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Abstract

We show that the universal torsion free homomorphic image of any
group given by a sufficiently ‘small’ presentation is locally indicable,
and give an application to a conjecture of Levin about equations over
torsion free groups.

1 Introduction

Let G be a group. The set of normal subgroups N < G such that
G/N is torsion-free is closed with respect to arbitrary intersections,
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so contains a unique minimal element p(G), the torsion-free radical
of G. The quotient group G' = G/p(G) is thus universal among all
torsion-free homomorphic images of the group G. The purpose of the
present paper is to show that, if G has a presentation that is ‘small’
in the sense that it has few relations, and they are short words in the
generators, then this universal torsion-free homomorphic image G is
locally indicable. Recall that a group H is said to be indicable if
there is an epimorphism from H to the infinite cyclic group; and H
is said to be locally indicable if every nontrivial, finitely generated
subgroup K C H, is indicable. Since much is known about one-
relator products of locally indicable groups [?, 7, ?], we can then
apply those results to one-relator products of torsion-free groups in
general. Specifically, we prove the following results.

Lemma 1.1 Let G be a 1-relator group. Then G is locally indicable.

Theorem 1.2 Let G be _a 2-relator group in which one relator has
length at most 4. Then G s locally indicable.

Theorem 1.3 Let G be a 2-relator group in which _one relator has
length 5 and the other has length at most 8. Then G is locally indi-
cable.

Theorem 1.4 Let G be a group with a presentation having at most
b relators, each of length at most 3. Then G is locally indicable.

Let us define the complexity of a finite presentation P to be
c(P) =>,(¢(r) — 2), where ¢(r) denotes the length of a word r and
the sum is over all relators that are not powers of generators.

Corollary 1.5 Let Gl be a group given by a presentation of complez-
ity at most 5. Then G s locally indicable.

Proof. Let P be a presentation for G' of complexity at most 5. If
P contains a relator of the form 2" for some generator x and some
integer n # 0, then 2" = 1in G so x = 1 in G. Hence this relator,
together with z, can be omitted from P (deleting any occurrences of =
in other relators) without changing G or increasing the complexity. If
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P has a relator of the form zy or zy ! for two distinct generators z, y,
then we can remove this relator and y from P, replacing every other
occurrence of 3 in other relators by z~! or x, again without changing
G or increasing the complexity. Hence we may assume that every
relator of P has length at least 3. Suppose P contains a relator xyW
for some word W of length greater than 1. We may introduce a new
generator z and replace the relator xyW by two relators zyz, 2 'W.
This does not affect either G or ¢(P). Repeating this argument,
we can reduce P to a presentation for G with all relators of length
exactly 3. Now apply Theorem ?7?.

These results are best possible, as the following examples show.

Example. The Fibonacci group G = F(2,6) has presentations
<.Z‘1, ..., Tg | T1T9 = T3,...,T5Tg = T1,Tgl1 = .Z‘2>

and
{a,b | a"'b*ab® = b~ a’ba® = 1).

The first of these has six relators, each of length exactly 3, while the
second has two relators, each of length 6. Now G is the fundamental
group of an aspherical 3-manifold [?], so torsion-free, and so G=0G.
However, GG is finitely generated and non-indicable, so not locally
indicable.

Example. The group G = {(a,b | abab™? = a %bab = 1) is presented
with two relators, of lengths 5 and 9 respectively. But G is isomor-
phic to the torsion-free centrally extended triangle group , (2,3,7) =
{a,b,c| a” = b =c® = abe) [?], §3. Indeed G = [G, G| = m (M) for
a certain aspherical 3-manifold M [?]. However, as G is perfect, it is
not locally indicable.

Finally, we apply these results to the following conjecture of Levin
[7].
Conjecture Let A, B be torsion-free groups, and w € Ax B a cycli-

cally reduced word of length at least 2. Let N(w) denote the normal
closure of w in Ax B. Then AN N(w) = {1}.



The conjecture is known to hold for A, B locally indicable, but
remains open in general. Combining this with our results on small
presentations, we are able to prove the following.

Theorem 1.6 Let A, B be torsion-free groups, and suppose a € A
can be expressed in the form

n
a=]] vy,
=1

with n < 4 and €(i) = +1 for eachi. Then a = 1.

Levin’s conjecture is equivalent to the assertion of this theorem,
without the restriction on n.

2 Pictures and norms

Let G = (AxB)/N(w) be a one-relator product of two groups A and
B, that is, the quotient of their free product by the normal closure
N = N(w) of a single element w € A % B, assumed to be a cyclically
reduced word of length at least 2, called the relator. If u € N(w)
then u can be written as a product of conjugates of w*!:

n
u=1]] vw Dyt
=1

with €(7) = £1 for all i. We define v(u), the norm of u, to be the least
value of n among all such expressions for u. For u € (A% B)\ N(w),
we define v(u) = oo.

In terms of the norm, if @ # 1 in A, then Theorem ?7? says that
v(a) > 5, while Levin’s Conjecture says that v(a) = cc.

