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ABSTRACT

A Dbipartite random mapping TK,L of a finite set V' = V3 U V5, ‘Vl‘ = K and “/2’ = L , into
itself assigns independently to each @ € V] its unique image j € Vo with probability 1/L and to each
1 € V5 its unique image j € V} with probability l/K. We study the connected component structure
of a random digraph G(TKJJ), representing TK,L, as K — oo and L — 00. We show that, no
matter how K and L tend to infinity relative to each other, the joint distribution of the normalized order

statistics for the component sizes converges in distribution to the Poisson-Dirichlet distribution on the
simplex V = {{z;} : dYoap < 1,2y > xi41 > 0 for every i > 1}.

1. INTRODUCTION AND STATEMENT OF RESULTS

A bipartite random mapping Tk 1, of a finite set V = V3 U Vs, V3 = {1,2,..., K} and
Vo={K+1,K+2,...,K+ L}, into itself assigns independently to each i € V; its unique
image j € Vo with probability 1/L and to each i € V5 its unique image j € V; with
probability 1/K. The mapping Tk 1, can be represented by a random bipartite digraph
G(Tk,1) on a set of ‘red’ labelled vertices corresponding to the set V; and a set of ‘blue’
labelled vertices corresponding to the set V. So, for example, G(Tk 1) has a directed edge
from red vertex i to blue vertex j if and only if Tk 1.(i) = j. Each connected component
of G(Tk,1) consists of a bipartite directed cycle with bipartite directed trees connected to
the cycle. This model can be viewed as a ‘two-dimensional’ generalization of the uniform
random mapping Tk on a single set of vertices V' = {1,2, ..., K} where for each i,j € V,
Pr{Tk (i) = j} = 1/K and all assignments are independent. It is worth noting that
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although TIQ(, . =Tk 1 oTk, 1 restricted to Vi (say) is a random mapping from V; into V7,
such that for all 4,5 € Vi, Pr{T% (i) = j} = 1/K, Ty # Tk in distribution since,
generally, the choices of the images are not independent, for example for all 7, j,v € Vi,
i # v,

Pr{T% (i) =j|T%  (v) = '}—i+l oL
1"{ K,L(Z)_]| k,L\V) =] “ K I %)

This dependence is strongest when K and L are of the same order.

Much is known (see for example the monograph by Kolchin [18]) about the component
structure of the random digraph G(Tk) which represents the uniform random mapping
Tk . Aldous [1] has shown that the joint distribution of the normalized order statistics for
the component sizes in G(Tk ) converges to the Poisson-Dirichlet(1/2) distribution. Also,
if V), denotes the number of components of size k in G(Tk) then the joint distribution of
(Y1,Y5, ..., Y3) is close, in the sense of total variation, to the joint distribution of a sequence
of independent Poisson random variables when b = o(K/log K) (see Arratia et.al. [3], [4])
and from this one obtains a functional central limit theorem for the component sizes
(see also [10]). An analogous result for the order statistics of the cycle sizes in a random
permutation was obtained by Vershik and Shmidt [22] and there is a Poisson approximation
result and functional central limit theorem for the cycle sizes in a random permutation
(see [2], [8]).

We are interested in determining to what extent such results hold for the component
structure of G(Tk 1) as K, L — oo. Of course, in the case of bipartite random mappings
there are two parameters, so the limit laws obtained may depend on how fast K and L
tend to infinity relative to each other. For example, if L = K% with a > 1, then it is easy
to verify by a first moment argument that, for example,

Pr{G(Tk ko) hasa component of size2 } -0 as K — oo,

whereas the Poisson process approximation for uniform random mappings tells us that

Pr{G(Tk) has a component ofsize2 } - 1—¢e ¢ as K — o0

where ¢ = limg . E(Y2). So there is no Poisson approximation result for the small
component sizes of G(T'x ko) when a > 1. On the other hand, in this paper we show that
the joint distribution of the normalized order statistics for the component sizes conver-
ges in distribution to the Poisson-Dirichlet(1/2) distribution no matter how K and L
tend to infinity. Our result complements and extends earlier work by Jaworski [12],[13]
on asymptotic limit laws for the total number of components in G(Tk.). To prove
the Poisson-Dirichlet result, we first establish the limiting distribution for the size of the
component containing a given vertex and this result may also be of independent interest.

