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Abstract

A recent result of D. J. Collins states that the intersection of two Magnus subgroups
in a one-relator group consists either just of the ‘obvious’ intersection, or exceptionally
of the free product of the obvious intersection with a free group of rank 1. In this paper,
Collins’ result is generalised to apply to one-relator products of arbitrary locally-indicable
groups. Moreover, a precise analysis is carried out of when ‘exceptional’ intersections
can arise. In the classical case of a one-relator group, the problems of recognizing the
existence of an exceptional intersection, and of finding a generator for it, are shown to
be algorithmically soluble.

1 Introduction

Recall that a group G is locally indicable if each of its nontrivial, finitely generated
subgroups admits an infinite cyclic homomorphic image. A one-relator product of groups
Ay (A € A) is a quotient

G = (xxer AN)/((R))

of their free product by the normal closure of a word R, which is called the relator, and
is assumed not to be conjugate to an element of one of the Ay. By the Freiheitssatz for
locally indicable groups [2] a free factor Ays := *,en Ay of Ay embeds in G, provided R
is not conjugate to an element of Ay;. The image of this imbedding is called the Magnus
subgroup corresponding to the subset M C A.

The purpose of this paper is to examine the intersection of two Magnus subgroups of
a one-relator product of locally indicable groups. Suppose M and N are two subsets of
A. Then clearly the Magnus subgroup Aj;nn is contained in the intersection of Magnus
subgroups Aj; N Ax. In almost all cases, it turns out that

Ay N AN = Apnn,



but it is easy to construct examples where this equation fails.
In the special case where the Ay are all infinite cyclic (so that G is a one-relator
group), Collins has proved [5] the following result.

Theorem A Let Ay and An be Magnus subgroups of a one-relator group G = Ap/{(R)).
Then
Ay NAN = Ay x 1,

where I is a free group of rank 0 or 1.

Both possibilities occur, but the most usual situation is that I has rank 0. If I has
rank 1 then we say that Ay and Ax have exceptional intersection.

The purpose of the present paper is twofold: to generalise Theorem A to the case of
arbitrary locally indicable factors; and to investigate precisely under what circumstances
an exceptional intersection can occur.

We prove the following results. The first is a generalisation of a result of Newman
[11] for the case of a one-relator group with torsion.

Theorem B Let G be a one-relator product of locally indicable groups, in which the
relator is a proper power. Then Magnus subgroups of G have no exceptional intersection.

Next is the main result of the paper.

Theorem C Let G = Ap/{(R)) be a one-relator product of locally indicable groups, and
let Apr and An be Magnus subgroups that have exceptional intersection in G. Then one
of the following is true.

1. Some conjugate R’ of R is contained in a subgroup of Ax of the form D x E, where
D and E are finitely generated subgroups of Ay and An respectively, and D® and
E% have torsion-free rank 1. In this case

Ay NAN = Apnn * 1,

where C' is the intersection of D and E in (D x E)/{(R')).

2. Some conjugate R of R is contained in a subgroup of Ap of the form D x (xy),
where D is a finitely generated subgroup of Ayinn with D of torsion-free rank 1,
x € Ay and y € An. In this case, either

Ay NAN = Apnn * <33'>,

or
Ay NANy = Aynn * 2 Mz,

where I is the intersection of D and (xy)D(zy)~! in (D * (zy))/{((R')).
As a consequence, we can derive the analogue of Theorem A above.

Corollary D Let G = Ap/((R)) be a one-relator product of locally indicable groups,
and let Ayr and An be Magnus subgroups. Then

AMOAN:AMQN*I,

where I is a free group of rank 0 or 1.



In the special case where the Ay are all cyclic, then we can use the classification
of exceptional intersections given in Theorem C to obtain a solution to the algorithmic
problem of recognising when two Magnus subgroups admit an exceptional intersection,
and if so of finding a generating word for the exceptional factor I.

Theorem E There is an algorithm to determine and compute exceptional intersections
of Magnus subgroups in one-relator groups, in the following sense. Suppose we are
given a finite presentation {a1,...,ak,b1...,bg,c1,...,cm|R = 1) of a one-relator group
G, where the relator R contains at least one letter aiil and at least one letter clil.
Then the algorithm decides whether or not the intersection of the Magnus subgroups
My = (a1,...,a5,b1...,bp) and My = (by...,bs,c1,...,¢n) in G contains exceptional
elements. If so, the algorithm finds a word w in the generators {ai,...,ax, by ..., bs}, and
a word v in the generators {by ..., bg,c1,...,cm}, such thatu =v in G and {b;y ..., by, u}

s a free basis for the intersection of M1 and My in G.

There are two obstructions to extending this to the general locally indicable case.
One is the standard counting argument - there are uncountably many locally indicable
groups, but only countably many algorithms. The second is the absence of a suitable
analogue, for more general one-relator products of locally indicable groups, of a key
ingredient of our algorithm: the Baumslag-Taylor algorithm [1] for identifying the centre
of a one-relator group.

In practice, we restrict attention to the case where |A| =3, A = M UN and |M| =
|N| = 2. The general case can readily be seen to reduce to this special case.

The remainder of the paper is organized as follows. In section 2 below, we review a
number of known results and standard techniques that we will use in the rest of the paper.
In section 3 we focus attention on minimal intersection van Kampen diagrams, which
arise whenever an exceptional intersection occurs. We prove a number of structural
properties of such diagrams. In section 4, the technique of towers is applied to our
intersection diagrams, to show that an exceptional intersection can occur only when
the relator word R lies in a rank 2 subgroup of the free product x5 Ay of a certain
form. In section 5 we classify all such rank 2 subgroups, and deduce the main results.
Finally, in section 6, we restrict our attention to the classical case of a one-relator group,
and prove that the problem of recognizing and finding a generator for an exceptional
intersection subgroup, is algorithmically soluble, following the guideline of the Baumslag-
Taylor algorithm [1] for finding the centre of a one-relator group.

Acknowledgement. It is a pleasure to acknowledge the help and encouragement of
Don Collins towards this work, which grew out of conversations with him about [5]. In
particular, the proofs in Section 5 would have been much longer and less elegant without
his insights.

2 Preliminaries

2.1 Properties of locally indicable groups

Throughout this paper, we will make extensive use of the following facts about one-
relator products of locally indicable groups.



Theorem 2.1 [6] Let G = (A = B)/((R) be a one-relator product of locally indicable
groups A, B, such that the relator R is neither conjugate in Ax B to an element of AUB
nor a proper power in A x B. Then G is locally indicable.

Theorem 2.2 [6] Let A, B be locally indicable groups, R = aiby - - - apby € A * B, with
a; € A\ {1}, and b; € B\ {1}, and let G = (A« B){(R)) be the corresponding 1-relator
product. Then the 2k initial segments So;_1 = a1by---b;_1a; and So; = arby---a;b;,
i=1,...,k represent pairwise distinct elements of G.

Theorem 2.3 [/] Locally indicable groups are right orderable.

Recall that a right ordering on a group G is a linear ordering < on G such that
x<y=xg <yg forall x,y,g € G. A group G is right orderable if there exists a right
ordering on G. In general, a right ordering is not unique. (For example, the abelian
group Z? has uncountably many right orderings.) At one point in our deliberations, it
will be important for us to be able to have some freedom in the choice of right ordering.