We refer the reader to [?] for detailed definitions of pictures over
the one-relator product G = (A * B)/N(w) on a surface ¥. In this
paper we are interested only in the case ¥ = D?, and almost exclu-
sively with connected pictures. A picture on D? over G consists



of a properly embedded graph P in D?, (except that some edges of
the graph, instead of joining vertices to vertices, are allowed to join
vertices to points on dD?, or even join two points of dD?). The
components of D? \ P are known as regions, and are divided into
A-regions and B-regions. Every edge separates an A-region from a
B-region. To each corner of a region (either a point where the region
meets a vertex, or component of region N dD?) is associated a label,
which is an element of X if the region is an X-region (X = A, B).
The labels around a vertex, read counterclockwise, spell a word called
the vertex label, which is required to be w*' in cyclically reduced
form (up to cyclic permutation). The clockwise label around 9D? is
called the boundary label. The clockwise labels around a simply
connected A- (resp. B-) region spell a word which is required to be
the identity in A (resp. B). For non-simply connected regions there
is a more complicated condition, which need not concern us here.
(For example the two boundary labels of an annular region are re-
quired to satisfy a conjugacy relation.) A picture is connected if it
is connected as a graph.

From our point of view, the key fact about pictures is the following.
There exists a picture on D? over G with boundary label v € A x B
if and only if u € N(w), and then v(u) is the minimum number of
vertices in such a picture. See for example [?] for details.

Proof of Theorem ??7. Suppose that Levin’s Conjecture is false.
Choose a € (AU B) \ {1} of minimum norm n say. Then 1 < n =
v(a) < co. Without loss of generality, we may assume that a € A.

Let P be a picture over G with n vertices and boundary label a. By
the assumption of minimality of v(a), it follows that P is connected.
For otherwise there is a subpicture with fewer vertices and boundary
label b € AU B. By minimality we have b = 1, so this subpicture
may be removed, contradicting v(a) = n.

Since a € AUB, it also follows that no arc of P meets the boundary
of D?. Shrinking the boundary dD? to a point, we obtain a tessella-
tion T of S? with n < 4 vertices. If, for each positive integer k, we



let F}, denote the number of k-sided faces of T, then

Y (k—=2)F,=2n-4<4

k=1

by Euler’s formula.

Define abstract groups Ay and By as follows. The generators of
Ag are the A-letters appearing in w, and the defining relators are the
boundary labels of the disc A-regions of P. Since these are identities
in A, the group Ay comes equipped with a natural homomorphism
Ag — A, and a € A is the image of some ay € Ay under this homo-
morphism. The group By and homomorphism By — B are defined
in an analogous way. Since A and B are torsion-free, these natural
homomorphisms A — A and By — B factor through Ay and B,
respectively.

Note that no relator of A or By has the form z! for any ¢ € Z, since
A, B are torsion-free and w is cyclically reduced. Moreover, each k-
sided face of T represents a relator of Ag or By of length k, with the
sole exception of the face arising from the shrinking of dD?. Since
that face has a positive number of sides, it follows from the above
equation that ¢(4y) + ¢(By) < 5, whence both Ay and By are locally
indicable, by Corollary ?7. Since Levin’s conjecture holds for locally
indicable groups [?], it follows that the image of aq in A vanishes,
whence a = 1 in A, as claimed.

3 Proofs of the main results

We first prove a series of lemmas concerning groups whose universal
torsion free images are locally indicable.

Lemma ?? Let G be a I-relator group. Then G is locally indicable.

Proof. Suppose G = (z)(A € A) | s™), where m > 1 and s is not
a proper power. Then s =1 in é, so G is a homomorphic image of
the 1-relator group Gy = (x, | s). But G is torsion-free, since s is
not a proper power, and so G = G,. Finally, torsion-free one-relator

groups are locally indicable [?], so G is locally indicable, as claimed.
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Lemma 3.1 Let o be any integer, and let M, denote the metabelian
one-relator group My, = (x,y | xyz—ty~*). Then every torsion-free
homomorphic image of M, is locally indicable.

Proof. M, is itself locally indicable, being a torsion-free one-relator
group [?]. Suppose K is a normal subgroup of M, such that H =
M, /K is torsion-free. If y € K, then H is cyclic, either of order 1
or co (since H is torsion free). In either case H is locally indicable.
Now the normal closure A of y in M, is locally cyclic, generated by
yr = 2 tyzt for t € Z, with y, , = y®. Hence every element of A
is conjugate in M, to a power of y. If some a # 1 € AN K, then
y* € K for some k # 0, so y € K since H is torsion-free, so H is
locally indicable. The only possibility remaining to consider is that
K contains some element of M,\A. Such an element has the form
z*a for some k # 0 and a € A. But then 3@ =) = [(zFa)~,y] € K,
so unless a* = 1 we deduce that y € K and H locally indicable, as
before.

Finally, if ¥ = 1 then oo = £1 and M, has a free abelian subgroup
of rank 2 and index 2. It follows that H has a cyclic subgroup of finite
index, and since H is torsion-free it must be infinite cyclic.

Lemma 3.2 Let G be a torsion-free group containing a free abelian
subgroup A of rank r < 2 and of finite index in G. Then G is locally
indicable.