In order to describe these results, we first give a convenient characterization of the

Poisson-Dirichlet(6) distribution which also yields a useful principle for establishing con-
vergence in distribution to the Poisson-Dirichlet(6) distribution on the simplex

V= {{xz} : sz <l,z; >2x;41 >0 forevery > 1},

Let Zy, Zs, Zs, ... be a sequence of i.i.d. random variables such that each Z; has a Beta(0)
(6 > 0) distribution with density h(z) = 6(1 —2)?~! on the unit interval (0, 1). Now define
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a transformation, f, of the sequence (Z1, Zs,..) such that f(Zy, Zs,...) = (Wy, Wa, W3, ..)
where Wi = Zy and W,, = Z,,(1 — Z1)(1 — Z3) - - - (1 — Z,,—1) for n > 1, and observe that
(W1, Wa,...) € V = {{z;} : &; > 0,3 2; < 1}. Finally, define the map g : V — V such
that (g{x;}) is the kth largest term in the sequence {z;} € V; then the random sequence
go f(Z1,Zs,...) = (Q1,Q2,Qs, ...) € V has a Poisson-Dirichlet(#) distribution. The follow-
ing convergence principle is an important consequence of this characterization: suppose
that (Z1(n), Z2(n),...) is a sequence of random variables such that the joint distribution
of (Z1(n), Za(n),...) converges to the joint distribution of the variables (7, Zs,...), then
the joint distribution of the random sequence g o f(Z1(n), Za(n),...) = (Q1(n), Q2(n), ...)
converges to the Poisson-Dirichlet(#) distribution. For further details see Hansen [11] and
the references therein.

To see how the convergence principle can be applied to random bipartite mappings, we
introduce some additional notation. Recall that K denotes the number of ‘red’ vertices and
L denotes the number of ‘blue’ vertices, and N = K + L is the total number of vertices in
the random digraph G(Tk ). In addition, let C; denote the component in G(T'k, 1) which
contains the red vertex labelled 1. If C; # G(Tk 1), then let Cy denote the component in
G(Tk,1) \ C1 which contains the smallest red vertex; otherwise, set C; = ). For ¢t > 2 we
define C; iteratively: If G(Tk,) \ (C1 U...UCi_1) # 0, then let C; denote the component
in G(Tk,) \ (C1U...UC;—1) which contains the smallest red vertex; otherwise, set C; = 0.
For ¢t > 1, let C; = |C,| and define the sequence (X1(NV), X2(N), ...) = (X1, Xy, ...) by

Cl CQ Ct
Xi=—,Xo= e, Xy =
TTNTTETN—C T T NG —Cy— . = Oy
where X; =0 if N—-C;—-Cy—...—C;_1 =0. In Section 3 we show that for each ¢t > 1
and 0<a; <b; <1, 1=1,2,...,1
1.1 lim P <X1<b,a2< Xo<bg, ...,a; < X; <b;} =
( ) Kgﬂoo Y{CL1 1> 01, G2 2 > 02 ay t t} H/ 2@

under the assumption that L = L(K) > K. We establish (1.1) by an inductive argument
in Section 3. The first step in the induction is established in Section 2, where we prove

Theorem 1. Suppose that L = L(K) and there is a positive constant n such that
0 <nK <L for all K, then for every 0 <a <b<1

Pr{aN<C'1<bN}—>/ Qm as K — oo.

To state our second result, let D; denote the size of the largest connected component
in G(Tk,L), let Dy denote the size of the second largest component and so on. It is easy
to check that

gOf(Xl(N),XQ(N), .. ) == (Dl/N,DQ/N, .. .),

so using the convergence principle for the Poisson-Dirichlet distribution, we obtain from

(1.1)
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Theorem 2. Let N = K + L and D+, D, ... be as defined above, then

Di D a
(Wl WQ ) — PD(1/2) as L, K — oo,

where PD(1/2) denotes the Poisson-Dirichlet(1/2) distribution on the simplex

V:{{:I:,L-}: ingl, x; > xi01 >0 for every izl}.