A particular type of right ordering arises from a homomorphism ¢ : G — H, where
H and Ker(¢) are equipped with right orderings (both denoted <). We define a right
ordering on G lexicographically: = < y if either (i) ¢(x) < ¢(y) in H, or (ii) ¢(z) = ¢(y)
and zy~! < 1 in Ker(¢).

We say that the resulting right ordering on G is dominated by the right ordering on H
via the homomorphism ¢. In particular, if G is a right orderable group, and ¢ : G — H
is any homomorphism to a group with a given right ordering, then any right ordering
on G restricts to one on Ker(¢), so there exists a right ordering on G that is dominated
by the right ordering on H via ¢.

2.2 van Kampen diagrams

Recall that one may associate, to any group presentation P, a 2-dimensional CW-
complex X = X(P), (usually with a single 0-cell), whose fundamental group 7 (X)
is isomorphic to the group G = G(P) defined by the presentation. Recall also [9] that a
van Kampen diagram over P consists of a simply-connected, compact planar 2-complex
A, and a combinatorial (or cellular) map f : A — X(P). The complement of A in
the plane is an open annulus, one of whose ends describes a closed edge-path Py in the
1-skeleton of A, called the boundary path. The image of Py in the 1-skeleton A of A
is called the boundary of A, and denoted A. The image f(P), in the l-skeleton X
of X, of any path P in the AM), can be expressed as a word A(P) in the generators
of the presentation P, called the label of P. In particular, A\(Py) is called the boundary
label of the van Kampen diagram. Each 2-cell, or region « of A is an open disc, whose
unique end describes a closed edge-path P, in A(). We denote the image of P, in A()
by Oa and call it the boundary of . We also refer to A(P,) as the label of . Since f
is a cellular map, f(«) is one of the 2-cells of X, so A(P,) is a conjugate of one of the
relators of the presentation P, or of the inverse of a relator.

Note that the paths Py and P, are not entirely well-defined. They depend, in general,
on a choice of starting point, which we call the base-points of the diagram as a whole,
and of «a, respectively, and on a direction of travel. In this paper, we will make the
convention that the base-points of « are chosen such that A(«) is equal to a relator or



to the inverse of a relator, for each region «, and that the direction of travel is clockwise
around A and « (with respect to some fixed orientation of the plane). We will also
assume that A(«) is always a cyclically reduced word.

Since A is simply-connected, it follows that the boundary path Py of the diagram
is null-homotopic in A, and so A(Fp) represents the identity element of m(X) = G.
Conversely, given any word W in the generators of P that represents the identity element
of G, one can find a van Kampen diagram whose boundary label (with respect to some
choice of base-point) is equal to W.

Finally, suppose that the boundary paths of two regions « and § in A have a point
v in common, and that the cyclic conjugates of their labels as read from v are mutually
inverse words in the generators of P. Then there is a process of cancellation by which
« and [ can be removed from A, and their boundaries sewn together, to produce an
amended diagram with the same boundary label but fewer regions.

(See for example [9] for details of the above, and more about van Kampen diagrams
in the general context.)

2.3 Intersection diagrams

Now let us turn to the situation considered in the present paper. We have a one-relator
product G = (A * B« C)/((R)) of locally indicable groups A, B and C, and we wish
to study the intersection in G of the Magnus subgroups A * B and B % C. Choose
presentations P4, Pp, and Po for A, B and C respectively satisfying the following
assumption:

Assumption A Each letter of the word R is (uniquely) either a generator or the inverse
of a generator in one of the presentations P4, Pg, Pc.

It is easy to check that presentations satisfying Assumption A exist. (For uniqueness,
this requires the fact that locally indicable groups have no 2-torsion.) Now we can take
the disjoint union P as a presentation for the free product A x B * C. The resulting
complex X (P) is just the one-point union of the 2-complexes X (P4), X (Pg) and X (P¢).
However, we choose a slightly different topological model X for 75, namely the disjoint
union of X(P4), X(Pg) and X (Pc) together with two oriented 1-cells, labelled a and ¢,
that we use to join the base-point of X (Pg) to those of X (P4) and X (P¢) respectively.
Note that the 1-cells @ and ¢ form a maximal tree T in the 1-skeleton of X, and the
quotient space X /T is exactly X (75) (An algebraic analogue of this model is to consider
R as a word in (ada™1) * B (cCc™') C A% B+ C * (a,c).)

We then use Assumption A to obtain a canonical choice of a cyclically reduced word
in the generators of P representing R € A x B x C - namely the one in which each letter
of R is represented by a generator or the inverse of a generator. We add this canonical
word as an additional defining relator to P to obtain a presentation P of G. (We will
abuse notation by using R for this additional relator of P, as well as the original element
of Ax B x C.) Note that this presentation satisfies the following.

Property B Suppose that two subwords U,V of R or R~! represent the same element
of Ax Bx(C. Then U and V are identically equal as words in the generators of P.

To form our 2-complex model for P, we attach a 2-cell to X along the edge-path
representing R. Notice that this edge-path will involve the edges a and c as well as those



labelled by generators of P. We call the resulting 2-complex X.

Suppose that there are elements u € (A* B)\ B and v € (B C)\ B such that u = v
in G. Then we may choose words U, V in the generators of P that represent u and v
respectively, and a van Kampen diagram f : A — X(P) with boundary label UV 1.
We will call such a van Kampen diagram an intersection van Kampen diagram, and the
equation u = v an intersection equation. We will denote the images of the paths U,V in
0A as 04+ A and J_A respectively.

Note that, by Theorem 2.2 and the fact that A is simply connected, the boundary
path of any region a of A is a simple closed path in AM)| so that the closure of « is a
closed disc.

If, amongst all intersection van Kampen diagrams, for all intersection equations u = v
(with w € (A* B)\ B and v € (B * () \ B), the number of regions in A is smallest
possible, and the total number of cells is smallest possible subject to the minimality of
the number of regions, then we will call f : A — X a minimal intersection van Kampen
diagram, and u = v a minimal intersection equation.

There are four different types of 2-cells in the 2-complex X = X (P): those coming
from X = X(Pa), X = X(Pg), and X = X (P¢); and the single 2-cell corresponding to
the additional relator R. We refer to the regions of a van Kampen diagram f : A — X as
A-, B-, C- and R-regions according to the type of their images in X. Those edges f~!(a)
and f~!(c) of A will be called a- and c-edges respectively. Note that only R-regions have
a- or c-edges in their boundaries.

2.4 Ordering of regions

Let G = (A« B=xC)/((R)) be a one-relator product of locally indicable groups A, B and
C', where R is not conjugate to an element of A, B or C. Then we may write (uniquely)
R = R™ for some m > 1 and some R € A * B x C that is not a proper power.

By Theorem 2.1 the quotient group G = (A * B x C){(R)) of G is locally indicable,
and hence right orderable, by Theorem 2.3. Choose a right ordering < of G, which we
will regard as fixed for the rest of this section (but later we will require the freedom to
vary the right ordering). We use < to define a partial ordering of the R-regions in a van
Kampen diagram f: A — X as follows.

