51 udr =0, and v > 0 is a small positive parameter.
The random stationary force n = n(t, z) is

n= (Z bsﬁsa)es(x)) .

SEZg

Here Zy = Z \ {0}, B, are standard independent Wiener processes defined on a
probability space (2, F,P), and {e,, s € Zo} is the usual trigonometric basis

1
— cos(sz), s >0,

VT

es(x) = 1
——— sin(sz), s < 0.

VT

. . H : :
The coefficients v and /v in (0.1) are balanced in such Jway that solutions of
the equation stays of order one as t — oo and v — 0, see ]. The coefficients
by are non-zero and are even in s, i.e.

by=b_y#0 Vs> 1.

2
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When |s| — oo they decay faster than any negative power of |s|: for any m € Z*
there is C,, > 0 such that

|bs] < Cls|™ V.

This implies tha%(_%le force n(t, z) is smooth in x for any ¢t. We study behaviour
of solutions for (0.T) with given smooth initial data

u(0,z) = ug(z) € C(S") (0.2)

for
0<t<v T, 0<v<l. (0.3)

Here T is any fixed posi%ié/‘r,e constant.

The KdV equation (0.1),—¢ is integrable. That is to say, the function space
{u(z) : [udr = 0} admits analytic symplectic coordinates v = (vq,va,...) =
U(u(-)), where v; = (v;,v_;)" € R?, such that the quantities I; = |v,|?, j > 1,
are actions (integrals of motion), while ¢; =Argv;, j > 1, are angles. In the
(1, p)-variables KdV takes the integrable form

I=0, ¢=WwW(), (0.4)

where W (I) € R™ is the frequency vector, see Section 1.2. ! The integrating map
U is called the nonlinear Fourier transform. 2

We are mostly concerned with behaviour of actions I(y(t)) € R> of solutions
for the perturbed KdV equation (b_lY) for ¢, satisfying (b‘B) For this end let us
write equations for /(v) and ¢(v), using the slow time 7 = vt € [0, T:

dI(1) = F(1,9)dr +o(l,p)dB(T), do=v '"W()dr + ..., (0.5)

where the dots stand for terms of order one, 8 = (31, 32, ...)" and o([,¢) is an
infinite matrix. For finite-dimensional stochastic systems of the form (b‘B) u %er
certain non-degeneracy assumptions, for the I-component of solutions for (%‘5)
the averaging principle holds. That is, when v — 0 the I-component of a solution
converges in distribution to a solution of the averaged equation

dI = (F)(I)dr + (o)(I) dB (7). (0.6)

IThe actions I and the angles ¢ were constructed first (before the Cei%:f?%ialwdiﬂ%tesx },
starting with the pioneer works by Novikov and Lax in 1970’s. See in ) , Kuk00,
KPO03].

2The reason is that an analogy of ¥, a map which integrates the linearised KdV equation
U + Uzze = 0, is the usual Fourier transform.

k33



Here (F') is the averaged drift, ( v) de, and the dispersion matrix (o)

is a square SO0k O of the averaged dlffuswn %FV%[ 6140 This result was

claimed in } ] and was first proved in 03]; see ] 4] for recent dey, ol

opment. In 8 we, gstablished “half” of this result for solut10ns of eq. ?%_6)
which corresponds to b_f) Namely, we have shown that for solutions u, (7, x) of

b_l' %‘2 ,where t =v 7 and 0 < 7 < T,

1) the set of laws of actions {DI(u,(7))} is tight in the space of continuous

trajectories I(7) € by, 0 <7 < T, where the space hf is given the norm |/|,» =

2322, 71?|I;| and p is any number > 3;

11) a%\éhmiting measure lim, o DI(u,,(-)) is a law of a weak solution I°(7) of

with the initial condltlon

The solutions I°(7) are regular in the sense that all moments of the random
variables supg<,<p [1°(7)[pr, 7 > 0, are finite.

Similar results are phtained in 8] for limits (as v; — 0) of stationary in
time solutions for eq. g%_[

If we knew that (b_(?) (b‘?) has a unique solution I°(7), then ii) would imply
that

DI(u,()) = DI°() as v —0, (0.8)

a%_é the finite-dimensional case. But the uniqueness is far from obvious since
(0:6) is a bad equation in the bad phase-space R°: the dispersion (o) is not
Lipschitz in /, and the drift (F)([) is an unbounded operator. In this paper we
show that still the convergence (b;{%)s holgg true:

Theorem%_sg. The problem (0.6), (0.7) has a solution I°(7) such that the
convergence (0.8) holds.

t_final

The proof of this result, given in Section 4, Theorem mles on a new

%é‘?tructlon, crucial for this work. Namely, it turns out that the ‘bad’ equation

(0:6) may be lifted to a system of ‘good’ e f%%(gwe equations on the variable v =
(v1,va,...), v; € R? which transforms to under the mapping

7T[I/U|—>[, []:lej‘Q

kdv.
To derive the effective equations we evoke the mapping ¥ to transform eq. (b_f),
written in the slow time 7, to a system of stochastic equations on the vector v(7)
9)

dvi(7) = v 1Y, (v)V (u) dr + Pp(v) dr + Z Byj(v)dB;(r), k=>1. (0.

j>1



Here V(u) = —Ugze + 6uu, is the vector-field of KAV, Pydr + _ By;dB3; is
the perturbation wu,, + n(7, z), written in the v-variables, and B,’s are standard
Wiener processes in R? (so By;’s are 2 x 2-blocks). We will refer to the system
(b‘Q) as to the v-equations. Thig gystem becomes singular as v — 0.

The effective equations for (S%'Q) as ¥ — 0 is a system of regular stochastic
equations

dvi(1) = (P), dr + Z<<B>>kj(v) dg;(r), k>1. (0.10)

To define the effective drift (P) and the effective dispersion ((B)), for any 6 € T
let us denote by ®y the linear operator in the space of sequences v = (v, va,...)
which rotates each two-vector v; by the angle 6;. The rotations ®y act on vector-
fields on the v-space, and (P) is the result of the action of ®y on P, averaged in

0:
<P>(v):/ O_yP(Pyv) db (0.11)

(df is the Haar measure on T*). 6

Consider the diffusion operator BB!(v) for the v-equations (b‘Q) It defines a
(1,1)-tensor on the linear space of vectors v. The averaging of this tensor with
respect to the transformations ®4 is a tensor, corresponding to the operator

(BB (v) / By (BB (@) - By b (0.12)

This is the averaged diffusion operator. The effective dispersion operator ({(B))(v)
is its non-symmetric square root:

({(B)(v) - {(B))'(v) = (BB")(v). (0.13)

Such a square root is non-unique. The one, chosen in this work, is given by an
explicit construction and is analytic in v (while the symmetric square root of
(BB')(v) is only a Holder-3 continuous function of v). The effective equations
are weakly invariant under the action of the group T*: if v(7) is a weak solution,
then for each § € T the curve ®pv(7) is a weak solution as well. See Sections 1.5
and 2.

Let us provide the space of vectors u, with the norms |+ |, 7 > 0, where
wZ =32, [v; 57", A solution of eq. (0.10) is called regular if all moments of
all random variables supq, <7 [v(7)|r, 7 > 0, are finite.

Theorem B. System (0.10) has at most one regular strong solution v(7) such
that v(0) = U(ug).

eff
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This result is proved in Section 4, where we show that system (b_l()) is a
quasilinear stochastic heat_equation, written in Fouri%r%coefﬁcients.
The effective system %—50) is useful to study eq. (0
)

) since this is a lifting of
the averaged equations (0.6). The corresponding result, stated below, is proved
in Section 3:

Theorem C. For every Weak sol gion [ O(1) of (b_G) as in assertion ii) there exists
a regular weak solution v( 0 such that v(0) = ¥(ug) and D(gfgv(-))) =
D(I°(+)). Other way round, 1f U( ) ig , regular weak solution of (b_l'l), then
I(7) = mr(v(71)) is a weak solution of (%_5)

We do not know if a regular weak solution of problem (k?’s), (%47) is unique.
But from Theorem B we knox&that a regular weak solution of the Cauchy problem
for the effective equations (%_Jgg) i%il;nique, and through Theorem C it implies
uniqueness of a solution for (0.6), (0.7) as in item ii). This proyes Theorem A.

In Section 5 we evoke some intermediate results from 8] t%g?how that
after averaging in 7 distribution of the actions of a solution u” for (0.T) become
asymptotically (as v — 0) independent from distribution of the angles, and the
angles become uniformly distributed on the torus T*. In particular, for any
continuous function f > 0 such that [ f =1, we have

/0 f(T)Do(u” (7)) dr — db as v — 0.

dv.
This convergence justifies the random phase approzimation for solutions of (%T)
with 0 < v <« 1. The approximation is often claimed in modern physics for
various nonlinear PDE, but never was rigorously proved. 3

The recipe (Eilf'l) allows to construct effective equations for other perturba-
tions of KAV, with or without randomness. These are non-local nonlinear equa-
tions with interesting properties. In particular, if the perturbation is given by a
Hamiltonian nonlinearity v(9/0x)f(u, ), then the effective system is Hamilto-
nian and integrable (its ha '].;onian depends only on the actions I).

The effec%ia/_f equations (0.10) are instrumental to study other problems Le-
lated to eq. (0.I). In particular, they may, he used to prove the convergence (%_8)
Whe%ﬁéy(ﬂ are, stationary solutions of (b_f) and [°(7) is a stationary solution
for (0:6). See %TuklO] for discussion of these and some related results; the proof

3Usually physicists claim the random phase approximation for solutions of deterministic
nonlinear PDE. That is a much more complicated assertion.



will be published elsewhere. Moreover, we are certain that corresponding effec-
tive equations maykgg used to study other perturbations of KdV, including the
damped equation (b._f)nzo. Y

The damped-driven KdV (b_l') may be cautiously regarded as a model for the
2d Navier-Stokes equations with small viscosity and small random force, under pe-
riodic boundary conditions (those equat %g are responsi‘%eﬂ%(()r the space-periodic
2d turbulence). See in Introduction to FK"PO8], and see [Kuk07] for some results
on the 2d Navier-Stokes, related to the problem which we address in this work.