Proof. Without loss of generality, we assume that A is normal in
G. Then the quotient group , = G/A acts (linearly) on A = Z"
via conjugation in G. We consider first the case where this action
is orientation-preserving, in other words by matrices of determinant
1. In this case we will show that G is itself free abelian, arguing by
induction on the order of , . In the initial case, G = A and there is
nothing to prove. For the inductive step we may assume that , is
simple.

Suppose that 1 # g € G acts via a matrix B € SL(r,Z). For some
k>1,1+# g* € A, since G is torsion-free. Since g commutes with g*,
at least one of the eigenvalues of B is 1. But r < 2 and det(B)=1,



so all eigenvalues of B are equal to 1, and B is parabolic. Moreover,
B* =1,s0 B =1. Hence A is central in G.
If , is nonabelian, then it is perfect, so

H2(, , A) = Hom(Hs(, ), A) x Ext(H,(, ), A),

by the universal coefficient theorem (see e.g. [?], p. 49 or [?], p.
8). But the right hand side vanishes, because Hy(, ) is finite and
Hi(,) = 0. Hence every central extension of A by , splits - in
particular G = A x , , contradicting the fact that G is torsion-free.
Hence , is cyclic of prime order. Since A is central in G, it follows
that GG is abelian, and hence free abelian of rank r.

Finally, suppose that the action of , on A is not orientation-
preserving. There is a subgroup A of index 2 in , such that the
restriction of the action to A is orientation-preserving; and by the
above the corresponding subgroup H of index 2 in G is free abelian.
We may therefore assume that A = H. Choose x € G\H, and let B
be the corresponding matrix in GL(r, Z). As before, one of the eigen-
values of B is 1, but det(B)=-1, so r = 2 and the second eigenvalue is
-1. Moreover the eigenspace N of -1 can readily be seen to be an infi-
nite cyclic normal subgroup of G, and G is a semidirect product of N
with the centraliser C' of x in GG. By the orientation-preserving case,
C is also infinite cyclic. Hence G is isomorphic to {(z,y | zyz~'y),
the fundamental group of the Klein bottle. In particular G is locally
indicable.

Definition. A one-relator extension of a group G is a one-relator
product of G with a free group.

Note that a one-relator extension H of a locally indicable group G
is locally indicable, by [?], provided the relator is not a proper power.
On the other hand, if the relator has the form s™ where s is not a
proper power, then H is the one-relator product with relator s, and
so H is locally indicable.

Theorem 7?7 Let G be a 2-relator group in which one relator has
length at most 4. Then G is locally indicable.

Proof. Let G = (x1,... | r,s), where r has length at most 4.
If some generator occurs exactly once in r, then we may use r to



rewrite that generator in terms of the others, obtaining a one-relator
presentation of G with fewer generators. In this case the result follows
from Lemma 77.

Moreover, if either relator is a proper power, we may replace it by
its root without affecting CAJ, so we may assume that neither relator
is a power. In particular, we may assume that r has one of the
forms 22027 25" or 2223, Note that H = (1,5 | r) is either free
abelian of rank 2 or the Klein bottle group. In either case every
torsion-free homomorphic image of H is locally indicable. If s is
equivalent, modulo r, to a word in x1, 9, then G is a free product
of a homomorphic image of H with a free group, and so G is locally
indicable. Otherwise GG is a one-relator extension of H, and so again
G is locally indicable.

Theorem 7?7 Let G be a 2-relator group in which one relator has
length 5 and the other has length at most 8. Then G is locally indi-
cable.

Proof. Let G = (x1,... | r,s), where r has length 5. As in the
proof of Theorem 7?7, we may assume that r involves precisely two
generators, say x1, s, each at least twice. Without loss of generality,
r has one of the forms (i) 2?zo21 29, (i) 2225 'z129, (iil) 27725 w120,
(iv) o7 2292129, o1 (V) 2322,

In case (i) we may replace the generator xs by y = x;29. Then r is
a word of length 3 in z, y, and so the result follows from Theorem ?7?.
In case (ii) the group H = (1, x5 | r) is isomorphic to the metabelian
group M_,, and in case (iii) H is isomorphic to M. In either case
every torsion-free homomorphic image of H is locally indicable, by
Lemma ??. Now (G is either a free product of a free group with a
homomorphic image of H, or a one-relator extension of H. In either
case, G is locally indicable.

In cases (iv) and (v), if s is not equivalent (mod r) to a word in
x1, T, then GG is a one-relator extension of the one-relator group H,
so G is locally indicable. Hence we may assume that s is equivalent
(mod r) to such a word s', say. Note also that s’ may be chosen to
be no longer then the word s. Then G is a free product of a free
group with G’ = (21,25 | r,§'). It therefore suffices to show that G’



is locally indicable. Let C be the subgroup of G’ generated by 3.
Then C is central in G', and G = G'/C is either a free product of
Z and Zs, or a one-relator product of Z, and Zs, with relator s” of
length at most 8. It follows also that G’ is a central extension of G”.

Suppose first that G” 2 Z, x Zs. Then either G' = {1} (if C is
finite), or G =G = (x1,29 | r), the trefoil knot group, which is
locally indicable, being a torsion-free one-relator group.