Suppose that «a, are two R-regions of A. Choose an edge-path @ = Q(a, ) in
AWM from the base-point of a to the base-point of 3. We say that a@ < § if A\(Q) >
1. (Note that this definition is independent of the choice of the path @, since A is
simply connected.) An R-region of A is called minimal or mazimal if it is minimal or
maximal with respect to this partial ordering of R-regions. It is called locally minimal
(respectively, locally mazimal) if it is no greater than (respectively, no less than) any
other R-region with which it shares an a- or c-edge. Clearly minimal (respectively
maximal) R-regions are also locally minimal (respectively locally maximal).

Without loss of generality, we assume that the attaching path in X of the 2-cell
corresponding to R begins and ends at the base-point for X (Pg), so that we may think
of R, R as cyclically reduced words in (aAa=!) * B x (cCc™!) (with R =R ™).

The occurrences of a in R correspond to initial segments of R considered as a word
in (aAa=') * (B * cCc™'). By Theorem 2.2, these segments represent pairwise distinct
elements of the right ordered group G. We denote by amin and amax the occurrences of



a in R corresponding to the least and greatest of the initial segments of G (with respect
to the chosen right ordering <). We define occurrences ¢pin and ¢pax of ¢ in R in an
analogous way.

Since R = R™, we can naturally regard R as containing m occurrences each of amin,
Qmax, Cmin and cmax. These occur in a pattern that is repeated m times. In particular,
for example, the m occurrences of amax and cpax in R alternate.

In our van Kampen diagram f : A — X, each region has precisely m edges of each
type Amin, Gmax, Cmin and cmax, corresponding to its labelling Rl = R+m,

Lemma 2.4 Let a and (8 be regions of the minimal intersection van Kampen diagram
A. If some amax- 0T cmax-edge of a is also an edge of 3, or if some amin- Or Cmin-edge
of B is also an edge of a, then a < (.

Proof. We assume that an apax-edge of « is also an edge of 3. The other cases are
similar. There is a path in da from the base-point of a to the start of the given amax
edge that has label R*Sy; for some i = 0,...,m — 1, where Sy is the greatest initial
segment of R (with respect to the right ordering of G). There is a path in 93 from the
base-point of 3 to the start of this same a-edge that has label R7S), for some j, p, where
S, is also an initial segment of R.

Note that p #£ M, since otherwise a and § would cancel, contradicting the minimality
of A. Hence S, < Sys. The concatenation of these two paths is a path ) from the base-
point of a to the base-point of 3, whose label A\(Q) is equal in G to SMSp_l > 1. Hence
«a < 3 as claimed. O

Corollary 2.5 Let f : A — X be a minimal intersection van Kampen diagram, and let
a be a locally minimal (respectively locally mazimal) R-region of A. Then each apin-
(respectively amax-) edge of o belongs to O+ A; and each cpin- (respectively cmax-) edge
of a belongs to O_A.

Proof. We assume that « is locally maximal. The other case is similar. Let e be one
of the amax edges of a. If e is also an edge of another region 3 of A, then o < § by the
Lemma. But this contradicts local maximality of ov. Hence e € OA. But e ¢ 0_A, since
e is an a-edge. Hence e € 9+ A. Similarly every cpax-edge of a belongs to 0_A. O

This allows us to prove the first of our main results.

Proof of Theorem B. In the set-up we have described, we need to show that the inter-
section of (A * B) and (B * () in G is equal to B if m > 2. If not, then there exists
a minimal intersection van Kampen diagram f : A — X. Clearly A must contain at
least one R-region, for otherwise the intersection equation given by 0A is a consequence
of the relators of P4, Pp and Pc. But then the intersection of (A * B) and (B * C) in
A x B % C would be strictly greater then B, which is absurd. Since A contains at least
one R-region, it contains a maximal one, o say. Then « is also locally maximal. By
the Corollary above, every amax-edge of a belongs to 01 A, while every cpax-edge of «
belongs to 0_A. But the m > 2 apax-edges of « alternate with the m cpax-edges, so
this is impossible. This contradiction completes the proof. O



2.5 Gurevich regions

Let X = X (P) be the 2-complex model for G = (AxB*C)/((R)) constructed in section
2.2. Suppose that ¢ : A — X is a van Kampen diagram, and that « is a region of A. A
Gurevich path for « is an edge-path @) in daNJA that contains at least one edge labelled
a*! and at least one edge labelled ¢*!. A Gurevich region of A is a region (necessarily
an R-region) admitting a Gurevich path.

C

The following is essentially a special case of a result from [8].

Theorem 2.6 Let ¢ : A — X be a minimal van Kampen diagram with no boundary
B-regions. Then

1. If A has precisely one R-region then that is a Gurevich region.

2. If A has more than one R-region, then it contains at least two Gurevich regions.

Sketch Proof. In the language of [8], let K be the (staggered) generalized 2-complex
whose 1-skeleton is the graph of groups (with trivial edge groups)

A B C

@ L 4 ®
a C

and a single 2-cell ¢(R). We can amend ¢ : A — X to a diagram A over K by absorbing
any A-, B- or C-regions into neighbouring R-regions. The regions of A are then in one-
to-one correspondence with R-regions of A. By [8, Theorem 3.1], either A has precisely
one region, and it admits a Gurevich path; or there are at least two regions of A that
admit Gurevich paths. It therefore suffices to show that, if a region @ of A admits a
Gurevich path, then so does the corresponding region « of A.

Let @ be a Gurevich path of shortest length in 0@. Then (with a suitable choice of
orientation) @ has label a~'by - - - byc for some by, ... by € B. The first and last edges
of ) are necessarily in JA. If the other edges of ) are not contained in JA, then they,
together with a path in A, bound a union of B-regions that become absorbed into @
in the passage from A to A. But the latter possibility contradicts the condition that A
has no boundary B-regions. O



3

Analysis of minimal intersection diagrams

Lemma 3.1 Let A be a minimal intersection van Kampen diagram over the one-relator
product G = (A* B x C)/((R)) of locally indicable groups A, B and C. Suppose OA is
the union of two paths 0L A and 0_A, with a common initial point pg and a common
terminal point py, labelled uw € (Ax B)\ B and v € (B % C) \ B respectively, such that
w- v~ Y is the boundary label of A.

1.
2.
3.

A is a topological disc, or (equivalently) OA is a simple closed path.

Each boundary region of A is an R-region.

If A has more than one R-region, then it has precisely two Gurevich R-regions.
The boundary of one of these contains pg and the boundary of the other contains
p1.

Each Gurevich region o of A is locally minimal or locally mazimal. More precisely,

it admits a Gurevich path containing either the amax and cmax edges of «, or its
Qmin and cpin edges.

If A has a locally minimal (resp. maximal) Gurevich region then any locally mini-
mal (resp. mazimal) region of A is a Gurevich region.

Proof.

1.

Suppose first that 0;A is not a simple path. Then there is a closed subpath,
labelled (say) u’ € A * B, which bounds a subdiagram A’ of A, and so v/ = 1 in
G. By the Freiheitssatz [2], v/ = 1 in A * B, so we can delete A’ from A to get a
smaller diagram with the same boundary label (evaluated in A x B x C'), contrary
to the minimality hypothesis.