Our results also are related to the Whitham averaging for perturbed KdV, see
Appendix.

Agreements. Analyticity of maps B; — By between Banach spaces B; and Bsy,
which are the real parts of complex spaces Bf and BS, is understood in the
sense of Fréchet. All analytic maps which we consider possess the following
additional property: for any R a map analytically extends to a complex (0 > 0)—
neighbourhood of the ball {|u|p, < R} in Bf. Such maps are Lipschitz on bounded
subsets of B;. When a property of a random variable holds almost sure, we often
drop the specification “a.s.”. All metric spaces are provided with the Borel sigma-
algebras. All sigma-algebras which we consider in this work are assumed to be
completed with respect to the corresponding probabilities.

Notations. xa stands for the indicator function of a set A (equal 1 in A and
vanishing outside it). By D¢ we denote the distribution (i.e. the law) of a
random variable £. For a measurable set () C R™ we denote by |Q| its Lebesgue
measure.

Acknowledgments. 1 wish to thank for discussions and advice B. Dubrovin,
F. Flandoli, N. V. Krylov, Y. Le Jan, R. Liptser, S. P. Novikov and B. Tsirelson.
I am especially obliged to A. Piatnitski for explaining me some results, related to
the constructions in Section 1.4, and for critical remarks on a preliminary version
of this work.

1 Preliminaries

kd k0
ogytions of problem (H), (b‘Z) satisfy uniform in ¢ and v apriori estimates (see
%P(B]):

E{exp (olu®lR)} <co.  E(Juld)ll) < e (11)

for any m, k > 0 and any o < (2maxb?)~!. Here || -||,, stands for the norm in the
Sobolev space H™ = {u € H™(S') : [udx = 0}, ||ul]?2, = [(0™u/dz™)*dz. To

7



kd
study further properties of solutions for (H) with small v we need the nonlinear
Fourier transform ¥ which integrates the KdV equation.

1.1 Nonlinear Fourier transform for KdV

For s > 0 denote by h® the Hilbert space, formed by the vectors
v = (v1,v_1,V2,V_9,...) and provided with the weighted ly-norm | - |5,

|U|2 Z]1+2s V3 +U—g)

We set v; = (Uvj ), j € Z* = {j > 1}, and will also write vectors v as
—j

v = (V1,Va,...). For any v € h® we define the vector of actions I(v) =
(L, I,...), I; = 5|v;>. Clearly I € hj, C hj. Here hj is the weighted -

space,

= {] : |] hy = 2Zj1+28|]j| < OO},
j=1

and hj, is the positive octant hj, = {h € hj:I; > 0V j}.

Theorem 1.1. There exists an analytic diffeomorphism ¥ : H® — h° and an
analytic functional K on h° of the form K(v) = K(I(v)), where the function
I?(I) is analytic in a suitable neighbourhood of the octant b9, in hY, with the
following properties

1. The mapping ¥ defines, for any m € Z*, an analytic diffeomorphism ¥ :
H™ — h™. This is a symplectomorphism if the space H™ is given a symplec-
tic structure by means of the two-form Qs, [é(z), ()] = — [(Z) 1 (x)A
n(x)dx, and the space h™ — by the two-form wy = dvg A dv_y.

2. The map dV(0) takes the form Y uses — v, vy = | 8|~/ 2u,

d
3. A curve u € CH0,T; H®) is a solution of the KdV equation &(7%),,:0 if and
only if v(t) = W(u(t)) satisfies the equation

. (0 —1)\0K .

BNF



amplif_1_1

4. Form=0,1,2,... there are polynomials P,, and Q),, such that
| (W) < Pulllullm), (7 (0)ln < Qu(lv]m), j=0,1,2,
for all w and v and all m > 0.

aP P08
See HSK'PO?)] for items 1-3 and HSKPOS] for ite%i@. The coordinates v = W (u) are
called the Birkhoff coordinates and the form (I.2) of KdV — its Birkhoff normal

form.

stating that the nonlinear Fourier transform ¥ “is quasilinear”:

Proposition 1.2. For anym > 0 the map V—dW(0) defines an analytic mapping
from H™ to h™*t,

A local version of t e%ai%t statement which deals with the germ of ¥ at the
origin, is established in |. Proof of the Proposition in the general case, based
on the spectral theory of Hill operators, will be given in a separate publication.

kdv
1.2 Equation (}071) in Birkhoff coordinates

~

Applying the It%i(ﬁrmula to the nonlinear Fourier transform W, we see that for
u(t), satisfying (0.1), the function v(7) = W(u(7)), where 7 = vt, is a solution of
the system

dvy = V_ld\I/k(u)V(u)dT—i—Pkl(v)dT—I—PkQ(v)dT—f—Z Byj(v)dB,(r), k>1. (1.3)

Jj=1

Here 3; = ( Bﬁj‘ ) € R% V(u) = —Ugpe + 6uu, is the vector field of KdV,
—J
Pl(v) = d¥(u)uy, and P%(v)dr is the It term,

1
P2(v) = 5 > 02 [d*Ts(u) (¢, ¢) + Ty (u) (e—j, e_;)] € R,
j>1
Finally, the dispersion matrix B is formed by 2 x 2-blocks By;, k,j > 1, where
Biy(u) = b, (d¥(w),,.

El'f 1.1
Due to the analyticity of the map ¥, Proposition T2 and the fast decay of the
coefficients b;, for any m > 0 the matrix-functions By;(u), k,7 > 1, analytically

9

The analysis in Section 4 requires the following amplification of Theorem [T.T,



extend to a complex neighbourhood O™ of H™ in the complex Sobolev space
H™ @ C, where
1By ()l < Cnv(lfullm)i k%2, (1.4)
for any N with g suitable positive continuous function CN(~).
We will call alﬁﬁﬁe system of v-equations.
The v-equations imply the following relations for the actions vector I:

1
dI, = vt PL(v)dr + vt P2(v)dr + 5 > IBl3sdr + Y viBii(v)dB;(r), (1.5)
j>1 j>1

k > 1. Here || By;||%s is the squared Hilbert-Schmidt norm of the 2 x 2 matrix
By, i.e. the s m of quares of atll its four elements.

Estimates ( an eq. 1mply that
E sup |I(T)|hm < Cok Vm, k> 0. (1.6)
0<7<T !

See in %8].

1.3 Averaged equations

For a vector v = (vq,Vvy,...) denote by ¢(v) = (¢1, @2, ...) the vector of angles.
That is, ¢; is the argument of the vector v; € R?, ¢; = arctan(v_;/v;) (if v; = 0,
we set p; = 0). The vector ¢(v) belongs to the infinite-dimensional torus T*°. We
provide the latter with the Tikhonov topology (so it becomes a compact metric
space) and the Haar measure df = [[(df;/27). We will identify a vector v with
the pair (1, ¢) and write v = (I, ¢).

The torus T acts on each space h™ by the linear rotations ®y, 6 € T, where
Oy : (I,9) — (I, o+ 0). For any continuous function f on A™ we denote by (f)

its angular average,
’]I‘OO

The function (f)(v) is as smooth as f(v) and depends only on /. Furthermore,
if f(v) is analytic on h™, thep (f)(I) is analytic on hj*; for the proof sce 8].

ha é%germgg equations ( [ B) using formally the rules of stochastic averaging (see
h(ﬁ abs, FWO03]), we get the averaged system

dIy(7) = (viPe)(D)dr + (v PE)(T)dT

<Z||Bkj||HS> dT—l—ZKkJ )d;( k1, (1.7)

7>1 j>1

10
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with the initial condition
10) = Iy = T(¥(uo)). (1.8)

Here the dispersion matrix K is a square root of the averaged diffusion matrix S,

Skm dEf <Z VkBle Bml> (I) (19)

>1

not necessary symmetric. That is,

> Ku(DKu(I) = Spm(I) (1.10)

>1

(e abuse the language since the Lh.s. is not K? but KXK', i.e. it is [K[?). If in
(L7 % we replace K by another square ro (t)rQ/lZS , we will get a new equation which
has the same set of w ak solutions, see [Yor 4].

Note that system ( is very irregular: its drift operator (G}) is unbounded
and the dispersion matrix K(I) is not Lipschitz continuous in /.

1.4 Averaging principle

Let us fix any p > 3 and denote
Hr = C([0,T],h7,), H, = C([0,T],hP). (1.11)

P08
In HSKPUS] we have proved the following results: given any 7" > 0, for the process
I"(t) ={I(v"(7)) : 0 <7 < T} it holds

Theorem 1.3. Let u”(t), 0 < v < 1, be a solution of 2%(_3})7 2%92) and v¥ (1) =
U(u” (1)), T =vt, 7 € [0,T]. Then the family of measures D(I"(-)) is tight in
the space of (Borel) measures in Hy. Any limit point of this famzlyé as vz 0, is
the distribution of a weak solution I°(7) of the averaged equations Wﬁ’é’) It
satisfies the estimates

E sup |I°(7)|yp <00 Ym,N €N, (1.12)
0<7<T !
and
T
E/ X{0m<ay(T)dr =0 as 6 —0, (1.13)
0
for each k.

11
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Remarks. 1) The convergence (ﬁfllgg') is proved in Lemma 4,3 of %%%8'08]. There

is a flaw in the statement of Lemma 4.3: the convergence (h_IS') is claimed there

for any fixed 7 (without integrating in dr). This is true only for the case of

E%‘%ionary solutions, ecfzo the next remark. The proof of the main results in
8] uses exactly (h_l?), cf. there estimate (5.7). See below Appendix, where

the proof of Lemma 4.3 is re-written for purposes of this work.

%&FA simjlgrresult holds when w”(t) = ug(¢), ¢ > 0, is a stationary solution

1), see "R‘PUE%]

of (

1.5 Dispersion matrix K

The matrix S(/) is symmetric and positive but its spectrum contains 0. Conse-
quently, its symmetric square root v/.S (I) has low regularity in I * at points of
the set

ony, ={lehf, :1;=0 forsome j}

(which is dense in hY). Now we construct a ‘regular’ square root K (i.e. a
dispersion matrix) which is an analytic function of v, where I(v) = I. This
regularity will be sufficient for our purposes.

