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Q A5

Since Au=4 in S22, é;(‘;\.:&ov\A&l
tt follows that  ( fdx = ([, gdS. m

t ) By (&) we must reg}ulfe that
( adx = g 2 dS , e that
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PDE Tutorial £, solutions,

This sheet is essentially about one thing, namely SEPARATION OF VARIABLES. We'll restrict
ourselves to the 1D wave and heat equations.

Up = CUyy 1D Wave Equation (1)
U = o ugy 1D Heat Equation (2)

Qu. 1 Use separation of variables to solve the 1D Heat Equation for 0 < = < 1 with boundary
conditions

(a) u(0,t)=0 wux(l,t)=0
(b) u(0,t)=0 wu(l,t)=0
Give the general form of the solution in both cases.

Let’s do the whole process in detail for (a): First separate the variables by letting u(z,t) = X(z)T'(t),
then substitute into the heat equation using

w(z,t) = X(@)T(t)
Xz (x)T(t)

upe(z,t)
which gives X (2)Ti(t) = o* X, (x)T(t) or

Xeele) _ Tt
X(x) — a?T(t)

Now the cunning bit - both sides of this equation must be a constant as the left depends only on z
and the right only on {. We thus have

Xiz(x) _ _yz

X(z) '

T

a2’1(“t(1) = - (3)

where we have chosen a negative constant for the reasons explained in the lectures.
The boundary conditions are

u(0,t) = 0, X(0)T(t)=0
u(l,t) = 0, X(1)T(t)=0
so to get a non-zero answer we must have X (0) = X,(1) = 0 (taking the other possibility T'(f) = 0

gives u(x.t)=0 for all time, which is a rather uninteresting solution...)
Let’s solve equation(3) with these boundary conditions. Equation(3) may be rewritten as

Xee(z) +12X(2) = 0 , X(0)= X, (1)=0. (4)



The solution of this equation is
X(z) = Acos(uz) + Bsin(uz)
and the boundary conditions imply that

X(0) = A=0
X:(1) = —pAsin(p)+ pBcos(u) = 0.

As the first tells us A = 0, the second implies that cos(u) = 0, or

u=£n+é)7r

(choosing the other possibility B = 0 would mean that X(z) and hence u(z,t) would be zero for all
t).

We still have to solve the equation for T'(t), which can be rewritten
Ty(t) + 2T (t) = 0

which is a bit easier to solve, being first order. The answer is T(t) = Cexp(—p®a?t). We can
now stick the solutions for X(z) and T(t) together to get u(z,t), namely u(z,t) = X(z)T(t) =
Bsin(uz) - Cexp(—p*a®t). Since B and C are both unknown constants we might as well combine
them and call the product C

w(z, t) = X(2)T(t) = Csin(ux) exp(—p2a’t).

There is one last tweak before we are finished. Since p = (n + %)ﬂ' the above solution will work for
any n. so we can get a general solution by summing all these up with arbitrary constants

o0
- g 1
u(z, t) = g Cosin(pnz) exp(—p2a®t) . pp =+ §)Tr
n=0

['ll be a lot briefer for (b) as the idea is identical to {(a):

» Separate the variables by letting u(z.t) = X(x)T(t)

o Get the two ordinary differential equations, one for X (z) one for T'(t).

s Solve these subject to the boundary conditions
The equation for X(z) is now

Xex(z) +p2X(z) = 0 , X:(0)=X(1)=0. (5)
(note the slightly different boundary conditions to (a)) The solution of this equation is still
X(z) = Acos(ux) + Bsin(pz)

and the new boundary conditions imply that

X:(0) = puB=0
X(1) = Acos(u)+ Bsin(p) =0.



The first tells us B = 0, the second implies that cos(p) =0, or

p=(nt g

The solution for T(t) is unchanged so the final answer for u(z,t) is given by

[= o]
= 1
w(z,t) = Y Cucos(pnz) exp(~pia®t) | pn=(n+3)m
n=0

which differs from the answer for (a) by having a cos instead of a sin.

Qu. 2. Use separation of variables to solve the 1D Wave Equation for 0 < z < 1 with boundary
conditions

(a) u(0,t)=0 wuy(l,t)=0

(b) u(0,8)=0 wu(l,t)=0

Give the general form of the solution in both cases.
The method is the same as Qu.1: Now however the resulting ordinary differential equation for

T(t) is econd order. First separate the variables by letting u(z,t) = X(z)T(t), then substitute into
the wave equation using

upe(, 1)
“1‘;1'(1'7 t)

which gives X (2)Ty(t) = 2 X, (x)T(t) or

/Yx;r(l') . Ttt(t)
X(z) — @T(t)

X(I)Tu(t)
Xoe(2)T(t)

i

Same stunt as before - both sides of this equation must be a constant as the left depends only on z
and the right only on t. We thus have

Xez(T) _#2

X(z)

T

cQT((tt)) = - (6)

where we have chosen a negative constant again.
The boundary conditions are

u(0,8) = 0. X(0)T(t)=0
w(lt) = 0., XJ(UT() =0

so to éet a non-zero answer we must have X (0) = X (1) =0.
Let’s solve equation(6) with these boundary conditions. The first part of equation(6) may be rewritten
as

Xeelz)+12X(z) = 0, X(0)=X.(1)=0. (7)



whose solution is, as before, X(z) = Acos(uz) + Bsin(uz). The boundary conditions imply that
X@0) = A=0
X (1) = —pAsin(p)+ pBcos(u) =0.

As the first tells us A = 0, the second implies that cos(u) =0, or g = (n + é‘)‘il’
The equation for T'(t) is very similar

Tue(t) + 22T (t)

with the solution
T(t) = C cos(uct) + E sin(pct)

so sticking the two solutions for X (z) and T(t) together gives
u(z.t) = (C cos(pct) + Esin(uct)) sin(uz)

and different values of n in g may be combined to give

(o]

u(z,t) = Z(é" cos(pnct) + By, sin(pact)) sin(unz) , pa=(n+ %)1\’

n=0

I'll spare you the details again for (b): All that changes are the boundary conditions in the o.d.e. for
X which means that the final solution becomes

o
- _ 1
u(z,t) = Z(C,, cos(pnct) + Ensin(pnct)) cos(pnz) , pn=(n+ 5)7(
n=0
(note the cos(pnx) rather than the sin(u,x) that appears in (a)).
Qu. 3 The problem
w=a’u,; 0O<z<l, t>0, w(0,t) =u(l,t)=0 t>0

has general solution
n
u(x,t) = Z Ake"""l"%g‘ sin(kmz)
k=1
where the constants A are determined from the initial conditions. Find the constants A; when the
initial condition is
u(z,0) = sin(127x)

This is a easy one to finish off: If u(z,0) = sin(127z) then we must have, by setting ¢ = 0 in the
sum above for u(z,t)

u(z,0) = sin(12nz) = Z Ay sin(kmz)
k=1

so by inspection (i.e. looking and guessing!) we see that A2 = 1 and all the other A's must be zero.
The solution that satifies the initial condition u(z,0) = sin(12wx) is thus

u(z,t) = e~ T gin(12r2)
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