2. THE SIZE OF A CONNECTED COMPONENT

We start with the exact joint probability distribution of the random variables (Ry, By),
where Ry = R;(7) is the number of red vertices (vertices from V7) in the connected com-
ponent C; of G(Tk ) containing a given red vertex ¢ and By = Bj(i) is the number of
blue vertices (vertices from V5) in this component. We will assume that i = 1.

Lemma 1. For k=0,1,... , K—1 and | =1,...,L we have

Pr{R, =k+1, B, =1}

N ) ) )

min{l,k+1}

(k4 1), |
—— - L < - 1_ .
“KL ;1 U 1y FriEL=d)

Proof. There are (K & 1) ways to choose k red vertices and (% ) ways to choose [ blue vertices
which form the connected component containing the vertex “1”7. We have (K — k — 1)L~
ways to map the remaining L — [ blue vertices into the remaining K — k — 1 red vertices
and (L —1)%=*~! ways to map K — k — 1 red vertices into L — [ blue vertices. Finally,
there are

min{l,k+1}
_ D, (k+1), .
kE+ 1)1k (—.373. k4+1+1—
(k+1) ; 7Ty k=)

digraphs representing connected bipartite mappings on k + 1 red and [ blue vertices [5],
[12]. The result now follows immediately.

O

To prove Theorem 1 we need two more lemmas which are stated and proved below.

Lemma 2. Fizn > 0, then for all K,L > 0 such that nK < L < K"/* and for every
0 <a<b<1, there is a constant C(a,b,n) which only depends on a,b, and n, such that

‘ C(a,b,n)
2\/1—33 K1/16 °

Pr{aN < C; <bN} — /



where N = K + L.

Remark. Lemma 2 can be shown to hold more generally. In particular, it can be shown
that if n > 0 and 1 < a < 2 are fixed, then for all K >0 and L, nK < L < K¢,

abn, )

Pr{aN < Cy < bN} — /2\/1_‘
— T

where ( = mln{g, 5 — 5y and C(a,b,n, a) is a constant which only depends on a, b, 7, and
«. However, for the proof of Theorem 1, it suffices to prove Lemma 2 in the case where

a = 7/4. The restriction to this case also simplifies the proof of the lemma.

Proof. Throughout the proof C'(a, b, ) will denote any constant which may depend on a, b,
and 7 but which does not depend on K. Now fix K > 0, fix L such that nK < L < K7/4,
and suppose m is such that aN < m < bN where N = K + L. Let z = m/N (so z € (a, b))
and let [Kz| and [Lz] be integers such that

(2.1) [Kz]+ [Lz] =m and |Kz|— Kz| <1, |[Lz]—Lz|<1.

Then

(2.2) Pr{Ci=m} = Z Pr{R, = [Kx] — j, By = [Lz] +j}
—[Lz|<j<[Kz]

where R is the number of red vertices, and Bj is the number of blue vertices in connected
component C;. Now we split the above sum into two sums:

(2.3) (i) >y (ii) >

|7|<7D(x) |7]>7D(x)
where
KL x(1—x) K
2.4 D = < —
and 7 = K1/16,

In order to approximate the sums (2.3) we must investigate the joint distribution of
(R1,B1). Observe that the expression for Pr{R; = k + 1, B; = [}, given in Lemma
1, can be split into three factors. The first factor

. SSIGAGE

represents the probability of the event of k positive outcomes in the binomial distribution
with parameters K — 1 and % Similarly, the second one

B (-5
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represents the probability of the event of [ positive outcomes in the binomial distribution
with parameters L and % Approximations for both of these expressions with appropriate
error bounds can be obtained from the proof of the de Moivre-Laplace Theorem (see Feller
[9], p.182) in the case when k+ 1 = [Kx] — j, | = [Lz] + j and |j| < 7D(z). In particular,

D) (-5 - %23(2;1(772)’?) W+ 75()

where 3, the normalized deviation from the mean value, is given by

[La] +yD(w) - L([Kx)/K — yD(x)/K)

\/ L([Kw] /K — yD(z) /K) (1 — [Kz)/K +yD(z) /K)

Y=

with y = j/D(z). Now let

Aj() = [La] + yD(@) - L([Ka]/K - yD(x)/K),

then ) )
5 Aj(x)° |A()|
35(0)] < Cla,b,m) - max ( A 1801
and since i
1A;(z)] < C(a,b,n)LTD(z)/K < C(a,b,n)7TVL
we have
pj(x)] < Cla,b,n) - il < C(a, b,n)K~5/16,
J - ’ \/E = )
We also have
_ L A ()
V=W Iy T