We will obtain a dispersion matrix K = {K},,}(v), I(v) = I, as the matrix of
a dispersion operator K : Z — [y, where Z is an auxiliary separable Hilbert
space and the operator depends on the parameter v, K = K(v). The matrix
K is written with respect to some orthonormal basis in Z and the standard
basis {f;,7 > 1} of l. Below for a space Z we take a suitable L*-space Z =
L*(X, u(dx)). For any Schwartz kernel M = M(j,z) we denote by Op(M) the
corresponding integral operator from L?(X) to ly:

Op(M) g() = 3 f / MU, 2)g(z) p(da).

We will define the dispersion operator K(v) by its Schwartz kernel K(j,z)(v),
K(v) = Op(K(v)). For any choice of the orthonormal basis in Z the Parseval
identity holds:

ZKM(U)KW(U) = /XIC(k,x)(U)IC(m,x)(v),u(dx) VEk,m. (1.14)

>1

w4MatriX elements of v/S(I) are Lipschitz functions of the arguments /I;,v/Ts,.... Cf.
89], Proposition IV.6.2.

12



Since a law_of a zero-meanvalue Gaussian process is defined by its correlations,
ar
then due to (h_E[) the law of the process » o) fiD 51 KimBm(7) € lo does
not depend on the choice of the orthonormal basis in Z: it depends only on the
correlation operator K (i.e. on its kernel ) and not on a matrix K. Accordingly,
we will formally denote the differential of this process as

SRS Kindin(r) = 4 [ Kl.a)di(r)udo). (113

>1 m>1 >1

where (,(7), x € X, are standard independent Wiener processes on some prob-
ability space. > We will call the differential in the Lh.s. (its integral) a physical
realisation of the formal differential in the r.h.s. (of the corresponding formal
stochastic integra%aturally, if in a stochastic equation the diffusion is written
as the r.h.s. in (I.I5), then only weak solutions of the equation are well de-
fined. A stochastic equation, where a formal diffusion is replaced by its physical
realisation, is (S:a%]bed a physical realisation of the equation.

Not%:ci%l (ELB) well agrees with the It6 formula. Indeed, denote the dﬁ%en—
tial in (T°15) by dn and let f(n) be a C*?-smooth function. Then due to (TT.14)

1 92 f af

I &
= (3 > ankgm | Kk, 2)K(r,2) ,u(dx))dT (1.16)
> 3—;; /X K(k, ) dB,(7) p(dz).

P t
Due to ( .arZIC) the matrix K (v) satisfies equation (S.rl()) if

/ Kk, x)(0)K(m, x)(v)pu(dx) = Z K () Ky (v)
* = (1.17)
= Skn(1) = > _{(viBu(v))(vh, B (v)))

>1

5We cannot find continuum independent copies of a random variable on a standard proba-
bility space. So indeed this is just a notation.

13
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k 1
The element Sk, (I) of the matrix S(I) in the right-hand side of (I.erl 7 ;eequals

Z/((VZBM)(‘I’&U)) (Vi Buut) (®gv)) df

I>1 oo

S [ (S Bu®) (S0, v0) B @)

121 gh

= Vivfn Z /(S_gk : Bkl((pg’l)))(g_gm . Bml((I)gv))dQ

I>1 oo

Here and below £ is the rotation of the plane R? by the angle 6, or the matrix
of this linear operator (so that £_g, - By, and £_g, - B, are multiplication of the
2 X 2-matrices).

Let us choose for X the space X = Z* x T* = {(I,0)} and equip it with the
measure p(dr) = dl x df, where dl is the counting measure in Z* and df is the
Haar measure in T*. Consider the following Schwartz kernel K:

K(k; 1,0)(v) = ViR (k; 1,0)(v), R(k;1,0)(v) = (&8 B)(@p(v)).  (L.18)

1
Then (TF5s fulfilled. So

for any choice of the basis in Ly(Z1 x T™)
t
the matrix K (v) of Op(K(v)) satisfies (EHfU) I(v).

symb
The differential (%5) where IC = K(k;/, §)(v) (and z = (I, 6)), depends on v, but
its law depends only on /(v). Due to (h), for any m > 0 there exists a complex
neighbourhood @),,, of A™ in h™ ® C such that for every k,l > 1 and 6 € T* the
matrix-function R(k,[,0)(v) analytically in v extends to @, and there satisfies
the estimates

(1.19)

IR(E,1,0)(0)]| < Cn(llvllm)&™ 2N, YN €N, (1.20)

. . aveg_1i .
We formally write the averaged equations (l.?i with the constructed above
dispersion operator Op(K(v)), I(v) = I, as

j>1

Aly(r) = (GBI dr + (PR () dr + <Z HBMH%{S> () dr
(1.21)

=30 [ VR LO)0) dByr) b

>1
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Let us fix a basis in the space Lo(Z" x T*), Wiener processes {f,(-),m > 1},
and consider the corresponding physical realisation of this equation. Let & € h?
be a random variable, independent of the processes {/,,(7)}.

Definition 1.4. I) A pair of processes I(7) € h},v(1) € h?, 0 < 7 < T, such
that I(v(7)) = I(7), v(0) = £ and

E sup |[v(7)]N <oco ¥m,N, (1.22)

0<7<T

) . % ) .
is called a regular strong solution of (II.21) in the space hY x h?, corresponding
to the basis and the Wiener processes above, if

(i) I and v are adapted to the filtration, generated by ¢ and the processes

{ﬁm (7_)}7 0.0
(ii) the integrated in 7 version of the physical realisation of (h_Z’l) holds a.s.

.0
IT) A pair of processes (I,v) is called a regular weak solution of (T.21) if it is
a regular strong solution for some choice of the basis and the Wiener processes
ng}, defined on a suitable extension of the original probability space (see in

1]).

0.0
Lemma 1.5. If (1 ),0 < 17 <T, is a reqular weak solution of eq. (h_Zl),
then I(T) is a weak solutzon of I 7; where the matriz { Ky, (1)} is the symmetric
square root of the matriz {Sgm (1)

Proof. Clearly th rocess gg 1s a solution to the (local) martingale problem,
associated with eq. |, Proposition 4.2 and Pyablem 4.3). So (1)
is a weak solution of u r ), See I Yor /4 and Corollary 6.5 in 8]. O

The representation of the averaged equations (ﬁl%lﬁ the form (Fl)_.'é)’l) is crucial
for this work. It ig related to the construction of non-selfadjoint dispersion opera-
tors in the work [DIPPO06] and is inspired by it. We are thankful to A. Piatnitski
for corresponding discussion.

2 Effective equations

. L . . }'I_T?Tave i .
The goal of this section is to lift thea%\éerz%ged equations (II.7) to equations for
the vector vfr) which transform to ( g.;i_under the mapping v — I(v). Using
Lemma [I-5 we instead lift equations (I[.21). We start the lifting with the last two

15



0.0
terms in the right hand side of (h_?l) They define the Ito differential

§<ZHBMH%{S><MT+Z [ ViR LO @B (a8 21)

j=1 121
Ito
Consider the differential dvy, = Y [ R(k;l,0)(v)dB;4(7)df. Due to (h_f6), for
I>1 Too

Ji = $|vi|* we have

dJy, = %(Z /\|R(k;l,6)|]2Hsd9>dr+Z /v;R(k;z,e)(v)dﬁw(T)de.

1>1 gk 1>1 o

) e ) .. ) . Jzadn_ch
Notice that the diffusion term in the last formula coincides with that in (}‘Zi ).
The drift terms also are the same since || L¢ Byllhs = || Bull}g for any rotation
Lor.

Now consider the first part of the differential in the right-hand side of (a\.,e .
(viPy) )dr + (v P7) (I)dr. (2.2)
Recall that P! = dV¥(u)u,, with u = ¥~1(v) and that P?(v) is the It6 term. We
have
82
<VZP]§> (I) = /(vtkP,j)(%v)dQ = /V; (g_gk d\Pk(ng)@(ng)) df
Too Too
= vi R} (v), u=VU"t(v),

where Ri(v) = [ £, d\Ifk(ng)aa—;(ng) df, and the operators Iy are defined
’]I‘oo
by the relation TTgu = W~ (®yv). Similarly,

(viPy)y(I) = /(VZP,?)(CI)QU)dQ =V / £ 9, PE(Pgv) df =: Vi Ri(v).
TOO TOO
i3_def
Consider the differential dvy, = R}.(v) dr + R2(v) dr. Then d (1|vi|?) = (B.Z).e

Now consider the system of equations:

dvi,(r) = Ri(v)dr + Ri(v)dr + > /R(k;l,ﬁ)(v)dﬁw(T)dQ, k>1. (23)
121 o
: : -9 :
L he arguments al%O\ﬁﬁrove that if v(7) satisfies (T.21), then I(v(7)) satisfies

(a‘.’7i. Using Lemma [T5 we get

16



Proposition 2.1. If v(7) is a regular weak s Zutzon of equations (% 3], %hen
(I(v(7)),v(7)) is a regular weak solution of (; N
[bound

: Lif_s . e
Here a regulla_rf weak solution of (}’Z.Si 1S a weak solutlokré, satisfying (IT.
1 S V.
Equations (}‘Z.Bi are called the effective equations for (k) [). They are obtained

from the v-equations by removing the KdV vector field and averaging the result.
These equations are weakly invariant under the rotations ®y:

1if
e The drift R'(v) + R?(v) in the effective equations (}‘2.133 T an averaging of
the vector-field P(v) = P'(v) + P%(v), see EB_N)

e The kernel R(k;1,0)(v) defines a linear operator R(v) := Op(R(v)) from
the space Ly := Ly(Z* x T*) to the space h := h=1/2, ¢ see Section 1.5. The
operator R(v)R(v)" : h — h has the matrix X (v), formed by 2 x 2-blocks

Xij(v Z R{k; L, 0)(v) R(j; 1, 0)(v) db.

AvDiff
Due to I.IS; this is the matrix of the averaged diffusion operator (lel%.

01%81der any phys1cal reahsatlon > ((B))kj(v F% i(7) of the diffusion in
see (I.14). So the dispersion

hen lsfo fo) = X(v),
operator in (23] 1S a non- symmetrlc squaEe% Joot of the averaged diffusion

operator in the v-equations. Cf. relation (0.13) and its discussion.

