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1.1. Write down the general second order linear PDE for a function u = u(z,y) of
two variables.

Define what it means for the equation to be
(1) elliptic, (ii) hyperbolic, (iii) parabolic.
What does it mean that a smooth curve I is a characteristic for the equation?

What is the connection between characteristics and the classification of the equa-
tion into (i), (ii) and (iii)? .
Derive the differential equation for characteristics.

1.2. Classify the following equations considered on the whole plaﬁe R?:

Ugg + Ugy + Uyy = 0 ' (1)
Quupy + gy + Uy =0 (2)
Ugy — dUgy + Uyy = 0 (3)

1.3. Find the characteristic curves to the PDE

d%u 8?u 8%u
5 =
522 T 5%zay T 952 =0

considered on the plane R?. Show that the general solution is
u(z,y) = F(y — 3z) + G(y — 2z),
where F, G € C?(R) are arbitrary.
1.4. Find the characteristics for the PDE
YUz + (T + Y)Uay + TUyy =0
considered in the half plane z < y. Show that the general solution is

2 .2 _
u(m’y)zF(y my)_-i—mG(y z)

where F, G € C?((0,00)) are arbitrary.
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1.5. Consider the Cauchy problem
Ugy = 0, (:z:,y) € R2:

{ u(z,0) =h(z) z€R
uy(z,0) =k(z) z€R,

where h, k € C*(R) are given functions.
Show that no solution exists unless the function k(z) is constant. Next show that
if k(z) = c(onstant), then there are infinitely many solutions.

1.6. Reduce the equation
Ugy — y2u,;y —yuy, =0, y>0, (4)
to canonical form and show that its general solution is
u(z,y) = Fye®) + G(ye™),

where F, G € C?((0,00)) are arbitrary.
Let f € C%((0,00)). Solve the Cauchy problem for (4) with Cauchy data

{u(x,1)=f($) zeR
uy(z,1) =0 =z eR
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2.1. Consider the 1-D wave equation
U — Uz = 0, (z,t) € R x (0,00), (1
with the Cauchy data
u(z,0) = f(z) and w(z,0)=g(z) for z€R, (2)
where f € C*(R), g € C*(R) are given functions.
(a) Find the general solution to (1).

(b) Use the result in (a) to derive D'Alembert’s solution formula for the Cauchy
problem (1), (2).

(c) Solve the Cauchy problem (1), (2) when f(z) = z* and g(z) = 42°.
2.2. Reduce the equation

2(y = Ttz — (Y° — gy + Yy — )y + (¥ + ) (ue —uy) =0 (3)

considered in the half plane = > y to canonical form and find its general solution.
Let g € C'(R) be a given function. Show that the Cauchy problem for (3) with
data

u(z,1) =0 and u,(z,1) =g(z) forz>1, (4)
does not admit a solution when g(1) # 0.

Suppose that g(z) = (z — 1)h(z), where h € C'(R) is a given function. Find the
solution(s) to the Cauchy problem (3), (4).

71,3 Consider the initial value problem:
U — Ugz = 0, (1)

u(z,0) = f(z), u.(z,0) = g(x). (2)

a) Let f(z) = 0 and g(z) be a smooth function, very close to the step-function
I1(z), equal 1 for 0 < = < 2 and equal 0 otherwise. Draw graphs of solutions
x — u(z,t) for t = 3,1 and 2. (HINT: To DRAW a graph of the solution you can
replace in the D’Alembert formula the function g(z) by II(z).)

b) Same question when g = 0 and f is very close to the Heaviside function H(z),
equal 0 for * < 0 and equal 1 for z > 0.
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4.1. Consider the homogeneous 1-D heat equation:
Up — Ugg = 0, zeR, t>0, (1)

and let k(z,t) = (4mt)~ /2 exp(—x2/(4t)) denote the 1-D heat kernel.

(a) Let f : R — R be any bounded piecewise continuous function. Show that

u(z,t) = / " k(z - v,0)f(y) dy @)

is a solution to (1). Next show that when f(z) is continuous at z¢ € R, then
'U,(IL‘g,t) — f(.’L'Q) ast— 0%,

(b) Assume that

_f1/a for0<z<a
Hx) = { 0 otherwise,

where a > 0 is a positive constant. If u(z,t) is given by (2) and

O(z) = % /Ome"y2 dy

show that

1 z z—a
) =— 1 - .
ot) = o () - o)
(c) Use the results in (a) and (b) to find the limits
lim u(z,t) and lim u(z,t)

t-0t t—+00

for each z € R.
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4 .2. Let f(z) be a bounded continuous function and consider the initial value

problem
U — Uz =0 z€R, £>0 3)
u(z,0) = f(z) ze€R. ‘

We have shown (e.g. in 6.1(a)) that

u(z,t) = / " k(e - y,0)f(9) dy

-0

is a solution to (3).

(a) Show that :
;t sup{|/(¥)] : ¥ € R}

|uz(z,1)] <

§|

forr€eRand t>0.
(b) Show that

&0 1
k(z,t)?de =
/_oo (z,8)"de 24/ 27t

for t > 0.