Hence we may assume that 04 A is a simple path, and similarly 0_A. Next suppose
that these paths have an intermediate vertex in common. Then u = ujusg, v = v1v2
in such a way that wu;v; 1'is the boundary label of a subdiagram A; of A, for
i = 1,2. Clearly each A; has strictly fewer cells than A, while at least one of the
intersection equations w; = v; is nontrivial (since the equation w = v is nontrivial),
contradicting the minimality of A once again.

. Suppose that some boundary region « is not an R-region. Clearly o cannot be the

whole of A. Hence Ja contains an arc v that meets A only in its endpoints.

NG

Since « is not an R-region, A(7) is a word in the generators of Py, or of Pg, or
of Pe. Cutting A along v yields two smaller diagrams A; and As, at least one of
which is a nontrivial intersection diagram, contradicting the minimality of A.



3. Since A has no boundary B-regions, A has at least two Gurevich regions, by
Theorem 2.6. But any Gurevich path in A contains edges with labels a and c.
Such a path intersects both d;A and 0_A, so must contain one of pg,p; (in its
interior). The result follows.

4. If A has only one R-region, then it is simultaneously minimal, maximal, and a
Gurevich region, so there is nothing to prove. We will therefore assume that A has
at least two R-regions.

By definition, the amax edge of any locally maximal R-region of A belongs to dy A,
as does the api, edge of any locally minimal R-region. Consider the collection
el ..., e of edges of this type (in the order in which they occur in 91 A). Since A
has at least one minimal and one maximal R-region, k > 2. We will show that e;
and ey belong to the two Gurevich regions.

Consider the R-region « to which e; belongs. This region is either locally minimal
or locally maximal, so meets both parts of JA. We assume that « is locally
maximal, the other case being similar.

Let P denote the subpath of A whose first and last edges are the amax and cmax
edges of «, respectively, and which passes through py. If P C da, then P is a
Gurevich path containing the amax and cpax edges of «, as required.

€= Apax

Cmax

If P ¢ Oa, choose an edge e of P with e ¢ da, remove « and the interior of daNIA
from A, and consider the component A of what remains that contains e. Now Aq
contains at least one R-region (for example, the boundary region that meets e).
Hence it contains an R-region (3 that is minimal in A;. The only region of A\ Ay
with which 3 can share an a- or c-edge is «, and if this happens then § < a by
local maximality of a. Combining this with the minimality of 8 in Ay, it follows
that ( is locally minimal in A. But then, by Corollary 2.5, the amin edge of 3 lies
in 4+ A between py and eq, a contradiction.

We have shown that the region containing e; is the Gurevich region containing
po, and that this region admits a Gurevich path containing either its amax and
Cmax €dges, or its amin and cpin edges. A similar argument applies to the region
containing ey.

5. Let us suppose that A has two locally minimal R-regions « and 3, and that « is a
Gurevich region. Then by part 4 of the Lemma, o admits a Gurevich path P C Ja
containing both the apyin and cpin edges of . Let @ be the (oriented) subpath of
P whose first edge is the amin edge of a and whose last edge is the ¢y, edge of a.
Then the label w = A(Q) of @ belongs to (Ax B) - (B x C).

10



There is a path ' € 983, whose label A(Q') is also equal to w, and whose first
and last edges are the ayi, and cpi, edges of 3 respectively. In particular, Q' joins
the two parts of OA. Let Q" be a subpath of Q' that joins the two parts of 0A,
and is minimal with respect to that property. Then its label A\(Q") also belongs to
(Ax B)-(Bx*C). If Q" consists of a single point, then 3 is a Gurevich R-region,
as claimed.

" min
min

Cmin

Otherwise, cutting along Q" divides A into two subdiagrams A; and As, each
with boundary label in (A * B) - (B % C), and so each representing an exceptional
intersection equation. At least one of these equations is nontrivial, contradicting
the minimality of A.

O

Theorem 3.2 Let A be a minimal intersection van Kampen diagram. Then A has a
unique minimal R-region and a unique maximal R-region, each of which is a Gurevich
R-region.

Proof. In the free product A B C we have (A% B)N(B*C) = B, so A must contain
at least one R-region, and hence by Theorem 2.6 at least one Gurevich R-region. If A
has a single R-region, there is nothing to prove. From now on we will assume that A has
more than one R-region, and hence it has precisely two Gurevich R-regions, and each of
these is either locally minimal or locally maximal, by Lemma 3.1.

Suppose that one of the Gurevich R-regions is locally minimal and the other is locally
maximal. By Lemma 3.1 any locally maximal or locally minimal R-region is a Gurevich
R-region, so there is precisely one locally minimal R-region and precisely one locally
maximal R-region. Since minimal (resp. maximal) R-regions are locally minimal (resp.
locally maximal), the result follows in this case.

Next suppose that the two Gurevich R-regions of A are locally minimal (and neither
is locally maximal). We will show that this is impossible by deriving a contradiction.
(By symmetry the same argument will apply to the case where both Gurevich R-regions
are locally maximal and not locally minimal.)

By Lemma 3.1, only the Gurevich R-regions are locally minimal. Moreover, A has at
least one maximal R-region « say. Since « is maximal, it is locally maximal, and hence
not a Gurevich R-region.

11



u, max u

\YJ C V2
max

Also a meets both sides of the boundary of A: the edges amax and cmax of a belong
to 0+ A and J_A respectively. Hence by removing o and the edges and intermediate
vertices in da N OA we disconnect A into two subdiagrams A; and As. Note that for
i = 1,2 the diagram A,; has the following properties:

1. 0A; is the union of the three arcs 0A; NI+ A, 0A; NO_A and 9A; NAa. Hence the
boundary label of A; has the form w;v;w;, where u; € A x B is a terminal segment
of u*!, v '€ B« C is a terminal segment of v*!, and w; is a cyclic subword of
R+

2. A; contains one of the Gurevich R-regions of A, so in particular has at least one
R-region.

The cyclic subwords w1, w2 of R are disjoint. Indeed, there is a cyclic permutation
of R*! of the form
zrazy 'wy yy ey,

where a is precisely the letter amax of R and c is precisely the letter cpax; 1,79 € A% B;
and y1,y2 € BxC.
Consider A x B % C' as a free product of A* B and B * C, amalgamating B:

A*B*C:(A*B)E(B*C).

Without loss of generality, we will assume that the length of the normal form of z; :=
cyrwixria in this amalgamated free product structure is less than or equal to that of
29 1= c‘lygngga_l. Note that this length is even, since z; begins with ¢ and ends with
a. Moreover, it is strictly greater than 2, since otherwise z1, and hence also wy, belongs
to (BxC')-(A*B). But if w; = v'v/ with v/ € A% B and v’ € BxC, then the subdiagram
A1 has boundary label

vv'u'uy € (BxC) - (Ax B),

contradicting the minimality of A.

In the case where the lengths of the normal forms of z; and z, are equal, we may
assume, also with no loss of generality, that the length of z; as a word in the free product
A x B x (C is no greater than that of zs.

Since A1 has R-regions, it has at least one maximal R-region 3, say.

Claim (N JA; is connected.