Hence we may assume that G” is a one-relator product of Z, and
Zs. In particular, if we can show that G” is finite, then so is G’, so
G’ is trivial.

In case (v) this is automatic, since the free product length of s” is
at most 8, and any such one-relator product of the modular group is
finite (see for example [?]).

In case (iv) we can replace 3 by y = 1175, and r becomes >y,
as in case (v). In this case, however, the word s’ may have become
extended in length by the rewriting process. Specifically, s’ is a word
of length at most 8 in xy,x9, which we may assume involves x; at
least twice, so when rewritten in terms of x,y the length of s’ may
increase to (at most) 14, with (at most) 6 occurrences of y, and hence
the resulting word s"” € Zy x Z3 has free product length at most 12
in Zyx Zs3. By [?], we can argue as above unless s” is one of (z,y)°
or [z1,y]* (up to cyclic permutation and inversion). Let us examine
how such words can arise as s”.

If s” involves 6 occurrences of y, then s’, written in terms of x1, 7,
involves precisely 6 occurrences of x5 and 2 of x;. In other words,
we may assume that s’ = zy28292%, where 6 = £1, a # 0 # b
and |a| + |b| = 6; or s’ = 22235, Substituting 2, = x7'y gives
s' = (a7 y) 2 (27 y)b or 8" = 2?(27'y)*C. We can rule out the
second form, as it gives s” = zy(x?y)® or s” = ziy(z1y)°. Hence
only the first form can occur. Since at least one of |a|, |b| is greater
than 2, there is a subword (yx;yx,y)*' in s”, which rules out the
possibility that s” = [z1,y]*. Hence we may assume that s” = (x,y)°.
If no cancellation occurs in rewriting s’, then a,b < 0 and 6 = 1, so
s = (my 1) 22 (y lay) 1Py lzy, and the cyclically reduced form
of s” has precisely two x? and four z, letters, a contradiction. Hence
cancellation does occur. This cancellation must involve precisely one
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x1 symbol with one 27! symbol, and all other occurrences of x; must
have the same sign. There are two ways in which this can happen.
Firstly, 6 = —1 and a, b have the same sign (which we may assume
is positive). But then y? appears in the cyclically reduced form of s/,
and s” has free product length less than 12, a contradiction. Secondly,

§ =1 =10, and a = —5. In this case s’ = z;(y 'o1)°.21.27 "y,
so 8" = (w1y)° as required. This last case is therefore the only
possibility.

We are thus reduced to the case where
G = En ~ )
= T1,T2 | X1 T2X1T2,Ty T1T2T1)-

But then G/[G,] is infinite cyclic, while a calculation using the
Reidemeister-Schreier rewriting process shows that [G,G] is free
abelian of rank 2. Hence G is locally indicable.

We are now ready to study presentations with few relations, all of
length 3.

Lemma 3.3 Let G be given by a presentation with at most 3 gener-
ators, and 2 non-equivalent relations of length 3. Then G has a free
abelian subgroup of finite index, of rank at most two, and hence every
torsion-free homomorphic image of G s locally indicable.

Proof. Suppose first that some relator has the form :r;t?’ for some
generator x;. Then x; = 1 in every torsion-free homomorphic image
of GG, so we may replace G' by a 1- or 2-generator group with a single
relator of length 1, 2, or 3. The result is immediate for such a group.
A similar argument applies if some generator occurs exactly once in
the relators. We assume that neither of these happens.

Next note that if G has only two generators x1, x5, then each relator
has the form :L"iﬂx;-ﬂ with ¢ # 7, so GG is cyclic of finite order, and the
only torsion-free homomorphic image of G is the trivial group. Hence
also if GG has three generators, but only two of them are involved in
relators, then G is infinite cyclic, and the result follows.

We are reduced to the case where G has precisely three generators,
each occurring exactly twice in the relators. We may rewrite this as a
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2-generator presentation with a single relation of length 4, involving
each generator exactly twice. Hence G is either free abelian of rank
2, or isomorphic to M 1, the fundamental group of the Klein bottle
(and so has a free abelian subgroup of rank 2 and index 2). In either
case the result follows from lemma ?7.

Lemma 3.4 Let G be given by a presentation with at most 4 gener-
ators, in which every relator has length at most 3. Then G s locally
indicable.

Proof. The result is immediate from Lemmas 7?7 and 77 if there
are fewer than four generators, so suppose there are precisely four
generators, x1, %o, x3, x4 say. We may assume that each generator
occurs at least twice in relators, so there at least three relators. We
may also assume that the relators are pairwise inequivalent.

Suppose first that some pair of relators, say rq, 79, involves only
three generators, say i, s, x3, and consider the relations that in-
volve z4. If some relation contains a single occurrence of x4, then
G is a homomorphic image of (1, zs, 3 | 11, 79), and so G is locally
indicable, by Lemma ??7. Hence any relator involving x4 can be as-
sumed to be of the form 222" for some i < 3. If two such relators
occur, we may combine them to form a relator of length 2, which can
be eliminated to obtain a 3-generator presentation, and so again G
is locally indicable. Hence we may assume that only one such rela-
tor occurs. Then G is a one-relator extension of H where H is the
subgroup of G generated by x,xs,x3. Since H is locally indicable,
so is G.