(c) Assume that ffooo f(y)¥dy < oo. Use the Cauchy-Schwartz inequality to show

that |u(z,t)] = O(t™+) as t — oo uniformly in z € R (i.e., show that there exist
constants C' > 0 and T > 0, such that

u(z, 1) < Ct3

holds for all z € R and all t > T'.)
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[{;1. State the maximum principle for the 4D heat equation. State the minimum
principle, and explain how it follows from the maximum principle.

Next assume that u(z,t) is continuous on [—1,1] x [0,2], C? on (-1,1) x (0,2)
and 4, — uzz = 0 on (—1,1) x (0,2). If u(z,0) = 22 — 1 for |z] < 1, u(-1,t) = ¢/3
and u(1,t) = —t/4 for t € [0,2] find the maximum and the minimum of u(z,t) on
[-1,1] x [0,2].

L,.Z. Suppose that u(z,t) is C? on (0,a) x (0, 00) and continuous on [0, a] x [0, c0),
where a > 0. Show that if

U —Uge =0 in  (0,a) x (0,00)
and
A<u(z,t)<B on {z=0,t>0lu{z=a,t>0U{0<z<aqa,t=0}

then

3

A<u(z,t)<B in [0,a] x [0,00).

L4.3. Assume that u(z,t) is continuous on [0, 2] x [0,00), C2 on (0,2) x (0, c0) and

that
Up = Ugg on (0,2) x (0, 00)
u(0,t) = f(t) and u(2,t) =0 fort >0
u(z,0) =0 for z € [0, 2],

where f = f(t) : [0,00) = R is a continuous function with f(0) =0.
(i) Show that if 0 < f(t) < lforallt > 0, then 0 < u(z,t) < 1—z/20n [0, 2] %[0, co).

(ii) Show that if f(t) > 1 — exp(—=t) for all £ > 0, then

2
t
u(z,t) > 1 - g - exp(-—%)cos(%)

on [0,2] x [0, 00).



s
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A.1. Let Q be a bounded and open subset of R*. A C? function f: 2 - R is
called subharmonic if Af(z) > 0 for all z € Q.

(a) State and prove the maximum principle for subharmonic functions.

(b) State the minimum principle for A, and explain how it follows from the maximum
principle. (A C? function f: Q — R is called superharmonic if Af(z) < 0 for all
T €QN)
(c) Suppose that @ = (—1,1) x (0,3), that f € C*(2) N C°(QY) is harmonic in
Q and that f(z,0) = f(z,3) = 2 — 1 for z € [-1,1] and f(-1,9) = y(y — 3),
F(Ly)=y*(y—3)* fory € [0,3]. _

Find maximum and minimum for f on 2.

(d) Let Q be an open and bounded subset of R*, and assume that u, v € Q) n
C%(Q). Show that if Av >0, Au=0in Q and v < v on 99, then v < u in . (This
is the reason for saying that a function v satisfying Av > 0 is subharmonic.)

L2, Let .
u(z,y) = -~ In(e* + ¥?), (z,y) € R*\ {(0,0)}.

Show that u € C*°(R? \ {(0,0)}) and that Au = 0 in R?* \ {(0,0)}.

5.3, Let © be a bounded and open subset of R* and let u € C}(Q2) N C*(Q) satisfy
Au = o in §, where a € R is a constant. Show that if w = [Vu|?, then

n 2
Aw =2 Z (axjaxk) '

Deduce that the maximum of |Vu| is attained on 0%2.

§.4. Let f, g € C*Q), where ) is an open and connected subset of R".
Show that

A(fg) = fAg+gAf+2Vf-Vg.
Hence show that if Af = A(f?) =0in (, then f is constant on {2.



5 .5 Let Q be an open and bounded subset of R" with a smooth boundary (e.g.,
 could be a ball). Let f: @ — R and g: 92 — R be two continuous functions.

(a) Show that if u € C'(Q) N C*(Q) satisfies

Au=f in{Q
ou
'éTV"-— on BQ

then
[16)dz = [ o)dste)
Q : 89
Hint: Use Green’s first identity: for u, v € C'(Q) N C*(R)

ou
/Q(U/_\’LL + Vu- Vu) dz = aQUE_N— ds.

(b) IfQ = {z € R?: |z] < 1} and a € R is a constant, show that

Au=a in§

1)
du (
51;\/:-.2 onBQ

has no solution u € C*(Q) N C°(Q) unless a = 4.

(c) By considering u(z) = A(z} + z3), find a solution to (1) when o = 4.
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6.1. Calculate the Fourier series for the square wave
flz)=01i —-2<z<-—1,

flxy=Fkif —1l<z<1,
flz)=0if 1<z <2
with f(z +4) = f(z).

6.2. Calculate the Fourier series for the “sawtooth wave”
flz)=2z, —-m<z<7

with f(z + 2m) = f(z).