~9 2 2
ye y“L L 1 - 2 y“L

+¢&;(z),

where
€;(2)| < Cla, b,n)|m7;(x)| < C(a,b,n)K /15,

So provided a < x < b and |j| < 7D(x), we have

e ()5 (-5 R ()

l K K
k+1 k+1
\/27rL—j{ (1——;)

€j()] < Cla,byn) K~ and  |p;(x)| < C(a,b,m)K /1.

where



Similarly one can show that

_ k K—1—k exp % + &;() -
S L e K

()| < Cla,b,n)- K% and  |p;(x)| < Cla,b,n)K~'/5,

where

Finally, for K+ 1 = [Kz| — j and | = [Lz| + j with |j| < 7D(z), one can show, as in the
proof of Theorem 7 in [13], that the remaining factor in Pr{Ry = k + 1, B; = [} is given
by

min{k+1,l} ' .
O +11)L ; 82 B (h+1+1—1) (;;‘LF D) (14 e(a, j))
where Clab
€(z,j) < (}?1/;77)

Hence by (2.7)-(2.9) we obtain for a <z = 5 <b, and |j| < 7D(x)

Pr{R, = [Kz] — j,B1 = [Lz] + j} = Pr{R; = [Kz] —yD(x), By = [Lz] + yD(z)}

1 1 (K+LVK+L 1 —y?
- ¥ I A XI -mexp(T)-um(x»

where |p;(x)| < C(a,b,n) - K~/16.

It follows that for a < x = % <b

|7|<7TD(2)

1 1 1 exp(—y%/2)

N'Qvl—m;(m) (@) Vor (1+0i)
(2.10) = % - 2\/% (1 +6,)

where |0,| < C(a,b,n) - K~1/16.
It remains to determine a bound for the second sum in (2.3). Since it is a ‘two-sided’

sum, we consider one side of the sum; the other case follows by similar calculations. The
first step is to note that for all k=0,1,... , K —1 and [ =1,...,L

L\ /k+1\' E+1\E!
— — < - _
poti =1 -1y < (7) (2 (12 E22)



since

K_1 1\ F [\ K1k
- S <
and (see the end of the proof of Lemma 1)

min{l,k+1}
1 (1); (k+1);

(k+1)L Z U (k+1)

l l
l+k+1—7)= 7 Pr{G(Tk+1,) is connected } < T

It follows that

> Pr{Ry = [Kz]—j, By =[La] + j}
j27D(z)

(2.11) < ¥ LY (m—1\' p_m-! o
' = l K K
I1>[Lz]+7D(x)

where k+1 = m—[. Now the terms in the sum on the right hand side of (2.11) are binomial

probabilities, but as we sum over the values of [ > [Lz]+7D(x), the probability of ‘success’,

m=l changes as [ increases. Nevertheless, we claim that for all [ > [Lx] 4+ 7D(x), we have

| (lfl) (m_TH)lH (1 - mIéL1>Lz1
()5 ()
(2.12) < (?) (mT_l)l (1 ) mT_l)L_l |

The first inequality follows from the unimodality of the binomial distribution. To establish
the second inequality, fix [ and define the function

o= (e 2) (124 2
[Ka]

where = 5= It is not hard to show that f/(w) < 0 for w > 0, so if [ = [Lz] + z, where
z is some integer greater than 7D(z), then we have

(2 -2 stz - (2520 (- 2=)

since m — [ = [Kx] — z, and inequality (2.12) is established.

Now let lg = [Lx] + |7D(z)] and ko + 1 =m — lg = [Kz] — [7D(x)| (where |x| denotes
the greatest integer less than x), then

N N B lo B L—1g
Z L m —1 1 m — 1 <L L m — g 1 m — g
l K K lo K K
I>[Lx]+7D(x)
—yzL

2(K + L)

(2.13) < C(a,b,n)Lexp ( ) < C(a,b,n)K™*exp(—K*/10)
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where y = [7D(z)]/D(z) ~ 7 = K'/16 and the second inequality above follows from (2.7).
Therefore

(2.14) Z Pr{R; = [Kz] — j, By = [La]+j} < C(a,b,n)K"/*exp(—K'/16).
j>7D(x)