Otherwise, removing (8 and the interior of 5 N 0A; from A; leaves two or more
components, each of which contains 2-cells. Taking Ag to be a component that does
not contain a Gurevich region of A, let v be a minimal R-region of Ag. Then the only
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regions of A\ Ay with which 7 can share a- or ¢- edges are @ and ; and v < o, v < 3
by the maximality of @ in A and § in A; respectively. Hence « is a locally minimal
region of A, but not a Gurevich region, contradicting Lemma 3.1.

Thus we see that Ay contains no R-regions, and hence, by Lemma 3.1 no boundary
regions of A. Hence Ay C da U 93, so the boundary label of Ay has the form s;s9
where each s; is a subword of R*!. By Property B (see section 2.3), sys is freely equal
to the empty word in the generators of the presentation P, so Ay can be deleted from
A, contrary to the minimality assumption. This proves the claim.

The edge amax of 5 lies on 0A] \ 0_A = A1 N (0 AUJ«). Similarly, the edge cmax
of 8 lies in 9A; N (0—A U da). There are four possibilities:
(i) The amax and cpax edges of S both belong to da.

a

max

max

max

Cmax
Then the amax and cpax edges of G both belong to a path @ in daNJB C A1 N Ia.
Hence its label is a subword of w;. Regarding @) as part of 93, we see that it contains a
subword Zlil or z2ﬂ.
Since wy is a proper subword of 27, it cannot contain a subword equal to zfcl, while
for w; (and hence z1) to contain a subword equal to 23[1 would contradict the length
assumptions on zq, 22.

(ii) The amax and the cpax edges of B both belong to OA.

L ]

Then daNOA; C 95. Thus wy is identified with a subword of zo (if 5 has the same
orientation as «) or z; (otherwise). Now w; occurs precisely once as a subword of z;
(for example because the first A-letter of z; is the first A-letter of w;). Hence if o and
(8 have opposite orientations in A then they can be cancelled to give a smaller diagram
(also representing the equation u = v).

On the other hand, if o and 8 have the same orientation in A, then we can construct
a smaller diagram than A by identifying 5 € A; with a € (A '\ Ay).

13



a=P

(iii) The amax edge of 8 belongs to da, while the cyax edge belongs to JA.

a
max
B amax
a
Q
Cmax c
max

Then there is a path @ in da N JF joining 0_A to the edge amax of 5. Regarding @
as part of 9A1 N da, we see that its label is an initial segment w’, say, of wy. Regarding
Q as part of 93 we see that there is a word y € B * C such that c*lyw'a™ € {21, 22 }.

Write w; = w'w”. Tt follows from the length assumptions on z1, zo that w” € A * B.
Cutting A along the arc in da U9A; labelled a*'w” creates a new diagram A’ with the
same number of regions as A. The boundary label of A’ is not cyclically reduced, but
is equal in A * B x C to that of A. Nevertheless, the regions a and 3 in A’ satisfy the
conditions of (ii) above, so we may either cancel or identify « and 3 (as in (ii)) to obtain
a diagram with fewer R-regions than A. This diagram may not have cyclically reduced
boundary label, but by performing folds along the boundary we can obtain another
intersection diagram, again with fewer R-regions than A, which does have cyclically
reduced boundary label. This contradicts the assumption of minimality.

(iv) The cmax edge of 3 belongs to da, while the apyax edge belongs to OA. This is the
same as case (iii), with A and C interchanged.
In all cases we have obtained a contradiction, and the result follows. O

4 Towers and Magnus intersections

Recall [7] that a tower of 2-complexes is a map ¢ : X — Y between 2-complexes which
is a composite of a finite number of maps, each of which is either the inclusion of a
subcomplex or a covering projection. One can restrict attention to classes of towers in
which one places restrictions on the subcomplexes and/or on the coverings arising in this
decomposition of q. For our purposes, the coverings in the tower will always be infinite
cyclic, that is, they are connected regular coverings, with infinite cyclic covering trans-
formation group. (An infinite cyclic covering of a path connected space Y is determined
by the kernel of an epimorphism 7;(Y) — Z.)
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If f: A—Y is a cellular map of 2-complexes (such as, for example, a van Kampen
diagram), then a tower lift of f is a cellular map f : A — Y, such that f = qo f for
some tower ¢ : Y — Y. Since the composite of two towers is a tower, it follows that a
tower lift of a tower lift is a tower lift. A tower lift f of f with f = go f is properif ¢ is
not an isomorphism of 2-complexes, and mazimal if f itself has no proper tower lift.

It is shown in [7] that every combinatorial map f : A — Y of 2-complexes, defined
on a finite 2-complex A, admits a maximal tower lift.

Lemma 4.1 Let L C K be a pair of 2-complexes such that:

(i) K\ L consists of two 1-cells a and ¢ and a 2-cell p;

(i) Each component of L has locally indicable fundamental group; and
(iii) Fach 1-cell a,c occurs in the attaching path for the 2-cell p.

Let ¢ : A — K be a minimal van Kampen diagram for a minimal equation between a
path in X := LUa and a path in'Y := L Uc. Then there is a tower lift ¢ : A — K of ¢
such that:

(1) K has finite 1-skeleton
(2) F\E_I(L) has a single 2-cell; and
(3) Pi1(K) < 1.

Proof. Note first that we may assume that ¢ restricts to a surjective map A — K1)
of 1-skeleta, and hence that K1) and LX) are finite. To see this, first replace K by
the finite subcomplex K’ = ¢(A), and L by L’ = L N K’'. In general, it will not be
true that the components of L’ will have locally indicable fundamental groups, since the
inclusion-induced maps m(L',2) — m(L,z) (for x € L) are not necessarily injective.
However, we may add (possibly infinitely many) 2-cells to L’ to form a 2-complex L”,
with finite 1-skeleton, such that, for each 0-cell z, 71 (L”, x) is isomorphic to the image
of m (L', x) — w1 (L, z). Now replace K by K" = K" Uy, L".

By minimality of the van Kampen diagram ¢, A is a topological disc (see Lemma
3.1). Let R € m (K UaUc) be the attaching path for p. If A contains a single R-region,
then any maximal tower lifting of ¢ will satisfy the conclusions of the Lemma (with
B1 =0).

Hence we may assume that there are at least two R-regions in A, and hence at
least two Gurevich R-regions. By Lemma 3.1 and Theorem 3.2, A contains precisely
one maximal R-region, and one minimal R-region, and these are the two Gurevich R-
regions. Moreover, this holds for the ordering of 2-cells induced by any right-ordering of
G =m(K).

We argue by induction on vi(¢) := v9(A) — vo(K), where vg(-) denotes number of
0-cells.

If 1(K) := dim(H'(K;Q)) < 1 then we may take K = K and ¢ = ¢. In particular,
this applies if v1(¢) = 0, for then ¢ has no proper tower lifting, so 81(K) = 0. This
starts the induction. For the inductive step, assume that 3;(K) > 2. Then H!(K;Q) =
Hom(G, Q) has dimension at least 2. Choose a path P in A between the basepoints of
the two Gurevich R-regions. Then we may find a nonzero homomorphism ¢ : G — Q
such that ¥ (¢.(P)) = 0. The image of ¢ is infinite cyclic (since G is finitely generated).
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Now choose a right ordering of G dominated by the standard ordering of Q (via the
homomorphism ). If a is a 2-cell of A, and Py, P_ are paths joining the base-point
of a to those of the maximal and minimal 2-cells respectively, then ¥ (¢.(Py)) > 0 and
Y(p«(P-)) < 0 by definition of maximality and minimality. On the other hand, A is
simply connected, and so ¢(¢«(P-)) =9 (¢« (Py)) = £¢(¢«(P)) = 0. Hence ¢(¢«(P-)) =
(6u(Py)) = 0.