6.3. Calculate the odd half-range Fourier series for the function

flz)=1z, 0<z<L.

6.4. a) Find the general solution for the wave equation with zero boundary condi-
tions:
Uy = CUgg, 0< 2 <L, u(0,t) = u(L,t) = 0. (1)

b) Find a solution u(z, t) of (1) such that
u(z,0) = f(z), w(z,0)=0,

where f(z) is the function from Question 6.3.
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7.1. Use separation of variables to solve the 1D heat equation
U = 0U, 0<z<1,
with boundary conditions
(a) u(0,t) =0, uy(l,t)=0,

(0) u-(0,t)=0, u(l,t)=0.

Give the general form of the solution in both cases.

7.2. Use separation of variables to solve the 1D wave equation
Uy = CUge, 0< T <1,
with boundary conditions
(a) u(0,t) =0, u(l,t)=0,

(b) 4z(0,t) =0, wu(l,t) = 0.

Give the general form of the solution in both cases.

7.3. Equation (1) with zero boundary conditions
u(0,t) =0, u(l,t)=0 ¢t>0,
has general solution
oo
u(z, t) = Z Are ¥t gin(knt).
k=1
Find the constants A; for u(z,t) to satisfy the initial conditions

u(z, 0) = sin(127nz).

F1.472V2
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8.1. Consider
ug + f(u), =0, u(z,0)=h(z), z€R,

where f”(u) > 0 for all u. Suppose that y; < y2 and h(y;1) > h(y2). In lectures it was shown
that the characteristics through (y1,0) and (ys2,0) intersect at a point (Z,t). Find Z and ¢.

8.2. Consider u; + uu, = 0 with u(z,0) = 1 for z < 0, u(z,0) =1 -z for 0 < 2 < 1 and
u(z,0) =0 for z > 1. Find the explicit solution for 0 < ¢ < 1.

8.3. Consider u; + uu; = 0. Show that the piecewise smooth solution u(z,t) = —2(t + (3z +
t2)1/2) for 4z + t? > 0 and u(z, t)=0 for 4z + t2 < 0 satisfies the jump condition.

8.4. Consider
us + f(u)e = 0. (*)

If f'(g(v)) = v, show that the change of variables u = g(v) reduces () to
vy +vuz = 0. (*%)

Why do we not study the simpler equation (*%) instead of (x)?

8.5. Consider
us +uuy =0, u(z,0)=sin(z), z €R.

By considering y; = 7 and y2 = 7 + € for small € > 0, show that there cannot be a smooth
solution, defined for all z and all 0 < ¢ < T', where T > 1. [Hint: use Question 8.1].

8.6. Consider
up + uuy =0, where u(z,0) = —1for z < 0 and u(z,0) = 1 for z > 0.

a) Find a solution with a discontinuity. Is this solution admissible?
b) Find a continuous solution. [Hint: use Z].
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9.1. Let f € C*(R) and h € C'(R). Consider the initial value problem

{u¢+f(u)z=0, z€eR t>0, (1)
u(z,0) = h(z), zeR (2)

(a) Suppose that u = u(z,t) is a C' solution of (1)-(2) for z € Rand 0 <t < T,
where 0 < T < oo. Show that the level curves for u = u(z,?) are line segments-
(half-lines when T" = co).

(b) Consider the initial value problem

U +uuy, =0
u(z,0) = hi(x)

where

2 forz <0
hi(z) = { 0 forz>0, ho(z) =z and hs(z)=-z (z€R).

(i=1) Show that there exists no C' solution.

(i=2) Find the C* solution u = u(z,t), z € R, t 2 0.

(i=3) Find the C! solution u = u(z,t),z € R, 0 <t <1, and show that there exists
no C! solution defined for ¢ > 1.

9.2. Corresponding to the nonlinear conservation law (1) we have the integrated
nonlinear conservation law

b
-(%/a u(z,t)dz + f(u(b,t)) — f(u(a,t)) =0 (2)

where a, be R and t > 0.

(a) Let @ C R x (0,00) be an open set. Show that if u € C'(Q), then u satisfies (1)
in Q if and only if u satisfies (2) for a, b € R, t > 0, such that [a,b] x {t} C Q.

(b) What does it mean that a function u = u(z, ) is admissible? State the definition
of a weak solution of (1).
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(c) Let T : z = (t) be a smooth curve in the upper half-plane and suppose that
u € CYR x (0,00) \ T) is admissible. Put

u (t)= lim u(z,t) and u (t)= lim wu(z,t).
z—y(8)F z—=y(8)

Prove that u = u(z, t) is a weak solution to (1) if and only if
(i) u satisfies (1) in R x (0,00) \ T, and

(i) on T,
dy _ flut) - f)
dt ut —u~
holds. ’
(d) Find a weak solution to the initial value problem

u +uluy, =0 forzeR,t>0
u(z,0) = h(z) forzeR,

where
forz <0

1
h(:c)-—{ 0 forz>0.

Hint: f(u) = tu®.