1if
o If v(7) is a regular weak solution of (ble'Ts%hen $yu(T) is a regular weak
solution for each 6.

System (ﬁ)_.'é)l) has locally Lipschitz coefficients and does not have a singularity
at Gh}ﬁ +, but its dispersion operator depends on v. Now we construct an equiva-
lent system of equations on I which is v-independent, but has weak singularities
at Ohl, . 0.0

The dispersion kernel in equations (h_Zl) is ViR (k;1,0)(v). Let us abbreviate
it as KCx(1,0)(v). Then KCk(l,0)(v) = viBri(v) |pea,0. Clearly

Ki(l,0)(®yv) = Ki(1,0 + ¢)(v) V¢ € T™. (2.4)

Denoting, as before, by Op(K(v)) the linear operator Ly(N x T*) — [ with the
kernel K(v) = Ki(l,0)(v), v = (I, ¢), we have

Op (IC(I, o1+ (,02)) =Op (/C(], gpl)) o U(pa). (2.5)

6Recall that the space h is given the lp-scalar product
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Here U(yp) is the unitary operator in the space L = Lo(N x T°), corresponding
to the rotation of T* by an angle ¢ € T*.

Let us provide Lo(T',dz/27) with the basis &;(0), j € Z, where & = 1,
§ = V2 cosjz if j > 1 and & = V2sinjr if j < —1. Fori € N and s =
(s1,89,...) €ZN, |s| < oo, define

Ei(1,0) =6 [ [ &,(65)
JEL
(the infinite product is well defined since a.a. factors is 1). These functions define
a basis in L. For n > 1 denote by L" the subspace of L, spanned by the vectors
E; s such that i < n,|s| < n and s; = 0 if [j| > n. It is easy to see that the
operators U(y) leave all the spaces L™ invariant. Let (E,.,r € N), be the functions
E; s, re-parameterised by the natural parameter in such a way that each space L"
is generated by first few functions F,.:

L" = span{E1, ..., Eymy} (2.6)

For any v = (I, ¢) the matrix K(v) with the elements

Kir(v) = (Ki(1.0) (). E(1.0)) = / KO B ) d9)

L

i%%he matrix of the operator Op(IC(v)) with respect to the basis {E,.}. Due to
(2.5) for v = (I, ) the operator Op(K(I,¢)) equals Op(K(I,0)) o U(p). So its

matrix is

’Ckr(]v 90) = Z Mkm(])Umr<90)7

where the matrix Mg, (I) corresponds to the kernel K (l,8)(1,0) and U, (¢) is
the matrix of the operator U(y) (both matrices are formed by 2 x 2-blocks).
Clearly || K(1,¢)|lns = [|M(I)| gs for each (I, ). Taking into account the form
of the functions E;4(I,0) we see that any U,,.(¢) is a smooth function of each
argument ¢; and is independent from ¢;, with k large enough. In particular,

any matrix element U, () is a Lipschitz function of ¢ € T. (2.7)

Note that the Lipschitz constant of U,,,. d D¢ ds on m and r.
Let us denqfe the drift in the system ( Z1) by Fi(I)dr. Then the physical
realisation of (IZ 1), corresponding to the basis {E,}, is the system

dI(7) = Fi(I)dr + > My (I) Uy (9) dB,, k> 1. (2.8)

m,r

18



Consider the processes B, (7), m > 1,

B (T ZUW N dB(1),  Bm(0) =0. (2.9)

Since U is an unitary operator, the%_%n(r), m > 1, are standard independent
Wiener processes. So we may write (2.8) as

dI (1) = Fu(I dT+ZMkm )dBm(T), k>1. (2.10)

2
Note that each weak solution of }‘2_10 is a weak solution of @'8) and vice versa.
SS Sqr
Due to (II.T9) the matrix M satlsﬁes (h—ql'U) So equations (b_IO) have the same

weak solutions as equation 1( ¥
Now consider system (23] for v(7). Denote by Ry, (v) the matrix, corre-

sponding fq the kernel R(k;1,6)(v) in the basis {Ey}. Denoting Rj + Rj, = Ry,
(E 3]

we write as follows:

dvy, = Ry(v) dr + ZR,W ) dB, (T (2.11)

U) dr + Z Rkl(v)Uml<90>Umr<90) dﬁr(7—>

m,l,r
So
dvi = Rp(v)dr + Zka YdBn(T),  k>1, (2.12)

where

Rim (v Z R (v

~ 1if
sg,that [|[R(v)|us = [|R(v)||ns < oo for each v. As before, equations (}’2.13i And
(2712) have the same sets of weak solutions.

We have established

Lemma 2 24 Equations ( ETZ gue the same set o e ular weak solutions as
e

equations (Eﬂ), and equations ( b’lO - as equations ( e Wiener processes

{B,(7), r = 1} and {Bn(7), m = 1} are related by f oqnula .9), where v(T) =

(I(7), (7)) and the unitary matriz U(yp) satisfies ("Z.?i

We also note that if a process v(7) sa‘j(ie es only one equation (b.—lZ), then it
also satisfies the corresponding equation (2.11).

19
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3 Lifting of solutions

3.1 The theorem

In this secti N, we prove an assertion which in some sense is inverse to that of
Propomtmn% [. For any ¢ € T* and any vector I € hY we set

Vﬁ([) = (V1917V1927 s ) € hpa V19r = Vﬁr([r)> where
Vo(J) = (V2Jcosa, V2Jsina)' € R?.

Then ¢;(Vy(I)) = ¥; Vj and for every ¥ the map I — Vy(I) is right-inverse to
the map v — I(v). For N > 1 and any vector I we denote

PN = (Ing1, Ingas - -2 ), VNI = (Vonei (D), Vanao(D),...).

Theorem 3.1 (Lifting). [Let I°(1) = ([{(7), k % 1, 0 < 7 < T), be a weak
solution of system (I. constructed in Theorem 13 Sen for any vector 9 €

T, there is a reqular weak solution v(T) of system 1 (2 3] such that
i) the law of ](v()) in the space Hy (see (;I [)) coincides with that of I°(-),

it) v(0) = Vy(lo) a.s
Proof of the theorem is based on a simple idea, which is obscured by serious
technical complications. We start with sketching the idea and explaining the
technical difficulties. The complete proof is given in the next subsection.
o3 Oketch of the proof. Let us re-write the avergged system for / (7) in the form
(2:10) and the effective v-equation in the form (2:12). It suffices to show that they
have weak solutions I(7) and v(7), corresponding to the same Winer processes

Bm(7), such that the law of I(7) equals to the law of I°7) (v(z)) = I(7) and ii)
holds. Abusing a bit notatigns we will denote a solutlon for (2:10), dlstrlbuted
as 19 by I'. We regard (2:10), (2.12) as a system of stochastic equations on
(1, v)(T) and approximate it by a system Which is finite-dimensional in v:
dIi(7) = Fe(I)dr + Y My (I) dBn(7), k>1, (3.1)
m>1
dvi(r) = Ri(v)dr + Y Rim(v) dB(7), k< N. (3.2)
m>1

71
In the r.h.s. of eq. (E_Z) we replgfle v%by v = (vN(7),VyN(I(r)), where vV (1) =
(Vi,...,vy)(T) € R, So (81),(82) is a system of equations on the vector
(I,v™). We are looking for solutions such that

I(vi(r)) = Iu(r) Yk <N. (3.3)

20
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For the I—c%%pong%g: of a solution we take I = I°. Then it remains to find vV (7),
satisfying (3.2), (3.3).

Assume that for each N we constructed a solution (I,v") and denote by
No(7) the process Nv( ) = (N(7), VyN(I(7)). Due to Egbg) and (%) the family
of measures D(/ ;Q is t ght in the space H; X H,. Any limiting measure is
a weak solutlon for (2:10), ( 2) and the v-component of this solutions satisfies
i) and ii).

It remains for each N > 1 find a solution for (%‘1)
fixed &k < N consider the equation for @i (7) = @(vi(T
by the Ito formula:

- (%), To do this, for
)) which follows from (b‘?)

dipi(1) = R{(v)dr + Y R, (v) dB(7), (3.4)
m>1
where
R;(v) = (Vvk arctan (:—’;)) - Ri(v)
1 2 Vk ~ ~
+§ mz;l (V arctan <Uk>) Rim - Rim,
RE (v) = (Vvk arctan (Uv—k>) - Riem (V).
—k
Here - stands for the inner product in R% If vi(7) # 0, then near T equation
1
(E‘Z) is equivalent to (%71)4—(%.’4). Let us denote
1) = min {1;}. (3.5)

For any 6 > 0 we can cover [0, 7] by a countable union of random closed intervals
Aj,5>1,and Aj,j > 1, such that

i) Ap < Ay <A <Ay < ... (any two neighboring intervals intersect each
other by a point),

ii) [I] > 0 on each A;, and [I] <26 on each A;.

We construct a solution vV on these intervals iteratively. Assume that we
know it at the left end point of some A;. To construct v™V(7) on A; we note that

nce eve{rty [vi(T)]? = 2I; > 25 on Aé the gze can replace each pair of equat%oltlls
E_Il ) with & < N_by the pair ( TB_l 8 is, replace the system (3.1)

by the system (%_l) ( 4) (in the I. h S. of 4 ) we replace vy, by V., (Ii)
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if k < N and replacggt by Vy,(Iy) if £ > N). Since I(7) = I°(7) is known,
it remains to solve (B.4), regarded as a stochastic equation with progressively
measurable coefficients for the vector o™ (1) = (p1,...,on)(7). Such a solution
" exists. It defines v (7) for T € A;. 120

On each interval A; we have [] < 2. By (h_l'g) the union of these intervals

becomes small with . So if we C?lmg extend v™(7) to these intervals “in a con-
trolable way”, keeping property ( , m ext go to a limit as 6 — 0 to
construct a required weak solution of % 3). The task of extending v 1%76)

to the intervals A; turned out to be surprlsmgly complicated. Indeed, by (b‘?)
we have v} (1) = \/2I(7) cos pi(T), vy () = \/2I;(7) sin y(7) with an unknown
phase ;. So apriori [vi| ~ §7/2 and the restriction of vV to UA; becomes non-
negligible as 6 — 0. To construct a “right” lifting v, (7) of Ix(7) when Iy is small,
we use the fact that the process I(7) is a limit of the processes I"(7) = I(v"(7)),
where v” solves (I.3]. The pracess v”(7) is a lifting of I(7) which is singular
(i.e. very fast) as v — 0. In FR“PUS] we suggest a rather involved construction
(repeated below in Appendix) which modifies any process vy(7), k > 1, to a
process vY(7) such that I(v}) = I(v}) and |£v}| ~ 1 as v — 0. A limit in
distribution of the processes v{(7) as v = v; — 0 gives us a ‘right’ lifting of Ij.
Taking k = 1,..., N we get an extention of the process v" (1) to A}, keeping the
property (%_5’), and such that [0V| ~ 1 as § — 0.