Hence we may suppose that any two relators involve, between
them, all four generators. In particular there are at most four rela-
tors, and at least two of them involve three generators each. Suppose
that r; involves x1, x5, x3 and ry involves xs, 3, £4. Then any other
relator involves both x1, x4, and if there are two other relators then
each also involves one of x5, x3. Using 7, 75 to rewrite x1, x4 in terms
of x5, x3, we obtain a 2-generator presentation for G which either has
a single relator (of length at most 6), or two relators, each of length
5. The result follows by Lemma ?? and Theorem 77?.
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For the rest of this section we assume that our presentation has at
least 5 generators, and either 4 or 5 relators, each of length 3. We
also assume that each generator occurs at least twice in the relators
(so there are at most 7 generators). If some generator (say x;) occurs
only in one relator 7, then GG is a one-relator extension of the group
G' = (xy,...| 7 ...). If we assume inductively that G’ is locally
indicable, then so is G. Hence we may in fact assume that every
generator occurs in at least two distinct relators.

Our next method of attack is to try to merge relators to obtain
a presentation with fewer relators. This can readily be done when
a generator occurs in only two relators. Suppose for example that
x1 occurs in 7y and ro. If x1 occurs twice in each, then we have
r. = x3xs, r9 = riz) with s,t = +1. We can then replace r, by
the shorter relator xSz, ". Arguing inductively once again, we may
assume that this does not happen. Assume then that x; occurs only
once in 5. We may then remove x; and r, from the presentation, at
the expense of replacing r; by a relator of length 4 (if z; occurred
once in 1) or 5 (if it occurred twice).

To organize this approach, we encode the information concerning
generators occurring in only two relators in the form of a graph |,
with a partial orientation. The vertices of , are the relators r;, the
edges are those generators that occur only in two relators. Thus if a
generator x; occurs in 71 and 7o, then there will be an edge labelled
x1 joining r; to 7. An edge is oriented towards any relator in which
the corresponding generator occurs twice. By the above remarks,
this makes sense in that no edge is simultaneously oriented in both
directions. However an edge has no orientation if the corresponding
generator occurs once only in each of two relators. Note also that no
vertex of , has more than three incident edges, and if one incident
edge is oriented towards the vertex, there is at most one other incident
edge, which cannot be oriented towards the vertex. We call a path
in , semi-directed if all the directed edges in it are oriented in the
direction of the path.

Lemma 3.5 If, has a semi-directed cycle, then G is locally indica-
ble.
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Proof. Suppose , has a semi-directed cycle of length k. Note that
k > 3. Without loss of generality we may assume that this cycle
involves generators zy,...,xx, and that x; joins r; to ry, and so
on. Let H = (xpy1,...| Tgp1...). Since k > 3 and the original
presentation of G has at most 7 generators, this presentation for H
has at most 4 generators. Hence H is locally indicable, by Lemma

?7. But then we may use ry,..., 7 to express o, ...,y in terms of
X1, Tga1,---, SO G is a one-relator extension of H, whence G is locally
indicable.

Lemma 3.6 If, has a cycle, then G is locally indicable.

Proof. By Lemma 7?7 we may assume that this cycle is not semi-
directed. Assuming the cycle is as small as possible, it has length
at most 5 (since , has at most 5 vertices). Since no two oriented
edges have the same terminal vertex, such a cycle must consist of
two semi-directed paths with the same initial and terminal vertices.
(Otherwise, there are at least four changes of direction of oriented
edges as we travel around the cycle. Each time we pass from a posi-
tively oriented edge to a negatively oriented edge, we must cross an
oriented edge between them, so the total number of edges in the cy-
cle would be at least 6.) Suppose the first path consists of edges x4

joining ry to ro, ..., and xy_q joining 7,_; to 7; while the second
consists of edges x; joining r; to 441, ..., and x,, joining r,, to rg.
Let H = (xymi1,.-.| "my1,...). Since there are at least three edges in

our cycle, we have m > 3. Since at least two of the edges are oriented
(because otherwise the cycle would be semi-directed), we can deduce
that at least two of the generators occur more than twice in relators.
Since the total number of occurrences of generators in relators is at
most 15, and every generator occurs at least twice, it follows that
there are at most 6 generators. Hence H has at most three gener-
ators, and at most one more generator than relator. By Lemma 77
every torsion-free homomorphic image of H is locally indicable.
Without loss of generality, we may assume that the edge z;_; is
oriented, for otherwise we could consider instead the semi-directed
paths (r1,79,...,7%_1) and (r1,Tks1,- -+, Tm, Tk, Tk—1). Hence ry con-
tains precisely two occurrences of xp_; and one of x,. Now we
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can use the relators ro,...,7r,_; to rewrite xo,...,x,_1 as words in
Y = {1, %m1,-..}; and the relators ry, ..., rp to write zy, . .., Tp, in
terms of Y. The group G is then a one-relator product of H and (z)
with relator (a rewritten form of) ry. If ry is conjugate (in H * (x1))
to an element of H, then G is a free product of an infinite cyclic
group and a homomorphic image of H. Otherwise G is a one-relator
extension of H. Since every torsion free homomorphic image of H is
locally indicable, it follows that G is locally indicable.