Similarly,

(215) Y Pr{Ri =[Ka]-j, By = [La] +j} < Cla,b,m)K"/*exp(~K"/1°).
j<—7D(x)

Combining the bounds (2.14)-(2.15) and the approximation (2.10), we obtain

1
Pr{Ci =m (1+0z) + Ym
{Ch }= N 9 /71—m/N g
where
62| < C(a,b,n) - K—/16
and

Tm = Z Pr{R, = [Kz] — j, By = [La] + j} < C(a,b,n) K"/ *exp(—K'/19) .
l7|=7D(x)

Hence

1 1
Pr{aN < C; <bN} = Z (146, + Z Yo
aN<m<bN N 2y/1-m/N aN<m<bN

and it follows that

C(cu b, )
K1/16 °

‘Pr{aN <C; <bN} — /
2\/1 —x

OJ

To approximate Pr{aN < C; < bN} in the case where L = L(K) > K7/* we take an
indirect approach. First, we recall (see [21]) that if Tk is a uniform random mapping of
V1 into Vi, then for any 0 < b < 1, we have

, C1(Tk) b dx
< — B —
(2.16) Khm Pr{ < b} /o N

where C1(Tk) denotes the size of the component which contains 1 in the directed graph
G(Tx) which represents Tx. Equation (2.16) also holds for the uniform model of random
mappings without loops, Tk, for which

Pr{Tx(i) =i} =0 and Pr{Tx(i)=j}=1/(K—-1) if i#j,

for any i, 7 € V4 , and all assignments are independent (see [15]). Now consider the random
mapping T2 = Tf{’ 1 = Tk 10Tk 1, restricted to the red vertices V;. It is clear that T2 is not
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a uniform random mapping on Vi, but if L = L(K) > K7/4, then Lemma 3 below states
that (2.16) holds with C1(Tk) (or C1(Tk)) replaced by C1(T?), the size of the connected
component containing 1 in G(7?), the digraph on the red vertices which represents 72. In

the proof of Theorem 1, we show that if L = L(K) > K7/4, then the variables CuT?) and
K
GxL) where N = K + L, are ‘close’ with high probability and hence

b
dx
Pr{aN<C’1§bN}~/ _,
o 2V1—x

Before proving Lemma 3, we define two random mapping models which are related to Tk
and whose properties are exploited in the proof of the lemma. To construct the models
(see also [14], [15] and [17]) , we start with G(Tk), the random digraph which represents
the uniform random mapping without loops Tk on Vi. To define the first model, fix
0 <M <K, and let G(TK, M) denote the random digraph obtained by deleting K — M
edges at random from G(T ). To construct the second model, fix 0 < ¢ < 1 and let
@ ~ Bin(K, q) be a binomial random variable which is independent of Tk, and let G (TK; q)
denote the random digraph obtained by choosing () vertices at random and deleting the
edges in G(Tk) which are directed from the chosen vertices. Clearly, given Q = K — M,
then G(Tk:q) has the same distribution as G(Tx,M). Actually these two models of
random mappings are related to each other in a very similar way as two classical models of
random graphs — G, , and G, . One can easily adapt the methods which were used to
study the relation between them (see [6] and [19]) to get the corresponding results about
the equivalence of G(Tx,M)and G(Tk;q) . In particular, if ¢ ~ 1 — M/K then many
characteristics of the random digraphs G (TK, M)and G (TK; q) have the same asymptotic
distribution as K — oo.

To state the key property of both G(TK, M) and G(TK; q), we need the following defi-
nition. A graph property A is decreasing (increasing) if given that a graph G has A, then
every spanning subgraph (supergraph) of G has this property also. We call such properties
monotone. In a similar way one can define monotone properties of digraphs. Denote by
A(M) the number of digraphs (without loops) on K vertices with M vertices of out-degree
1 and with K — M vertices of out-degree 0, having a property .A. One can check that if A
is a decreasing property, then

(2.17) (K — 1)(K — M)A(M) > (M + 1) A(M + 1)

(see [16] for a more general inequality). Notice that (2.17) implies that

. A(M) (M +1)A(M +1)
Pr{G(Tk,M) has A} = — = K
16( ) } (3y) (K —1)M = (K—1)(K - M)(3;) (K —-1)M
= ( Ki((]\[?jBM“ = Pr{G(TK,M + 1) has A} | i.e.,
M+1