Iterating %hllese twe constructions we get a process (I oM (1),0 < 7 < T,
which solves (3.1) - (b‘:u') far 7.€ UA; and satisfies good estimate on the remaining
small set UA;. In Lemma Eg 4 we show that a%ni/l limi%%stribution of the processes
(I,v™) as § — 0 is a weak solution for (3.1) ). The lemma’s proof is
stralghtforward but long; it occupies Subsection %‘3 Considering the processes
Ny = (vN(7), V7V (I%(7)) and sending N — oo we get a required weak solution
v(T).

The construction, explained above, becomes complicates when norm of the
process I(7) is large. So, in fact, we begin the proof by introducing the stopping
times 7p = inf, {|I(7)|,» = P}, and replacing I°(7) by a trivial modification for
T > 7p. We construct a weak solution vp(7), corresponding to the modified
process I°(7), and next go to limit as P — oo to get a real solution v(7).

_1if
3.2 Proof of Theorem 3 1.
Step 1. Re-defining the equations for large amplitudes. For any P € N consider
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the stopping time
7p = inf{r € [0,T] | [v(r)[2 = [[(v(7))]ss = P}

(here and in similar situations belo v d’(’prrT if the set is empty). For 7 > 7p and
each v > 0 we re-define equations (i.3$ to the trivial system

or_i |aveg

and re-define %gcogdlqg}yf equatloPs Ql b) and (. /) We will denote the new
equations as (IL.3]p, (I.5)p_and (L.7)p. If vp(7) is a solution of (IL3]p, then
I (1) = I(v(1)) satisfies (l.%i That is, for 7 < 7p it satisfies (I.5), while for

T > Tp it is a solution of the It6 equations

d]k = %bi dT—f-bk(Uk dﬁk‘f’l}_k dﬂ_k) = %bi dT+bk\/ 2114: dwk(T), k Z 1, (37)

; . for_i
where wy,(7) is the Wiener process [ (cos pg dfBy + sin gy, df_). So (el 5 i;rlslthe

system of equations

dly = Xrerp - (.15, of (TS5 (%bi dr + be/21, dwk(7)> . k>1 (3.8)

Accordingly, the averaged system (al 7 ; Elmay be written as

e e (A SR 50) v (),

. (3.9)
2 -
k > 1. Here (as in (5_8)) F}. dr abbreviates the drift in eq. (al Y?ei, and for 7 > 7p
we replaced the Wiener process wy, by the process §; — this does not change weak
solut}ogs of the system. kP08
Similar to v” and I” (see Lemma 4.1 in HSK'PUS]), the processes v}, and I} meet
the estimates

E sup |I(T )|hm =E sup |v(r )| <C(M,m,T), (3.10)

0<r<T 0<r<T

uniformly in v € (0, 11: compl

Due to Theorem 73 for a sequence v; — 0 we have D(I"i(-)) — D(I°(-)).
Choosing a suitable subsequence we achieve that also D(I7 (+)) — D(I P(SQ) for
some process [p(7), for each P € N. Clearly Ip(7) satisfies estimates (
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aveg_1i |sto

Lemma 3.2. For any P € N, Ip(7T) is a weak solution of (I.7)p=(83. such that
D(Ip) =D(I° for T < 7p " and D(Ip(-)) — D(I°()) as P — .

eq_for_jstopl
Proof. The process I}%(7) satisfies the system of It6 equations (I.5)p=

which we now abbreviate as
dIpy = Fu(r,0p(7) d7 + > Sij(,vp(7)) dBj(7), k> 1. (3.11)
J
Denote by (F)r(7,I) and (S8%) g, (7, I) the averaged drift and diffusion. Then

<{§>k = XTSTka([> + XTZTP% bk; <88t>km = XTSTpSkm<I) + XTZTP(skmbiQIk

diff
(cf. (b‘8) and (II. T99). We claim that

q

T?:=E sup —0 as v—0, (3.12)

0<r<T

/Or(gk(s,vlyg<8)) — <g>k(5,[;(8)) ds

for ¢ = 1 and 4. Indeed, since §x = (§)r for 7 > 7p and v% = v”, I} = I for
7 < Tp, then

q

TI <E sup
0<r<T

/0 (Fu(s, 07 () — FulI¥(s)) ds

P08
But the 1r.hE§I goes to zero with v, see in HSK'P'D8] Proposition 5.2 and relation
(6.17). So (B.12) holds true,

Relations ( 11) and }3_12 with ¢ = 1 imply that for each k the process
Zi (1) = I (7 fo (k) ds, regarded as the natural process on the space H;, given

the natural filtrati d the measure D(Ip), is a square integr rgble martingale, cf.
Proposition 6.3 in 8]. Using the same arguments and (3-12) with ¢ = 4 we
see that for any k and m the process Zy(7)Zp (1) — [ (SS")im ds also is a D(Ip)-

martingale. It means.that the measure D(1 p) is a solution of t e martlngale
problem for eq. (. 13:( . That is, Ip(7) is a weak solution of ( P
Since D(I}) = D(1¥) =: P¥ for 7 < 7p, then passing to the hmlt as v; — 0

we get the second assertion of the lemma. As P"{rp < T} < CP~! uniformly in
v (cf. ( ), then the last assertion also follows. O

Step 2. Equations for v¥.

"That is, images of the two measures under the mapping I(7) — I(7 A 7p) are equal.
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By Lemma %;f%process I O(Te)7sati éﬁﬁ% b’lO For any IV € N we consider
glerkm like approximation (%‘1), ) for equa‘jgci‘ns b_12 ), coupled with
As at Step 1 we re-d ﬁng1 tthe [ equatlons after 7p to equations
jB'?ji(il he v-equations — to (TXTG)_We denote thus obtained system S,. By
Lemma 3.2 the process Ip(7) satisfies the new I-equations, and we will take Ip(7)
f%%the 1 —g%np‘onept of a solution for S,. To sol've‘ S, for 0 < %'efd e?; we first solve
B.1) + (%'Z) till time 7p and next solve the trivial system (%TG)_f?)r T € [tp,T].
The second step is obvious. So we will mostly analyse the first step.
Denote

Q=Q; x Qy = C(0,T; k%) x C(0, T;R*Y),

and denote by 77, my the natural projections 7y : QR Qr, Ty - O — Q. Provide
the Banach spaces ), Q; and Qy with the Borel sigma-algebras and the natural
filtrations of sigma-algebras. Let {.7;, 0 <t < T}, be the filtration for Q.

Our goal is to construct a weak solution of system S, such that its distribution
P = P¥ = D(I,v") satisfies 7;oP = D(Ip(+)) and I (vV(+)) = IV(-) P-a.s. After
that we fWisll go to a limit as P — oo and N — oo to get a required weak solution
vof (37

We will construct P¥ as the limit when § — 0 of measures P; = D(I(-), v (+)),
where the process (I(7),x™ (1) “solves S, for 7 outside the (small) random set,

where [1(7)] <7 (see (%_5))

Step 3. Construction of a measure Pg.
Fix any positive 5. For the process [ (T) = I°(7) we define stopping times
0 < T such that --- < 07 <6 <6, <... as follows:

e if [/(0)] <4, then 6; = 0. Otherwise 6 = 0.

e If 67 is defined, then 6 is the first moment after 6 when [I(7)] > 2§ (if
this never happens, then we set QJT = T’; similar in the item below).

e If 7 is defined, then 6, is the first moment after 67 when [I(7)] <.

We denote A; = [07,07], A; = [0F,0-,,] and set

JrYg Jj 7+l
A=A =Uh;, A=A =UA;

For segments [0, ;] and [0, 9}], which we denote below [0, Qi] we will itera-
tively construct processes (I,v")(r) = (I, )3 *(7) such that D(I( ) =D(p(+)),
N (1) =N (T A Oi) and D(IV(7)) = DI ( N(1)) for 7 < Qi Moreover, on each

) =
segment A C [0, Qi] the process (I,vY) will be a weak solutlon of S,. Next we
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.e2

will obtain a desirable measure Ps as a limit of the laws of these processes as
J — oo.

For the sake of definiteness assume that 0 = 6.

a) 7 € Ag. We wish to construct a weak solution (I,v") of system S, for
0 < 7 < 07 such that, as before, D(I) = D(Ip). We will only show how to do
this on the segment [0,6; A 7p] since construction of a solution for 7 > 7p is
trivial.

Let (1(7),v™ (7)) be the natural process on  (corresponding to some measure
on Q). A%_]}Z{ne that for some fixed k < N its com%_]nent vi(7) € R? satisfies
equation (B.2)g. Then I;(7) = I(vi(7)) satisfie )k, and for 0 < 7 < 67
the angle pr(7) = @(vi(7)) satisfies equatlon 4 Clearly on the domain
{oV € R | [I(WN)] > 4, |vV], < P} the factors V., arctan(vy/v_j) and
V3, arctan(vy/v_;) are smooth, Lipschitz and bounded.

Since the mapping v — (I, ¢) is a diffeomorphism of the domains {|v| > ¢}
and (36%,00) x S*, then, on the contrary,

7
if for 7 < 07 the process I (7) satisfies (E‘l)k ox(T) sa%sﬁes
%‘4 ), WEere vi (1) = Vo, () (1x(7)), then vi(7) satisfies (E‘Z)k

Similar assertions hold for the equations, modified after the stopping time 7p,

(3.13)

1_1if
Lemma 3.3. For any positive & and for ¥ as in Theorem L‘)’T?,lfor 0<7 <V
the system S, has a weak solution (I,v™) such that D(I(-)) = D(Ip(-)) and
%‘Vk|2(7') = Ik(T), Vk(O) = V§k<10) fOT k S N.