Theorem 3.7 If G has more generators than relators, then G is
locally indicable.

Proof. If d is the deficiency of the presentation, then at least 3d
generators occur only twice in the relators, so , has at least 3d un-
oriented edges. By Lemma ?? we may assume that , is a forest,
and since , has at most five vertices, we must have 1 < d < %,
so d = 1. If there are four relators, then there are five relators, of
total length 15. Hence precisely three generators occur only twice,
in other words , has precisely three edges. Hence , is a tree consist-
ing of three unoriented edges (corresponding to generators x3, T4, Ts,
say). We may use three of the relators to write x3, x4, x5 in terms
of 1, x9. Rewriting the fourth relation gives a 2-generator, 1-relator
presentation for GG, and the result follows from Theorem ?77.

Similarly, if there are five relators, then , has either three or four
edges, at least three of which are unoriented. Using the relators cor-
responding to any three unoriented edges to write the corresponding
generators in terms of the others, we obtain a 3-generator, 2-relator
presentation for G in which the sum of the relator lengths is 9. The
result follows from Theorem 77.

We are now reduced to the case of a five-generator, five-relator
presentation
G = <3§'1,...,£L'5| 7"1,...,7“5>.

We will use this notation consistently from now on. We continue to
analyse the structure of the graph , .

Lemma 3.8 If more than one edge of , s incident at a vertex rq,
then G is locally indicable.

15



Proof. Assume that x4, 5 are edges joining ry to r4, 75 respectively.
Then ry, r3 are words in xy, xe, 3. The group H = (xy, x9, 13| 12, 73)
has the property that each of its torsion free homomorphic images is
locally indicable, by Lemma ??. Hence it would suffice to show that
GG is a homomorphic image of H.

Suppose that one of the edges concerned, say x5, is not oriented
away from r;. Then x5 occurs only once in r5, so r5 can be used
to write x5 as a word in xq,x,,x3. Then at least one of r{,r4 can
be used to write x4 as a word in x1, z9, x3, and G is a homomorphic
image of H, as required.

If both edges are oriented away from 7, then without loss of gen-
erality 4 = 2z, r5 = 22z and 7y = x4257!, for some a € {1,2,3}
and t = +1. Since z%, 12, 2,475 generate a subgroup of index 2 in
the free group (x4, z5), it follows that G contains some homomorphic
image of H as a subgroup of index at most 2. By Lemma ?? G has a
free abelian subgroup of finite index and of rank at most 2, so every
homomorphic image of G is locally indicable.

We can now assume that no component of , contains more than
one edge. Since , has precisely five vertices, it can have at most two
edges.

Lemma 3.9 If, has more than one edge, then G is locally indicable.

By Lemma ?? we may assume that , has precisely two edges,
say x; joining r; and r3, x5 joining ro and r4. Suppose first that
xy is oriented towards r3, and x5 towards r4. Then each generator
occurs exactly three times in the relators, so any relator involving
two occurrences of some generator has to be the terminal vertex of
an oriented edge of , . In particular r5 must involve all three of
x3, T4, 5, and one of these three generators, say x5, occurs in each of
r,T9.

If r3 and r4 have a common generator (say x3), then we may elim-
inate x3 from r3 and r4 to obtain a relator x%xéﬂ We may also use
ry and 79 to write x5 and x4 in terms of x; and x5. These leaves us
with a 2-generator presentation with two relators of length 5 and (at
most) 8. By Theorem ??, G is locally indicable.
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If one of x3, x4, say x3, occurs in r; and r3, then we may proceed
as follows. Use rq, 7y to write xy,x9 in terms of x3, x4, x5, replacing
r3 and r4; by words of length 5, such that r3 involves only x3, x5, and
r4 involves precisely three occurrences of x4. Now use r5 to write x4
as a word of length 2 in x3, x5. Then G = (x3, 5| r3,74) is a 2-relator
presentation in which the relator r3 has length 5 and the relator ry
has length 8 (as a word in 3, x5). It follows from Theorem ?7 that
G is locally indicable.

Hence suppose that x3 occurs in o and r3, while x4 occurs in rq
and r4. Without loss of generality we have r; = x‘fa:f T, Ty = a:gasgxg
and r5 = x3r4x5 for some a, 3,7,0,¢,( = 1. We can use r3 and
r4 to replace 3,24 by 72, 152 respectively. If v = 1 then we can

use 15 to rewrite r; as x§+%~§‘25, and G is cyclic except possibly if
a =1 = —[. But in this case G is a central extension of a one-relator

product of Zs % Z, in which the relator has free product length 2 or
4. Since any such group is finite, so is G and we are finished.

Similar arguments hold if ( = —1 (using 75 to rewrite r5) or if
¢ = —~ (using ry to rewrite ). In all cases G is locally indicable, as
required.

Secondly, suppose that x; is oriented towards r3, and that x is
unoriented. Now every generator that occurs in 75 occurs in three
distinct relators. At least one such generator, x5 say, occurs precisely
once in each of three distinct relators. Now use ry,ry, 75 to write
T1, Ty, o5 in terms of x3, x4. Rewriting r3,r4 as words in w3, x4, We
get two relators of lengths 4 and 8 (if z5 occurs in 71 and r3) or 5
and at most 7 (otherwise). The result then follows from Theorems
?? and ?77.