Let p : K — K denote the (infinite cyclic) regular covering of K corresponding to
Ker(t), let ¢ : A — K be a lift of ¢, and define L; = p~*(L) and K} = L} U¢(A). Now
take K to be the path-component of K| containing &(A), and define Ly = L) N K.

It follows from the above that K7\ Lj has only one 2-cell. By standard arguments, the
restriction p : K1 — K is strictly surjective, so that vo(K1) > vo(K), and v1(¢) < v1(e).

Now apply the inductive hypothesis to g?) : A — K (with respect to the unique 2-cell
p € p~(p), and any choice a € p~'(a), é € p~(c) of 1-cells that are involved in the
attaching map for p).

Since any tower lift of ¢ is a tower lift of ¢, we are done. O

Corollary 4.2 Let G = (A* B x C)/((R)) be a one-relator product of locally indicable
groups A, B and C, and let uvv™' be the boundary label of a minimal exceptional inter-
section van Kampen diagram, where u € (A B)\ B and v € (B C)\ B. Then some
cyclic conjugate R of R is contained in a subgroup Fy of A* B * C, such that:

1. Fy is finitely generated;

2. Bi(Fp) <2;
3. wt € Fy; and
4.

uv™! is a consequence of R in Fy.

Proof. We may clearly assume that R is a cyclically reduced word involving each of
the free factors A, B and C. Let L be the disjoint union of 2-complexes L4, Lp and
L with fundamental groups A, B and C respectively. Form a 2-complex K from L by
attaching a 1-cell a joining L4 to Lp, a 1-cell ¢ joining Lp to Lo, and a 2-cell p with
attaching map in the class

Rem(LasUaULpUcULg)=AxBxC.

Let ¢ : A — K be a minimal intersection van Kampen diagram, with boundary label
wv~!. Then the hypotheses of Lemma 4.1 are satisfied.

Hence we have a tower lift ¢ : A — K of ¢ satisfying the conclusions of Lemma
4.1. Let py be the common initial point of ;A and d_A (which have labels u and v
respectively). By Lemma 3.1 | pg lies on the boundary of a Gurevich R-region « of A.
The boundary label of a, read from py, is a cyclic conjugate R’ of R. Fix x := ¢(po)
as a base-point of K. Then the single 2-cell p of K \ ¢~ (L) (where ¢ : K — K is
the tower map) is attached by a closed path P based at x, with ¢.(P) = R’. Define
Fy = ¢«(m1 (K \ p)) € A B C to obtain the result. (Note that £ (Fp) < 2, since
B1(K) < 1; while Fy is finitely generated since K has finite 1-skeleton.) O
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5 Rank 2 subgroups

Following Corollary 4.2, it is useful to be able to classify the groups Fy that can arise.

Lemma 5.1 Let F be a finitely generated subgroup of the free product Ax BxC' of locally
indicable groups A, B and C, such that 51(F) < 2 and F contains a word of the form
uv™t with u € (A* B)\ B andv € (B*C)\ B. Then F has one of the following forms:

(a) (uwv™Y * D for some D C A% B xC with $1(D) < 1;
(b) D E, whereue D C (AxB),ve EC (Bx*C);

(¢) (zy) * xDx™!, where x € (Ax B)\ B,y € (B*C)\ B, u € 2Dz~ ', v € y~ ' Dy,
and D C B.

Proof. By the Kuro§ Subgroup Theorem, F is a free product F' = x)cp F), with each F)
either infinite cyclic or a (nontrivial) conjugate of a subgroup of A, B, or C. Moreover,
each F) is finitely generated, and hence indicable. Since 1 (F) < 2, it follows that
Al < 2.

Suppose first that |[A| = 1. Since uv~! € F is neither a proper power in A * B * C
nor conjugate to an element of A, B or C, it follows that F = (uv~!) = (uv~!) x D with
D ={1}.

Hence we may assume that |A| = 2, and write F' = F} % Fy with £y (Fy) = 51(F2) = 1.

A B C
o ° °
a C
Figure 5.1

We can express A x B x C' as the fundamental group of a graph of groups, where
the underlying graph is the tree I' of Figure 5.1, the vertex groups are A, B and C as
indicated, and the edge groups are trivial. By Bass-Serre Theory [12], A B x C acts on
a tree T' with quotient I'. The action is free on the edges, and the vertex stabilisers are
the conjugates of A, B and C. We can speak of A-, B- and C-vertices of T, and a- and
c-edges, according to the image in T'.

Without loss of generality, we may assume that uv™" is cyclically reduced as written.
Let t denote the vertex of T' whose stabiliser is B. Then the geodesic P from t to u(t)
in T consists only of a-edges, while the geodesic @ from ¢ to v(t) consists only of c-edges
(since u € Ax B and v € B xC).

By Bass-Serre theory again, F' is the fundamental group of a graph of groups whose
underlying graph is T'/F'. Since F is finitely generated with 81 (F') = 2, F' is actually the
fundamental group of a graph of groups whose underlying graph is a finite subgraph X
of T'/F with $1(X) < 2. The various possibilities are illustrated in Figure 5.2, where the
solid discs represent the images in X of vertices of T" whose stabilisers have nontrivial
intersection with F'.

1

(i) @O O—0
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(vi) ‘

Figure 5.2

Let P and Q denote the images of P and Q in T/F. Since uv~! € F, each of P, Q
is a path joining the image z of ¢ to the common image y of u(t) and v(t), and the path

P-Q ! is contained in X. Moreover, the paths P and @ have no common edges, since
one contains only a-edges and the other contains only c-edges.

There are essentially three possibilities.

Case 1. z # y (see Figure 5.3). Then F can be rewritten as Fy * (uv=1)

18



(i)

(iii)

(iv)
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Figure 5.3

Case 2. x = y is a separating vertex of X (see Figure 5.4). In this case, we can write
F=Fx«F, withue i CAxBandveF,C BxC.

Figure 5.4
Case 3. x = y is a nonseparating vertex of X (see Figure 5.5). In this case the solid

vertex z must be a B-vertex, and we can write v € UDU™!, v € V™DV for some
UeAxB,V €BxC and D C B. Moreover, F = UDU ! % (UV).
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Figure 5.5

We are now ready for the proof of Theorem C. We begin with some lemmas.

Lemma 5.2 Let A be a one-relator group, and R a cyclically reduced word in A * (t)
such that t = 1 in the one-relator product G = (A x (t))/{(R)). Then R = t*1.

Proof. By Brodskii’s Freiheitssatz for one-relator products of locally indicable groups
2, 3], since the natural map (t) — G is not injective, R must be conjugate to an element
of (t). Since also R is cyclically reduced, R = t" for some n. Then G = A  (t|tI"), and
the result follows. O

Lemma 5.3 Let G = (A B x C)/{(R)) be a one-relator product of locally indicable
groups A, B and C, such that the relator R has the form wv™" with u € A x B and
v € BxC. Then the intersection of Ax B and B*C in G has the form B+ (u) = Bx*(v).