Proof. Denote by S, the system (Ezl) p+( §§4 )P 1<k<N- Its solution is a process
(I(1), N (7)) and in the p-equations we substitute v, = 1<k<N.

For any integer M > N of the form M = M(n), n > 1 see b‘é} we call the

~truncation of system S, a system, obtained from S, by omitting in equations
( 4) with 1 < k < N the terms RE (v )dﬁm with m > M The dispersion matrix
for the modified p-equations is ’R“”M = {R{ 1<k<N,1<m< M} Since
U(p)L™ = L™, then for m < M = M(n) we have Uj,,(p) = 01if j > M. So for
m< M

Riom (v Z Rt (0)Upn (¢

. . 12 -7ej1. - S OM -
This relation and (2.7) imply that for 0 < 7 < 67 A7p the diffusion matrix RM is
Lipschitz continuous in ¢. In the M-truncation of the system S, the /-component
is known (it equals I°) and the p-equations form a system with progressively
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measurable lg)%{?cients, Lipschitz in ¢". So it has a unique strong solution ™M
e.g. see in [Kry03]. This gives us a solution (I°,o™M)(7),0 < 7 < 67, for the
M-truncated system. We first extend this solution to the segment [6; A 7p, 0] ],
and next — to [0, T by setting ™M (1) = oMM (7 A 6]).

For any N and for 0 < 7 < 60; A 7p we have

IR ()| s < C(6, P)IR(v)|| s = C(6, P)|R(v)| s

Since all moments of the random variable sup, ||R(v(7))| ms are finite, then the
family of processes (Ip, ™M) € hl, x TN, M > 1, is tight. Any limiting as
M — oo measure solves for 0 < 7 < 0 the martingale problem, corresponding
to system S,. So this is a law of a weak solution (Ip, ™) of that system (i.e.,
(Ip, éoeN )(7) satisfies the system with suitably chosen Wiener processes f,,). Due
to (b—l?)) the process (Ip,v™) with v;(7) = Vi, (Ip;(7)), j < N, is a weak
solution of S,. We have constructed a desirable weak solution (I,v™)(7), 0 <
T<0;]. O

We denote by P the law of the constructed solution (I,v"). This is a measure
in Q, supported by trajectories (I, vN) such that vV (7) is stopped at 7 = 05 .

b) Now we extend P to a measure P] on Q, supported by trajectories
(I,vY), where v¥ is stopped at time 67 .

Let us denote by © = ©% the operator which stops any continuous trajectory
n(7) at time 7 = 6. That is, replaces it by n(r A 6;).

Since D(Ip()) = D(Ip(-)) as v = v; — 0, then we can represent the laws Py
and D(v%)) by distributions of processes (Ip(7), v} (7)) and v},”(7), defined on
a new probability space 2, such that

I(Wp"(:) = Ip(:) asv=v; >0 in H; as.,

and
WYy =1Y for <6y

Since v,."(7T,w), 0 < 7 < T, is a diffusion process, we may replace it by a contin-
uous process w%(7;w,w;) on an extended probability space © x €y such that

1. DwY} =Dvp"

2. for 7 < 07 = 0] (w) we have w% = vp” (in particular, then wY% is indepen-
dent from wy);
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3. for 7 > 0 the process w} depends on w only thro %c}ilv tbhler initial data
wh (07 ,w,wy) = v (07 ,w). For a fixed w it satisfies (I.3]p with suitable
Wiener processes (3;’s, defined on the space ;.

Using a construction from %8], presented in Appendix, for each w we
construct a continuous process (0", w’N)(1;w,w;) € WP x R*N 7> 07, w; € Qy,
such that for each w we have

(i) law of the process w”(T;w,w1), 7 > 67, w1 € 4, is the same as of the
process W (T;w, wy);

(ii) I(w"N) = IN(w”) for T > 07, and p(w"N(0y)) = o™ (67)) as. in Q;

(iii) the law of the process w*™ (1), 7 > 60, is that of an It6 process

dv" = BN (1) dr + " (1) dw(T), (3.14)

where for every 7 the vector BY(7) and the matrix o (7) satisfy v-independent

estimates
BY(r)| <€, ' <aV(aV)i(r) <CI as, (3.15)

with some C' = C(P, M).

Next for v = v; consider the process

Ep(r) = (15(7) = 1@ (7)), Xoco, 0p™ + Xmgy @), 0T <T.

v_est .
Due to (%_I'DT and (iii) the family of laws {D(£5),j > 1}, is tight in the space
c(0,T; hzl) x R?N). Consider any limiting measure II (corresponding to a suitable
subsequence v; — 0) and represent it by a process Ep(1) = (Ip(7), 08 (1)), ie.
Dép =11 Clearly,

(iv) D(&p) ’Tgel—: P,

(v) D(Ip) = D(Ip).

Since any measure D(£%) is supported by the closed set, formed by all trajec-
tories (I(7), v (7)) satisfying IV = I(vY), then the limiting measure II also is
supported by it. That is, the process £p satisfies

(vi) 1(0N (1)) = IN(7) a.s.

Moreover, for the same reasons as in Qpend' the law of the limiting process
oN(7), T > 07, is that of an Tto rocess (3.14), (3:15). (Note that for 7 > 61 the
process U5 is not a solution of (E'Z))

Now we set ) .

P; = 0% oD(¢p).

28



c) The constructed measure P} gives us distribution of a process (I1(7), v™ (7))
for 7 < 0. Next we solve system S, on the interval A; = [0}, 6;] with the initial
data (1(6;)),v™ () and iterate the construction.

It is easy to see that a.s. the sequence 9?-[ stabilises at 7 = T after a finite
(random) number of steps. Accordingly the sequence of measures P;-t converges

to a limiting measure Ps on €.

d) On the space Q, given the measure Py, consider the natural process which
we denote &(7) = (I5(7), v (7)). We have

L D)) = D(Iy),
2. (N () =1} as.,

3. for 7 € A? the process & is a weak solution £1S”’ while for 7 € A° the
process vy (1) is distributed as an It6 process (3.14).

Step 4. Limit 6 — 0.
Due to 1-3 the set of measures {Ps,0 < 6 < 1} is tight. Let Pp be any
limiting measure as 6 — 0. Clearly it meets 1 and 2 above.

Lemma 3.4. The measure Pp is a solution of the martingale problem for system
S,.

The lemma is proved in the next subsection.

Step 5. Limit P — oc. .

Due to 1, 2 above, relations (%ﬁ%‘} and Lemma %j}_l%nhe set of measures Pp,
P — o0, is tight. Consider any limi g easure PV for this family. Repeating
in a simp%eilway %hzc%proof of Lemma 3.4 we find that P¥ solves the martingale
problem (8.1) + (3.2). It _gtill satjsfies 1 and 2 (see Step 3d) ). Let (I(1),vN (7))
be a weak solution for (%_1) + (137) such that its law equals PY. Denote by
Nﬁlv_o(%the process (vV (1), V>¥ (7)) and denote by p? its law in the space H,, (see

Step 6. Limit N — oo.
est . . . .
Due to (h_l?) the family of measures {uV} is tight in H,. Let N; — oo be a
sequence such that p™i — p. o4
The process () satisfies equations (b-_12)1§k54_\7 with suitable standard in-
dependent Wiener processes 3,,(7). D et Lemma b:Z and a remark, made after
(2.11

it, the process also satisfies equations )i<k<n. Repeating again the proof of
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1.1im . . . e44
Lemma }3.4 we see that p is a martingale solution og L;cile system ( ; L <k<n for
any N > 1. Hence, p is a martingale golution of (b_l'l) and of (2. et v(T)
(11

be a corresponding weak solution of ), D(v(- l) | G As pNi — i, then the
process v satisfies assertions ¢) and 4i) in Theorem 37T and the theorem is proved.

.1lim
3.3 Proof of Lemma 3 4.

Consider the space € with the natural filtration F,, provide it with a measure Pj

and, as usual, complete the sigma—algebras F. with respect to this measure. As

before we denote by &(7) = (I5(7),v) (7),0 < 7 < T), the natural process on ).
i) For k > 1 consider the process L;k( ). It satisfies the Ix-equation in S,:

dI, = KL (r,I)dr + Y M} (7,1)dB, (7). (3.16)

Here F' equals F}, for 7 < 7p and equals %th% 3 TP while M} equals My, for
7 < 7p and equals bk\/m for 7 > 7p, cf. (8.9). For each 6 > 0 and g%k the
process x7,(7) = I(7) — [5 Fi¥'(s,1(s)) ds is an Psg-martingale. Due to ?}I_J'E) the
Lo-norm of these martmgales are bounded uniformly in 7 and §. Since Ps — Pp
and the laws of the processes x%, corresponding to § € (0,1] are tight in C0,T],
then xi(7) also is an P p-martingale.

ii) Consider a pro £5S Vi, 1 < k < N. It satisfies S, for 7 € A% and satisfies
the k-th equation in (3:14) for 7 € ‘52, where the vector BY (1) and the operator
a¥ (1), 7 € A°, meet the estimates (8.15). So g satisfies the It6 equation

de<7—> - (XTEA5RkP(T7 U) + XTEA‘;BlJcV(T)) dr
Fxrens Y R (T,0) B (7) + Xreas Y ape(7) dw,(7)
m r (3.17)

dT—i—ZG 7,0) dfm (T +chr ) dw,.(T

m>1

Note that the random dispersion matrices G°(7) and C°(7) are supported by
non-intersecting random time-sets.