The probability that the random digraph G(TK, M) has a decreasing property A is a non-
increasing function of the parameter M.
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To prove the corresponding fact for G(Tk;¢) let us introduce the function

f(z) = Pr{G(TK;z) has A} = Z A(M) KM ([1(__21) :

Then, since

M=0

K-—1 M K-—1 M
1—2z M+1 1—2z
= A(M) (K — M) K-M-1 E A(M+1) LM Z ~
- (M) ( )z ( ) tUr 1 K—1 ’

(2.17) implies that the first derivative of f is non-negative for all z, 0 < z < 1, i.e.,

The probability that the random digraph G(TK; q) has a decreasing property A is a non-
decreasing function of the parameter q.

Let C1(M) and C;(q) denote the size of the connected component which contains 1 in
the random digraphs G(Tx, M) and G(Tk; q), respectively. Notice, that ‘Cy (M) < z’ and
‘C1(q) < a’ are decreasing properties. Therefore, for any M;, My and x > 0, we have

(2.18) 0<M <M, <K = Pr{Ci(M) <z} <Pr{Ci(M;) <},
and for any q;, ¢
(2.19) 0<gp1<g<1 = Pr{Cl(ql) < g:} < Pr{Cl(qg) < g:} )

We also need the following result about the size Ci(q) of the connected component of
G(Tx;q) containing a given vertex (see [15]):
If ¢V K — 0 as K — 0o, then for every 0 < b < 1,

(2.20) Pr{

K—>oo

< b} — / _ar
- 0o 2V1I—=z
We now proceed to prove

Lemma 3. Suppose that L = L(K) > K7/* for all K > 0, then for any 0 < b < 1,

. Cl(T2) b dx
< = B
am Pr{ K = b} /0 01 —=

Remark. Lemma 3 can also be shown to hold more generally. In particular, if o > 3/2 is
fixed and L = L(K) > K for all K > 0, then the conclusion of the lemma still holds. We
prove the result for the case required in the proof of Theorem 1. The proof of the lemma
is also simplified by restricting to the case o = 7/4.

Proof. Throughout the proof C' will denote any constant which does not depend on K
(but which may depend on b). Now let G(T?) denote the random digraph on V; which
represents the mapping 7% = T% ; and form the random digraph G(T') from G(T?) by
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deleting edges as follows. For each v € V3, delete the edge out of v in G(T?) if T?(v) = v or
if the vertex Tk 1,(v) € Va has in-degree greater than or equal to 2 in G(T'k,1.), the bipartite
digraph which represents T 1, and let G(T) denote the resulting random digraph. Let
C1(T) denote the connected component in G(T) which contains vertex 1. To prove the
lemma, it suffices to show that if L = L(K) > K7/ for all K > 0, then for every 0 < b < 1

. Cl(T) b dx
. < = S —
(2.21) Klgr(l)oPr{ 7o = b} /0 N

and

(2.22)

— 0 in probability as K — oo.

Ci(T)  Ci(T?)
‘ K K

Let Z denote the number of vertices in G(T) with out-degree 0, then

e <1} -

The second equality holds since given Z = j, the digraph G(T') has the same distribution
as G(Tx, K — j). Now
EZ)=K - Pr{vertex 1 has out-degree 0} = K- (1 — Pr{vertex 1 has out-degree 1})
= K- (1—-Pr{T?Q1) #1 and for every v € Vi \ {1} : Tk (v) # Tk,0(1) })

(-0 ) s e

so Pr{Z > K3/8} < CK~'/® 1t follows from this bound and (2.18) that

LKS/S

Pr{ C}((T) < b} < ]Z:% Pr{w <b ‘ Z = j} Pr{Z =j}l+CK™'/8
(2.23) < Pr{ Gi(K _KLK?)/gj) < b} +CKV8,

Next, set ¢ = K ~9/16and recall that @, the number of edges deleted from G (TK) to form
G(Tk;q), is a Bin(K, q) variable. So Chebyshev’s inequality yields