Finally, suppose that neither edge is oriented. Using rq, 5 to elim-
inate 1, x5 as above, we obtain a 3-generator, 3-relator presentation
in which the relators have lengths 4,4,3 respectively. Hence one gen-
erator (z3 say) occurs at most (hence precisely) three times. In par-
ticular there is a relator containing precisely one occurrence of zj.
Using that relator to eliminate r3, we obtain a 2-relator presenta-
tion in which either one relator has length at most 4, or the relator
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lengths are 5 and (at most) 6. By Theorems ?? and ??7 again the
result follows.

Theorem 3.10 If G = (zy,...,x5| 71,...,75) where each r; has
length 3, and each of r1,...,r4 involves three distinct generators,
then G s locally indicable.

Proof. Firstly, suppose that some generator, say x5, occurs only
once in ry,...,r4 - say in r4. In particular, G is a homomorphic
image of G1 = <.Z‘1, e .Z‘4| 1,79, 7“3>.

If in addition some other generator (say z4) occurs at most once
in 71,79, 73 (say in r3), then either G; is isomorphic to

G2 — <$1,ZL‘2,3§'3| 74177”2>

(if 24 occurs once), or GGy is a free product of a homomorphic image
of G5 with an infinite cyclic group. Thus G is either a homomorphic
image of G5 or a one-relator extension of such a homomorphic image.
By Lemma ?7 all torsion-free homomorphic images of G5 are locally
indicable, and it follows that G is locally indicable.

Suppose then that x5 occurs precisely once in 74 and not at all in
r1, 79,73, while each of x1,..., x4 occurs at least twice in 7,7y, 3.
Then one generator (say x4) occurs in all three of 7,75, 73, while
each of x1, xo, x3 occurs in precisely two of 7,79, r3. Without loss of
generality z; occurs in 7; (for 7, j € {1,2,3}) if and only if i # j.

Now r4 involves x5 and precisely two of z,...,z4. Without loss
of generality x; occurs in r,. We can use rs, r3 to write each of x3,
respectively as a word of length 2 in x1, z4. This allows us to rewrite
r1 as a word of length 5 in xq,x4. Use 74 to write x5 as a word of
length 2 in xq, x5, 3, x4 that definitely involves x;, and hence as a
word of length at most 3 in x1,x4. Finally, r5 involves x5 at most
twice, so can be rewritten as a word of length at most 8 in xy, 4.
Thus G has a 2-relator presentation with one relator of length 5 and

the other of length at most 8, so G is locally indicable, by Theorem
??

Secondly, suppose that each generator occurs in at least two of
ri,...,7rs4; and that the generator x5 occurs in all four of them. Then
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each of z1,..., x4 occurs precisely twice in ry,...,r,. By Lemma 77
we may assume that , has at most one edge, so there is at most
one generator that occurs only twice in r,...,75. Hence we may
assume that r5 involves three of xq,...,x4. Assume that r5 involves
To, T3, 4. Then one relator (say rp) involves z;. But we are now in
the same circumstances as in the first case of the proof, for each of
r9, ..., 75 involves three distinct generators, and the generator x; is
involved only once in 7o, ..., 75. As before, G is locally indicable.

Finally, let us suppose that each of x1,x9, z3 occurs twice in the
relators ry, ..., ry, whilst each of 24, x5 occurs three times. Since each
of r1,...,ry involves at least one of x1, x4, 23 there are essentially only
three possibilities (up to re-numbering):

(i) 71,79 involve both xq, x9; r3, r4 involve x3;
(ii) z; occurs in r; and 4 (i = 1,2, 3);
(iii) x; occurs in r; and ;4 (i = 1,2, 3).

We treat each of these cases separately. Note that at least two of
T1, To, x3 occur in ry. If also x4 or x5 occurs in 75, then 75 also involves
three distinct generators, and some generator (say x;) occurs only
twice. We may then argue as in the first part of the proof to show
that G is locally indicable. Hence we will assume for the remainder
of the proof that r5 is a word in x1, x4, T3.

Case (i). Note that G is generated by z; and x. If r5 involves
only xy,x9, then G is cyclic, and the result follows. If xy, 29,23
each occur in 75, then G contains as a subgroup of index at most 2
some homomorphic image of H = (x3, x4, x5| r3,r4). The result then
follows from Lemmas 7?7 and ?77.

Assume then that only z; and z3 occur in r5. If r5 = x,22 then
we use 15,74 and 7y to write x1, x5 and x, as words in x3,x4. Then
r3 becomes a relator of length 4 and r; a second relator. The result
follows from Theorem ??. Finally, suppose that 75 = z?z3. Using
r9, 73,75 to eliminate x5, x3, T5, we obtain a two generator presenta-
tion with generators x, r4 and two relators r1, 74, where r; has one of
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the forms z4zF? or 232z 2t 2 and r, has one of the forms z4x
171 103 T] Ty 1

or w2z 'z 2z, A case-by-case analysis verifies that G is locally

indicable in all cases.