For any & > 0 the process x3(7) = vi(r) — [5 A)(s)ds € R? is an Ps-
martingale. Let us compare | A2 ds with the correspondlng term in S,. For this
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end we consider the quantity

/ Ai(s)ds—/ RE (s,v(s)) ds

0 0

<E |Rkp(s,v(s))’ ds + E/ |BY (s)|ds =: Y1+ Ts.
A9d

E sup

0<r<T

(3.18)

v_est \e120
By (B7I0) and(I.13),

T T
T2 < E/ ]Rkp\zds-E/ Xas(s)ds < C(P)os(1).
0 0

3
Similar Ty < C’(P) os(1). So (5’18) goes to zero with 0. Since the Lo-norms of
the martingales Xk are uniformly bounded and their laws are tight in C'(0, T; R?),
then x%(7) = vi(r fo RP(s)ds is an Pp-martingale. Indeed, let us take any

0< <n<T and let ® € C’b(Q) be any function such that ®(£()) depends
only on &(7)o<r<s,. We have to show that

E"” ((xi(12) — xi(m1))®(€)) = 0. (3.19)
The lLh.s. equals

lim EP? ((x}(72) — x3 (1)) ®(€))

6—0

:(lsi_r>r(1)EP5 (I) Vk 7‘2 —Vk 7'1 /

RY(
— T P
=lmE <c1>(g) /T (A s))ds)
(we use that 9 is a Ps-martingale). The r.h.s. is

< Clim EP sup < Clim(T; — Yy) = 0.
0—0 pa 6—0

[m@mmws

hOO
So (%_[9) is established.

iii) For the same reasons as in i), for each k and [ the process
e /ZMMJAWM@@
is an P p-martingale.
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2
iv) Due to (%.‘17), for any 0 and any k,l < N the process

Wi / (ZG +02mcfm) s

1

= AN — 5 [ us) + Vi) ds

is a Ps-martingale. We compare it with the corresponding expression for system
S.. To do this we first consider the expression

_/ (Z’R ' RE — X — Y,d> ds
Z R le Z akzmalm

As in ii), the r.hus. goes to zero with 0. Hence, XQ(T)yify) — 3 .Jo RE RE ds is
an P p-martingale by the same arguments that prove (jg 19).

v) Finally consider the I, v-correlation. For k > 1 and 1 <1 < N the process

R? 5 /()] / > MG, Gl / S MECE (o)

m>1 r=1

i)~ [ Zhias

E sup

0<r<T

(3.20)

1
Xseas ds + E - / Xsens ds.

is an Ps martingale. We know that

1. the matrix %[Bm, w,](s) is constant in s and is such that ly-norms of all its
columns and rows are bounded by one;

2. [|MF||us, |C|lus < C(P) for all .
Therefore

S S MECE B (5)] < ().

m>1 r=1

Now repeating once again the arguments in ii) we find that

/ (Z MP RP — _kl> ds
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as 6 — 0. Therefore the process xi(7)x} (1) — 3 [, > MP REP ds is an Pp-
martingale.

. . . . Ell
Due to i)-v) the measure Pp is a martingale solution for eq. (3:1)p. O

4 Uniqueness of solution

s_uniq N . : . o HEE
In this section we will show that a regulaers%olutlon of the effective equation (.

(i.e. a solution that satisfies estimates (T.12)) is unique. Namely, we will prove
the following result:

Theorem 4.1. If vili(T and v*(T) are strong regular solutions of some physical

realisation of eq. (2.3] such that v'(0) = v*(0) a.s., then v'(:) = v*(*) a.s.

. . aSh
Using the Yamada-Watanabe arguments (see, for instance, %K‘S’Ql]), we con-
clude that uniqueness of a strong regular solution for (2.3] implies uniqueness of
a regular weak solution. So we get

if_s
Corollary 4.2. If v' and v? are reqular weak solutions of equations (%.37 such
that D(v*(0)) = D(v?(0)), then D(v'(:)) = D(v?()).

, 1 1if o
Corollary 4.3. Under the assumptions of Theorem |5.1 the law of a lifting v(T)
1s defined in a unique way.

1_1if
Evoking Theorem I3 “We obtain

i|IC
Corollary 4,4, Let IY(7) and I*(7) be weak regular solutions of (al‘.’7e§,_5h_.8) as

in Theorem 1.3 (1.e. these are two limiting points of the family of measures
D(1"(+))). Then their laws coincide.

t_compl .
These results and Theorem -3 jointly imply

Theorem 4.5. The action vec%%’e I_”i(-hﬂ:gconverges in law in the space Hy to a

reqular weak solution I°(-) of Moreover, th@ﬁ w_of I° equals I o
D(v(+)), where v(T) is a unique reqular weak solution of (b.Bi such that v(0) =
Vy(ly). Here ¥ is any fixed vector from the torus T.

t_unistr
Proof of Theorem [-1. Denote by (-, -)o the inner product in 2°. For a fixed x > 0
we introduce the stopping time O:

O =min{r < T : [v'(7)|p2 V [V*(7) |2 = K}
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bound

(if the set is empty we set © = T'). Due to (IT.

P{O<T} <ck .
Denote . '
v (1) =0 (T ANO), w(r) = v (1) — vi(7).

To prove the theorem it suffices to show that w(7) = 0 a.s., for each k > 0.
We have

dwn(r) = Xo<o{ [R(v}) = BA(uD))dr — [R}(}) — RE(02)]dr

+> / [R(k;1,0)(v)) — R(k; 1,0)(v2)] dﬂwde}

121 o
Application of the It6 formula yields

TAO

Elo(r)f =B [ (w(s) [R'(0}) - B2, ds

\E / (w(s), [R3(o}) — R2(2)]),ds

0
1 TAO
+5E / > / IR(-,1,0)(v}) — R(-,1,0)(v2)|3 dds = =1 + =5 + Zs.
0 [2lpe

e _will estimate the three terms in the r.h.s. and start with the term =;. By
(h_ZO) and the Cauchy inequality we have

R 10)(vi(s) = R( L, O)(wi()ls < C(N, w)I |w(s)[5

for any N € Z". Therefore,

TAO

=3 <C(k)E / lw(s)|2 ds.

0

TAO

For similar reasons Zy < C(k)E [ |w(s)[3 ds.
0
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14.

1

Estimating the term Z; is more complicated since the map v — R(v) is
unbounded in every space h?. We remind that £~ := d¥(0) is the diagonal
operator

£*1<Zusfs> =0, Us= |s|’1/2us Vs € Zy,

and introduce Wo(u) = ¥(u) — L 'u. According to Proposition (Hal?fjl,_l%ol__d;eﬁnes
analytic maps H™ ~— h™™ m > 0. We denote by G the inverse map G =
U~L Then G(v) = L(v) + Go(v), where Gy : h™ — H™'! is analytic for any
m > 0. Finally, denote R!(v) — Av = R%(v), where A is the Fourier-image of the
Laplacian: Av = v/, where Vi = —j%v;, Yj.

Lemma 4.6. For any m > 0 the map R° : h™ — h™! is analytic.

. . 1if_s . . . .
So the effective equations (b.Bi 18 a quasilinear stochastic heat equation, writ-
ten in Fourier coefficients.

Proof. We have

R'(v) = / D _yLTIA(GPyv)d O + / D _gdUo(GPev)A(GDyv) d .

fo. o

The first integrand equals
q)_gﬁ_lA[,(Dg’U + <I>_9£_1A(G0<I)9v) = AU + (I)_gﬁ_lA(GQ(Dg’U)

since LTALDy = A and A commutes with the operators ®y.
So

R(v) = / O _yLTIA(GoPgv) d O + / D _gdUo(GPev)A(GDyv) d .
Clearly for any 6 the first integrand defines an analytic map from A™ to A™ 1.
We have d¥o(ug) : H™ — h™"!. Since the map ¥ is symplectic, then also
dVUo(ug) : H — h™ for —m — 2 < r < m (cf. Proposition 1.4 in ﬁgl‘%ukOO]). So
for any 6 the second integrand also defines an analytic map h™ — h™ . Now
the assertion follows. O

By this lemma with m =1

—_
—
—

TAO
B ()l + (o) B ()~ RGE),) s

1

IN

TAO TAO
EA O%@M+QW®MMﬂQ@SE%A jw(s)[2 ds
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Combining the obtained estimates for =;, =5 and =3, we arrive at the inequal-
ity

T

Elu(r)f} < C} [ Blu(s)ds
0

Since E| OUM = 0, then E|w(7)|2 = 0 for all 7. This completes the proof of
UE Qs 0
Theorem t O

5 Limiting joint distribution of action-angles
For a solution u” () of (1), (0.2) we denote by I*(r) = I(v*(r)) and ¢ (z) =

e(v”(T)) its actions and angles, written in the slow time 7. Theorem A5 de-
scribes limiting behaviour of DI¥ as v — 0. In this section we study joint
distribution of [”(7) and ¢”(7), mollified in 7. That is, we study the measures

pr = fo D(I"( ), gp”(s)) ds on the space hf x T*°, where f > 0 is a contin-

uous function such that fOT f=1L

t_v| Theorem 5.1. Asv — 0,

/ (s ds)xdgo. (5.1)

In particular, fOT f(s)D(”(s))ds — de.
Proof. Let us first replace f(7) with a characteristic function

1
T —

f(r) = T X{T1<r<Ts} 5 0<Ti <T, <T.
Due to (ﬁg%{) the family of measures {u%,v > 0} is tight in hY x T>°. Consider
any limiting measure /L;—j — iF.

Let F(I,p) = FO(I™,¢™), where F is a bounded Lipschitz function on R X
T™. We claim that

1
T, — Ty

/T2E<F>(Io(s))ds as v — 0.

/T2EF(I”(3),(,0”(3))dS—>
1 (5.2)

T, =T
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t_final
Indeed, due to Theorem &Iﬁlv%'g have

TziTl /TI2E<F>(IV(S)>dS—>T2iT1 /TIQE<F>(IO(S))dS as v - 0.