Pr{Q < K*/%} < CK~7/16,
This bound and (2.18) imply that

Pr{cl(Q) <olz ) Pr{cl(q) <b|Q=j}Pr{Q =}

K K
]>K3/8
Cy(K —j) ,
= _— 27 =
> P K <bpPr{Q =3}
]>K3/8
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Combining this inequality with (2.23) we obtain the upper bound

Pr{cll((f) < b} < Pr{clT@) < b} L OK™Y8

and since limg 00 ¢VE = limpg_,00 K~1/16 = 0, we have by (2.20)

. C1(T) . C1(q) /b dx
2.24 1 Pr{i— 2 <p} <1 P <bs = S
(220)  tmswPr{ == < bf <tmswpPr{ =L <o) = |

To obtain a lower bound, we note that

pef U <y} 5 pef G ) _pef DT )

It follows that

. . Cl(T) . Cl(TK) b dx
. < > — < = —
@) upantpr{= <ob> g PSR <o [T

This inequality along with (2.24) establishes (2.21).

To establish (2.22), we first note that each connected component of the random digraph
G(T) is either an oriented tree rooted at the vertex of out-degree 0 or it consists of exactly
one oriented cycle together with oriented rooted trees. Denote by Fx (T) the set of vertices
in all tree-components of G(T) and let fx (T) = |Fx(T)|. Now suppose that,

{fvive Cl(T)} NFg(T) =10,

where C;(T) is the component in G(T') which contains 1. In this case, Ci(T) is not a
tree—component and it follows that Ci(T) was formed by cutting edges directed out of
non-cyclical vertices in C;(7?), the component in G(7?) which contains 1. Hence, in this
case,

Cy(T) < C|(T?) < Cu(T) + fr(T) .

In particular, for any fixed 0 < p < 1,0 < 3 < 1, € > 0, and all sufficiently large K, we
have

[0V(T) > pK, fx(T) < K°} C {Cy(T) N Fy(T) = @}g{‘clj(j) Cl ‘<5}

and hence

Ci(T) 01 T2) ‘<€}

Po{(CL(T) 2 pK)  Pr{fic(T) > K} < Pr{| 2

To bound Pr{fx(T) > KP} we introduce some additional notation. If there exists an
oriented path from i to j (including the null path from i to i) in the digraph G(T'x),
then i is said to be a predecessor of j. For A C Vi, let Py _(A) denote the set of all

predecessors in G(Tk) of elements in A, and in the special case where A = {1,2, ..., m}
for some 1 <m < K, let Py _(m) = Pp _({1,2,...,m}). Note that if Ay C Az C V1, then
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P; (A1) C P;j_(Az). Moreover, the variables |P; (A:)| and |P; (Asz)| have the same
K K K K

distribution whenever |A;| = |As]. Now, given A - the set of vertices v € V; which have
out-degree 0 in G(T'), fx(T) = [Fg(T)| has the same distribution as [Pz _(A)[. So, in
particular, fx(T) can be studied as the total number of elements which are eventually
infected in the inverse epidemic process (IEP) on the digraph representing the uniform
random mapping Tk (see [7] and [14]). It follows as in the derivation of (2.23) that

Pr{fK >Kﬁ} ZPr{fK K"‘Zz\Alzj}Pr{sz}

LK/
<y Pr{yp (]A\)]>K5‘Z \A]_j}Pr{Z—]}+CK /8
7=0
(2.26)
< Pr{|Pp, (IK*3))| > K7} 4+ OK Y8

Now (see [14])
E(| P, (LK*/#])) ~ K**\/Kn/2< C- K"/%,

where C'is a constant which does not depend on K. Now let 5 = 15/16, then by Markov’s
inequality we have

Pr{| Py (LK¥2))| > K'5/16} <. K~1/15,

It follows from this bound and from inequality (2.26) that

lim inf Pr{

K—o0

C;({T) _ Cng)‘ < 5} > I{ll—r>noo (Pr{ Cl}({T) > p} Pr{fK( ) > K15/16})

_/1 dzx
N

Letting p | 0, we obtain (2.22) and the lemma is proved.

We now proceed to prove Theorem 1.