Proof. The one-relator product structure expresses G as a free product with amalga-
mation

Ax B * Bx (),
( ) Bx(u)=Bx*(v) ( )

and the result follows trivially. U

Lemma 5.4 Let G = (A B« C)/((R)) be a one-relator product of locally indicable
groups A, B and C, such that the relator R is contained in a finitely generated subgroup
D x E of the free product Ax B« C, where D C Ax B and E C B x C are subgroups
such that 81(D) = p1(E) =1, D ¢ B, and E ¢ B. Then the intersection of A * B with
BxC in G has the form Bx I, where I is the intersection of D and E in the one-relator
product Gy = (D = E)/{(R)).

Proof. Note that D cannot be a free product, since it is a finitely generated, locally
indicable group with 3;(D) = 1. Hence D is either free (of rank 1) or contained in a
conjugate of A or B. Since D ¢ B, it follows that the subgroup of A * B generated by
D U B is a free product D * B. Similarly, the subgroup generated by F U B is a free
product B * E.

Hence we may write G as a stem product

(A x B) D?:B (Go x B) Ej:B (B*(C),

and the result follows. O
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Lemma 5.5 Let G = (A B« C)/((R)) be a one-relator product of locally indicable
groups A, B and C, such that the relator R is contained in a subgroup (xy) * D of the
free product A B+ C, where x € (AxB)\ B, y € (BxC)\ B, and D C B. Then either
R is conjugate to (xyd)*' for some d € D, or the intersection of (A x B) with (B x C)
in G has the form B x (x~11x), where I C D is the intersection of D with (xy)D(xy)~!

n ((zy) * D)/ ((R))-

Proof. Write R as a word Ry = Ro(z, D) in the free product (z) x D C (z) * B, where
z = xy. Now form a one-relator product Gy = ((zo, yo) * D)/{{Ro(zoyo, D))). Then we
can express G as a stem product

G=(AxB) * G1 * (Bx(),
(z)xB=(w0)xB  (yo)*B=(y)*B

where (77 is a free product with amalgamation G1 = Gg *p B.

Thus the intersection of A * B and B x C in G has the form E xp B, where FE is the
intersection of (x¢) * D and (yp) * D in Gj.

But we can write Gy as a free product Gg * (t), where Go = ((20) * D)/((Ro (20, D))),
20 = ToYo, and t = 9. Suppose U € (zg) * D, V € (yo) * D, and U = V in Gy. We can
write U, V in the form

(1)

k
U = gox, "iﬁg( )gk,

with ¢g; € D and ¢(i) = £1 for each ¢; and
V= hoyg" -y b,

with h; € D and n(i) = 1 for each i.

Comparing U and V in G * (t) using D C Go, 19 =t and yo = t 129 € t Gy, we
see that £ = k and that n(i) = —e(i) for each .

Moreover, if (i) = —1 = (i + 1) for some 4, then U = V implies that g; = zoh; in
Gy. But (z9) x D = <zohl-g;1> x D, since g;, h; € D. By Lemma 5.2, Ry must be a cyclic
conjugate of (zohigi_l)ﬂ. Hence R is a cyclic conjugate of zyd with d = higi_1 eD.

A similar argument applies if £(i) = +1 = (i + 1) for some i, or if £(1) = +1 or
e(k) = —1.

Hence we may assume that k = 2m is even, and (i) = (—1) for all 4. In this case,
comparing U with V' in G * (t) shows that g; = h; in D for even ¢, while g; = z0h;2; 1
in G5 for odd 1.

Hence U =V € D % :L‘allxg, where [ is the intersection of D with zODzO_1 in Ga. It
follows that the intersection of A * B with B * C in G has the form

Exp B = (Dxay'Ixg) *p B= B*z 'Iz.
This completes the proof. O

Proof of Theorem C. Let G = Ap/{(R)) be a one-relator product of locally indicable
groups as in the statement of the theorem. Clearly there is no loss of generality in
assuming that R is a cyclically reduced word involving all the factors Ay (A € A). It
also follows from Brodskii’s Freiheitssatz [2, 3] that M U N = A (for otherwise Apun
embeds in G and there is no exceptional intersection).
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Hence we can express G in the form (A% B+C)/((R)), where A = Ayp\n, B = Aynn
and C = Ay\y- Let u = v be a minimal intersection equation, with u € (A * B) \ B
and v € (B*C)\ B.

By Corollary 4.2, there is a finitely generated subgroup Fy of Ax BxC', with (31 (Fp) <
2, that contains both uv~! and a conjugate R’ of R, and such that uv™! =1 in Gy =
Fo/((R')).

By Lemma 5.1, Fy has one of three possible forms, which we now consider separately.
(a) Fo = (uv~') * D with 81(D) < 1.

Then R’ (and hence also R) is conjugate to (uv~1)*!, by Lemma 5.2. By Lemma 5.3
we see that conclusion 1 of Theorem C holds, with X = (u) and Y = (v).

(b) Fp =D+ E, whereue DC AxBandve EC BxC.

In this case, neither D nor E is trivial, since v € D and v € E. Since Fy is
finitely generated, so are D and E. Since they are also locally indicable, it follows that
B1(D) > 1 and B1(E) > 1. But then 1(D) + (1(F) = p1(Fp) < 2, and so we must have
B1(D) = B1(E) = 1. By Lemma 5.4, we see that conclusion 1 of Theorem C holds, with
X=DandY =F.

(c) Fo = (zy) *xDx~!, where x € (Ax B)\ B,y € (B*xC)\ B, u € zDx~ !, v € y~ ' Dy,
and D C B.

By Lemma 5.5, either R’ (and hence R) is conjugate to (zyd)*! for some d € D, or
the intersection of (A * B) with (B * C) in G has the form B  (x~Iz), where I C D is
the intersection of D with (zy)D(zy)~! in ((zy) * D)/{(R')).

The first of these possibilities reduces to case (a), with (say) v = 27! and v = yd.
The second gives conclusion 2 of Theorem C. U

Proof of Corollary D. By a Theorem of Brodskii [3], in a one-relator product G =
(X *xY)/((R)) of locally indicable groups X and Y, the intersection X NY is cyclic, as
is the intersection X N g~1Xg for any g € G\ X. The result now follows directly from
Theorem C. U

6 Algorithms

We now restrict attention to one-relator groups, and consider the problem of algorithmi-
cally recognizing and identifying any exceptional intersection of two Magnus subgroups.
It is clear from Lemma 5.4 that a solution of this problem will include the ability to
recognize the intersection of two cyclic Magnus subgroups (z) N (y) in a two-generator,
one-relator group G = (x,y|R), which will in particular be central. There is an algo-
rithm due to Baumslag and Taylor [1] to compute the centre of a one-relator group,
but technically this is not exactly what we require. The Baumslag-Taylor algorithm will
provide a generator for Z(G) (which is always cyclic except in the case where G is free
abelian of rank 2 [10]) as a word in z and y, but we need to decide further which powers
of z and of y belong to the centre. We include here, for completeness, a slight variation
of the Baumslag-Taylor algorithm which does just that.
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Lemma 6.1 Let G = (z,y|R(x,y)) be a 2-generator, 1-relator group, and let M be the
Magnus subgroup M = (x) of G. Then the intersection M N Z(G) is algorithmically
computable.