So (5.2) would follow if we prove the convergence

ds—0 as v—0, (5.3)

hil P08
for any 7. But (%3) is established in HSR'F'US] (see there (6.9) and below) for
FO(I™, ™) = (1™, 0;¢™,0)), where Fy(I,¢) is the drift in eq. ( 5)° The
arguments in 8] are general and apply to any bounded Lipschitz function
FO,
hi0 h9
Relation (}b_Z) implies that pu 7 = <(T2—T1)_1 T2D(1(s)) ds) xdp. So (%1) is
! 9

established for characteristic functions. Accordingly, (E;l_l) holds, firstly, for piece-
wise constant functions f(7) with finitely many discontinuities and, secondly, for
continuous functions. O

E

/0 CRI(s), 0" (s)) — (F)(I"(s))

6 Appendices

6.1 Whitham averaging

The n-gap solutions of the KdV eguation under the zero-meanvalue periodic
boundary condition have the form (0.4), where 0 = I,,;1 = I,,,2 = .... They form
a subset of the bigger family of space-quasiperiodic n-gap solutions, discovered
in 1970’s by Novikov and Lax. These quasiperiodic solutions may be written
as ©"(Kz + Wt + ¢;w), were the parameter w has dimension 2n + 1, ©" is an

an jc funetion an T x R2"+1 and the vectors K, W € R" depend on w. See
in ) ) 93, Kuk00].

Denote by X = vz and T' = vt slow space- and time—variableEaVWe want to
solve either the KdV itself, or some its v-perturbation (say, eq. (b._f)nzo) in the
space of functions, bounded as |z| — oo (not necessarily periodic in z). We are
looking for solutions with the initial data

up(r) = O™(Kx + ¢o; wo(X)),

where wy(X) € R**! is a given vector-function. Assuming that a solution u(¢, z)
exists, decomposes in asymptotical series in v and that the leading term may be
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written as
u(t,z) = 0" (Kx + Wt + pg;w(T, X)), (6.1)

Whitham shows that w(7, X) has to satisfy a nonlinear hyperbolic system, known
now as the Whitham equations. In the last 40 years much attention was given to
the Whitham equations and Whitham averaging (i.e. to the claim that an exact
solution u(t,x) may be written as u = u°(t,z) + o(1), where u° has the form
(%1)) Many results were obtaineﬁ Jdgy the Whitham equations for KdV and for
other integra Gaystems, e.g. see , K1188, DN89| (w Jote that in the
last section of [DN89] the authors discuss the damped equation (0.1),—o). In these
works the Whitham equations are postulated as a first principle, without precise
statements on their connection with the original problem. Rigorous results on
this connection, i.e. results on the Whitham averaging, are very few, and these
are examples rather than general theorems since they pﬁl%go some initial data
and hold in some domains in the space-time R?, see in 3]. 8

In the spirit of the Whitham theory our results may be casted in the following
way. Consider a perturbed KdV equation

U+ Ugzr — OUU, = V f (U, Uy, Ugy ), (6.2)

and take initial condition ug(z) of the form above with arbitrary n, where wy is
an z-independent constant such that ug(z) is 2m-periodic with zero mean-value.
Let us write ug as a periodic co-gap potential ug(x %C?T%OO(K x + @o; Ip), where
O : T*xR¥ — Rand now K € Z*, go%%’]l‘oo (see ] for a theory of co-gap
potentials). We may write a solution of (6.2) as u”(t,x) = O®(Kz+¢"(1); [¥(7)),
7 = vt, with unknown phases ¢” € T* and actions I" € R°. The main task
is to recover the actions. To do this we Write%l%}e effective equations for I(7),
corresponding to (6.2). Namely, we rewrite ( using the non-linear Fourier
transform W, pass to the slow time 7, delete from the obtaine%gﬁquations the
KdV vector-field d¥ o V' and apply to the rest the averaging (0.11). We claim
that for some classes of perturbed KdV equations the vector I°(7) = 7;(v(7)),
where v solves the effective equations, well approximates " (7) “%Elf‘} small v. Our
work justifies this claim for the damped-driven perturbations (0.1) in the sense
that the convergence (%]_58) holds.

This special case of the Whitham averaging deals with perturbations of solu-
tions for KdV which fast oscillate in time (since we write them using the slow time
7), while the general case treats solutions which fast oscillate both in the slow

Q

3 chon82
Also see >SCE82 for some related problems and results.
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time T and slow space X. The effective equations serve to find approxim tﬁlv
the action vector I”(7) € R® which represents a space-periodic solution for (6.
as an infinite-gap potential ©>°(Kx + ¢¥(7); I*(7)). They play a role, similar to
that of the Whitham equatijgs, serving to find the parameter w(T, X) € R*"+1
describing n-gap potentials (6.1) which approximate (non-periodic in space) so-
lutions.

KPOS
6.2 Lemma 4.3 from h(POS]

Below we present a construction from HSK'POS used essentially in gct%)on
For 7 > ¢ > 0 consider a solution v(7) = v%(7) of equation ( . For any

N € N we will construct a process (v,9")(7) € h? x R® 7> ¢, such that
1 D(()) = D(u(-)):
2. I(0N(1)) = IV (v(7)), a.s.;
3. (0N (0")) = ¢°, where ¢° is a given vector in TY;
4. the process 0V (7) satisfies certain estimates uniformly in v.

For 11,12 € R?\ {0} we denote by U(ny,n;) the operator in SO(2) such that
U(Ulﬂb)\z—h = \Z; It =0 or .= 0, we set U(ny,72) =id.

kd
Let us abbreviate in eq. (T. 3Ty iPk( )+ P%(v))” = AP (v). Then the equation

takes the form

dv, = (v ' AW, (w)V (u)) " dr+ AL (v) dr+Y Bi(v)dB(r), 1<k<N. (6.3)

j=>1
For 1 < k < N we introduce the functions

Ak<\~’k,v) = U(f’k,vk>AkP(U), Bkj({fk,v) = U(\N’k,Vk)B,ZO}),

and define additional stochastic system for a vector oV = (vy,...,vy) € R*V:
AV, = Ap(Vi,v)dr + ) Bij(Vi,v)dBy(7), 1<k <N. (6.4)
j21

7.1 7.2
Consider the system of equations (%‘3), (%7[)7 where 7 > 6, with the initial
condition
N () = v;X (I(v™(0))) (6.5)
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and with the given v(6#’). It has a unique strong solution, defined while
|V]€|, |\~/k| >c>0 VEZSN,

for any fixed ¢ > 0.

Denote [(’U,T})] = (minlSjSN %|Vj|2) VAN (minlSjSN %|\~7]|2) Fix any v < (0, lll]
and define stopping times Tji e, 1], ...,7; < 7_j+ < 7iy; <...,asat Step 3 in
Section 3.1. Namely,

e If [(vo,vo)] <7, then 77 = 0. Otherwise 7'0+ =0.

e If 77 is defined, then 7;" is the first moment after 7, when [(v(7), 9(7))] > 27
(if this never happens, then 7;" = T').

o If 7;" is defined, then 7, is the first moment after 7" when [(v,?)] < 7.

Next for 0 < v < I we construct a con‘%_l%uous process (v(7), 0N (7)), T > ¢,
where v(7) = v%(7), 9V () is given (see (6.5)), and for 7 > @’ the process 9"V is
defined as follows:

i) If 9% (7") is known, then we extend §7" $othe segment A; := 7", 7/,] in
such a way that (v(7), 07V (7)) satisfies r(lk')_g), (%7!)
n

i) If 27V (7;) is known, then on the segment A; = [7;,7;7] we define o7V as

N (1) = UVi(r; ), vi(ry))vi(r), k< N.

By applying 1t6’s formula to the functional J(7) = (I;(v(7)) — ]k(fﬂN(T))Q
erive that if J(7;7) = 0, then J(r) = 0 for all 7 € A; (see Lemma 7.1 in
8]). Hence, the process 77V (1) is well defined for 7 € [¢/,T] and

I(v(1)) = LN (1)), k<N. (6.6)

Let us abbreviate U = (U (Vi(7;7), vi(7;)). Then on an interval A; the process
0"V satisfies the equation

a¥) = UL (v 'aw()V ()" + AL () dr + 3" U] o Bfi(v)dBi(r).  (6.7)

Letting formally |vi|/|vi| = 1 if vi, = 0, we make the function |v]|/|vy| = 1 along
all trajectorj
. 2
Due to (% and (%_7), o™V is an It6 process
V) = Ay(r)dr + ) Byj(r)dB;(r), 1<k<N. (6.8)
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The coefficients A, = flz and Bkj = sz a.s. satisfy the estimates

|AV(r)| <viC, CT'E<B/(B)' <CE (6.9)

for all 7, where C' depends only on N and P and we regard B as an 2N x 2N-
matrix.
Let us set

Al(T) =i, (0') + / TA;(S) ds, Mj(r) = Z /9 /T By, dp;(r)

6/
(cf. (%15)) and consider the process
§(r) = (1), A(1), M(1)) € h* x R*N x R*", >0,

Then oV = A7(7) + M?(7) and due to (%%) the family of laws of the processes
€7 is tight in the space C(0',T;h?) x C(¢/,T;R*N) x C(¢',T;R?*N). Consider
any limiting (as v; — 0) law D° and find any process (v(7), A%(7), M°(7)),
distributed as D°. Denote ™ (r) = A%(7) + M°(7) and consider the process
(o(7), 0N (1)) € %%x RV, Tt is easy to see that it satisfies 1-3. Inl@f‘PUS] we show
that estimates (6.9) imply that

A(r) = /0 "BN(s)ds, MO(r) — /9 "o (s) duw(s),

/ /

£2
where w(s) € R?V is a standard Wiener process, while BY and a” meet (b‘l5)
That is, oV (1) is an Itd process

do™ (1) = BN (1) dr + o™ (1) dw(7), (6.10)

where )
1B(r)|<C, CT'E<a"(a")(r)<CE Vr, as. (6.11)

These are th%%stimates, mentioned in item 4 above.
Now by (6.9) and Theorem 4 from Section 2.2 in [Kry80], applied to the It
process Vi, we have

T
E/ X{I (v (r)<63dT < €6, VEk <N, (6.12)
0/
where C'= C(N, P).
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Taking 6’ = 0 and passing to a limit as ¥ — 0 we see that the process Ipy(7)
lyggmeets (6.12). Since D(Ip(-)) — D(I(:)) as P — oo, then we get estimate

For any v > 0 the processes [ and I” coincide on the event {sup, [1"(7)|n; <

P}.
So (

6:12)

]é)ue to (h_é() probability of this event goes to 1 as P — oo, uniformly in v.
; also implies that

T
E/ X{I,’;(T)StS} —0 asd— O, (613)
0

uniformly in v.
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