+2
4

Case (ii). Note that x4, x5 occur in each of 71,75, 73, so we can use
these relators to write xq,x9, x3 as words in x4, x5, each of which
contains one occurrence each of x; and of x5. Moreover, these words
and their inverses are mutually distinct (for otherwise we could com-
bine two of the relators to obtain an identity x; = :L"jil for some
i,j € {1,2,3}).

In particular GG is generated by x4, x5, and the subgroup generated
by 1,9, x3 has index at most 2. Hence G has a subgroup of finite
index that is a homomorphic image of (x1, 29, x3| r4,75). Hence G is
locally indicable, by Lemmas 7?7 and ?7.

Case (iii). Suppose first that z3 does not occur in r5. Using rq,rq, 74
to write x3, x4, x5 in terms of x1, x5, we see that G is generated by
x1, Ty, and hence cyclic, since r5 is a word in xq, x5. Similarly G is
cyclic if z; does not occur in r5, so we may assume that both zq, x3
occur in 7s.

If x5 does not occur in r5, then there is no loss of generality in
assuming that r; = le'%ﬂfg,. Use rq,7ro, 74 to write x1, 9, r3 in terms
of x4, x5. Then 73,75 each become words of length 6 in x4, x5, and
moreover each contains precisely 3 occurrences each of x4, 5. We
may also assume that these words are cyclically reduced, or else the
result follows from Theorem ??. Without loss of generality r; has the
form x; 'z425, so the rewrite of 75 has one of the forms x4x5x4x5x$x§
or :1:4355:1:4a:§x4. In the latter case G is generated by x; = x4x5 and
x4, which satisfy x%m;lmlm, and the result follows from Lemma ?77.
In the former case, if « = =1 then x425 = 1 in (A}’, so G is cyclic. If
a = —f then G has a presentation (a,b| a® = b*, w(a,b) = 1), where
w contains at most 3 occurrences of a. In particular G is a finite
extension of its central subgroup (b?), so finite.

We are thus reduced to the case where r5 = x4a:5a:4x5a:21x5’1. Re-
call that r3 also rewrites to a word of length 6 involving exactly three
occurrences of each of x4, 5. Considering all possible such words,
and performing coset enumerations, we see that G is finite except
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for those cases where G has infinite abelianisation (in other words,
where the exponent sums of x4 and z5 in r3 are equal). But in those
cases we can verify by Reidemeister-Schreier rewriting that the com-
mutator subgroup of GG is cyclic, and hence G is locally indicable, as
required.

Finally, suppose that each of x1, x5, 23 occurs in r5. Then, after re-
placing some generators and /or relators by their inverses if necessary,
(1), b(1)

and possibly interchanging x4 and x5, we have r| = 2% 25, 79 =
8@ 00 a) bE) L al) b g als) )

2T5 "Xy 5 T5 = T3Xy "Tg T, T3 = XyTy X3 T, AN rg = Tsky Ty 0,
where a(i),b(i) = £1 for all i. A computer search through all 2'°
possible values of the a(i) and b(7), using coset enumeration, verifies

that in all cases G is finite.

Proof of Theorem ??. Suppose G = (xy,...| r1,...,7%), where
k < 5 and each relator has length (at most) 3. Any relators of
length less than 3 may be eliminated (along with a generator in each
case) without affecting G, so we may assume that all relators have
length 3. We may also assume that each generator occurs in at least
two relators. By Lemma 7?7 we may assume that there are no more
generators than relators, and by Lemma ?? we may assume that
there are at least 5 generators, so we assume that there are precisely
five generators and five relators.

If the graph , has more than one edge, then the result follows
from Lemma ?7, so assume that , has at most one edge. If some
relator involves a generator x; twice, then either there is an edge
labelled x; oriented towards that relator, or the generator x; occurs
more than three times, in which case to compensate there must be
another generator z; occurring fewer than three times, and hence an
unoriented edge z; in , . Since , has only one edge, there can be at
most one relator of this form. In other words there at least 4 relators
r1,...,74 say, each of which involves three distinct generators. The
result now follows from Theorem ?7.

Proof of Corollary ?7. If some relator has the form r = z! for
some generator x and integer ¢ # 0, then x = 1 in GG, so we may omit
x and r from the presentation, deleting all occurrences of = from
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other relators as we go. This reduces the number of relators, without
changing G or increasing complexity. Without loss of generality, we
may assume there are no such relators.

Next, any relator of length 2 has the form r = z%y” for distinct
generators z,y, where a, 3 € {£1}. We may remove r and y, replac-
ing every occurrence of y in other relators by =%, without changing
G or increasing complexity. Hence we may assume that every relator

has length at least 3.
a(l) a(2) a(k)

Finally, if » = 27" "2y 7 ... 2, is a relator with £ > 4, we may
introduce k£ — 3 new generators yq, ..., yk and reg)lace r by k — 2 re-
lators 7022 @ .y yrlat@ys. i lxk , without changing

G or the complexity. Repeating for all relators, we obtain a presen-
tation in which all relators have length 3. The number of relators is
then equal to the complexity, which is at most 5 by hypothesis, so
we may apply Theorem ?77.
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