Proof. By a theorem of Murasugi [10], M N Z(G) is trivial unless there is a homomor-
phism € : G — Z which is injective on M. Put t = |e(z)| > 0, and let G = (z,y|R(2t,y))
be the one-relator group obtained from G by adjoining a t’th root to x:
Gi=(2) x* G.
2t=x

Then € extends to an epimorphism G; — Z (with e(z) = +1), and (z) N Z(G1) = (x) N
Z(G). Hence, without loss of generality, we may assume that our original homomorphism
€ : G — Z restricts to an isomorphism on M, so that G = Ker(g) x M. We may also
assume, without loss of generality, that e(y) = 0. (If not, use Tietze transformations to
replace y by yz® for s = —¢(y) € Z.)

Murasugi’s Theorem [10] tells us further that Z(G) is trivial unless F' = Ker(e) is
free of finite rank. But standard rewriting techniques show that G is an HNN extension
of a one-relator group G2 = (yo,y1, ..., yk|Re), where the associated subgroups are the
Magnus subgroups M1 = (yo,y1,...,yk—1) and My = (y1,...,yk). We thus require the
inclusions M1, Ms — G2 to be isomorphisms, or equivalently Ro involves each of the
letters yo and yi exactly once.

The rewriting Ro is algorithmically computable from R, and so it is visibly checkable
whether or not Rs has the necessary form. If so, then we can rewrite the relation Ry = 1
as yp = W = Wi(yo,y1,-.-,Yk—1). Then the automorphism 6 of F' = M arising by
conjugation by z in G is

Yo yr— oy — W (1)

Then (z) N Z(G) is nontrivial if and only if # has finite order (m, say) in Aut(F),
in which case (x) N Z(G) = («™). But there is a computable upper bound for the
order of a torsion element of Aut(F') [1, 14]: indeed any finite subgroup of Aut(F') maps
isomorphically (since F' is torsion-free) to a subgroup of the same order in Out(F'), and
the order of such a subgroup is at most 2" - n!.

The rule 1 allows us to compute 6™ for all positive m up to this upper bound, and
hence determine (x) N Z(G), as required. O

Corollary 6.2 Let G = (z,y|R) be a two-generator, one-relator group. Then the inter-
section of the Magnus subgroups (x) and (y) in G is algorithmically computable.

Proof. Clearly, we may ignore the case where G/[G,G] is free abelian of rank 2, so
Z(G) is cyclic by Murasugi’s Theorem [10]. As remarked above, the intersection of (z)
and (y) in G is central. By the Lemma, we can compute natural numbers m, n such that
(x)NZ(G) = (&™) and (y)NZ(G) = (y"). If mn = 0 then ()N (y) is trivial. Otherwise,
by [10] there is an epimorphism ¢ : G — Z which is injective on Z(G), and hence also
on (z) and on (y).

This epimorphism is unique up to multiplication by +1 in Z, since G/[G, G| has
torsion-free rank 1, so we can compute it. In particular we can compute £(z) = a and
e(y) = b. Note that, for s,t € Z, 2% = 4 if and only if s € mZ, t € nZ, and as = bt.
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Thus (z) N (y) = (z™k), where k is the least positive integer for which amk is divisible
by bn (which is clearly computable). O

We are now ready to prove the main algorithmic theorem.

Proof of Theorem E. By Corollary 4.2 and Lemma 5.1 the intersection can contain
exceptional elements only if R is contained in a rank 2 subgroup Fy = (x,y) of

F={ay,...,a5,b1....,bg,c1,...,cm)

such that either
(a) x€e AxBandy € B*C; or
(b) ze Bandy € (AxB)-(B=xC).

Let X be the single-vertex graph with an edge for each of the generators
a,...,ag,b1...,bg,c1,..., ¢y of F (so that FF = 7 X). Then each 2-generator sub-
group Fy arises as 71 (Xp, v) for some finite graph Xy, with §1(Xy) < 2, that admits an
immersion 7 : Xg — X, and some vertex v of Xy [13].

Without loss of generality, we may assume that R = n,(R’) for some closed path R’
in Xy, based at v, that involves all the edges of Xy. This provides an upper bound on
the number of edges of X, and hence a finite list of candidates for Xy, v and 7.

For each (Xg,v,n) in our finite list, we can check for closed paths 2,y € m1(Xo,v)
such that ',y generate m1(Xo,v), and = = n(z’), y = n(y’) satisfy the conditions (a)
or (b) above. Note that, since R = n(R’) is a cyclically reduced word involving all the
generators of F, the path 2’ has to represent a primitive element of 71 (X) and must
omit at least one edge of X that occurs in R’. In case (a) above, a similar argument
applies to 3/, while in case (b) we may deduce the same conclusion by choosing y’ of
minimal length in the double coset (x’) -y’ (2’). This gives an upper bound (of twice the
number of edges in Xj) for the lengths of 2’ and ¢/, so again we are reduced to checking
a finite list of potential candidates.

Given a choice of z, y satisfying (a), then Lemma 5.3 tells us that (AxB)N(B*(C') = Bx
I, where I is the intersection of (z) and (y) in the one-relator group Gy := (z, y|R(z,y)),
which is computable by Corollary 6.2.

Hence for the rest of this proof we may assume that case (a) does not occur for any
of our finite list of potential candidate triples (Xo,v,n). We may assume that, for some
(Xo,v,n), there is a pair 2/,y’ of paths giving rise to x,y € F satisfying the conditions
of case (b).

Then by Lemma 5.5, the intersection (A * B) N (B * C) has the form B * I, where [
is conjugate to the intersection of (z) and (yzy~!) in Gy.

Suppose that y occurs in Gg with exponent-sum zero. Then the standard Magnus
rewriting method allows us to express some conjugate of R as a cyclically reduced word
Ry in {z;;i = 0,...,k} for some k > 1, where z; = y’zy~*. By choosing k as small as
possible, we can also assume that both xzg and x; occur in Ry, in which case Gg is an
HNN extension of the one-relator group Gi = (xo,...,zr|R1). Note that £k > 1. For
otherwise we have Ry € (zg,x1). Sincey=U -V withU € (AxB) and V € (BxC), R
is conjugate to a word in (U~ 1zU) * (VaV 1) with U~taU € Ax B and VoV~ € BxC.
This falls into case (a), contrary to assumption.

Moreover, the intersection of (z) with (yzy~!) in Gy is equal to the intersection of
(xo) and (x1) in Gp. This intersection is trivial, since Ry & (o, x1).
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Hence we may assume that the exponent-sum of y in R is non-zero. There is a unique
epimorphism € : Go — Z (up to composition with +id : Z — Z), and ¢(x) # 0. Now
note that, if 2™ = ya™y~! for some m, n, then

me(x) = e(a™) = e(ya"y ") = ne(x),

and hence m = n and 2™ € Z(Gy).
Conversely, if 2™ € Z(Gy), then 2™ = yz™y~1, so 2™ € (x) N (yzy~1). Thus
(z) N (yzy~1) = (x) N Z(Gy), which is computable by Lemma 6.1. O
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