Proof of Theorem 1. Fix ¢ > 0, then we know from Lemma 2 that there exists K. > 0
such that if K > K! and nK < L < K7/* | then

Cy boda
X — << — e —
(2.27) ‘Pr{a< N _b} /a N <e

Now suppose that L > K7/* and choose § > 0 such that

3

§4 and

IN

€
4

/”5 de  [* da
ats 2v1—=x a 2\/1—93

b+6 dr b dx
/(15 Wi-z J, 2V1—=z
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Observe that

[(b—0)K]
<oy> Y prfa< G| = k) pr(cir?) = b,
kE>(a+0)K

C1
(2.28) Pr{a <=

In order to obtain a lower bound for the right hand side of (2.28), we first define two
random variables

W = [{Tk,L(v):veCi(T?*)} and S=|{Tkr(v):veVi}.
The key observation is that for (a +0)K <k < (b—90)K,1<s< K,and 1 <w <k,
Pr{aN < C, <bN|W =w,S =5,C1(T?) =k} =Pr{aN <Y +k+w < bN},
where Y ~ Bin(L—s,k/K). It follows from Chernoff’s large deviation bounds for binomial

variables (see for example [20] p.39) that for k < (b—0)K, 1 <s< K, 1<w <k and K
large enough,

Pr{Y <bN —k—w} >Pr{Y <bL —2(b—86)K} > Pr{Y <bL —2(b— 6K}
> Pr{Y < (b—0)L +log(K)-/(b—6)(1—b+ )L}

C(b, )
K

>1-

where Y ~ Bin(L,b—08) and C(b, ) is a constant which does not depend on K. Similarly,
for (a+ 0K <k, 1<s<K,and 1 <w <k, large deviation bounds yield

Pr{Y >aN —k —w} > Pr{Y > aN} > Pr{Y > aN}
>Pr{Y > (a+0)(L — K) —log(K)-/(a+6)(1 —a—06)(L - K)}

., Clad)
- K

for all large K, where Y ~ Bin(L — K, a + 6). So

C(a,b,0)

Pr{aN < C; <bN|W =w,S =5,C1(T?*) =k} > 1— T

for 1<s< K, 1<w<k and hence

Cl 2 C(aa b; 6)
— < = >1 - =227
Pr{a<N_b‘Cl(T) kh>1 -
for all large K and (a + 0)K < k < (b — 0)K. Substituting this bound into (2.28), we
obtain
C(a,b,0)

(2.29) Pr{a < % < b} > Pr{(a+9)K < C1(T?) < (b= 9K} — ===,
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To obtain an upper bound, we note that

Ch C1(T?) 4 C1(T?)
— < < — < — <
Pr{a<N_b}_Pr{a o< 7 _b+5}+Pr{N_b, 7 >b+5}
C1(T?) Ch
<a-—20, — .
+ Pr{ 7 S a—9, N > a}
Large deviation calculations similar to those made above, yield
Cl Cl (TQ) C(b, 5) Cl (TQ) Cl C(a,é)
Ly 2/ < D7 LSV G <
PI“{N_b7 e >b+5}_ and Pr{ e <a 5,N>a}_ 7
for all large K. It follows that
Cl Cl (T2) C’(a, b, 5)
. — < < — < —_—.
(2.30) Pr{a<N_b}_Pr{a 0 < _b+5}+ %

So it follows from Lemma 3, the choice of 6 > 0, and inequalities (2.29) and (2.30) that
there exists K” > 0 such that if K > K" and L + L(K) > K"/4, then

\Pf{“%ﬁb}—/jw%

Thus (2.27) holds for all K > K, = K/ vV K and L = L(K) > nK and this completes the
proof of the theorem.

< €.

O

3. ORDER STATISTICS FOR COMPONENT SIZES

In this section we prove Theorem 2 which gives the limiting distribution of the normalized
order statistics for the component sizes of a bipartite random mapping Tx 1, as K, L — oo.
Before proving this result, we need some additional notation. We denote by R; the number
of red vertices and by B; the number of blue vertices in the i*” connected component C;.
Clearly

Ri+B1=C1, Ro+By=Cy, Rg3+B3=0C3,....

Moreover let K1 =K, L =L, Ny =K1+ L,y =N and for i > 2

Ki=K,.1—Ri—1; Li=Li—1—Bi-1; Ni=K,+Li=N-C—-Cy—---—Ci,
and note that for ¢+ > 2, K;, L;, N; are random variables. With this notation we have
X; = C;/N;. We now proceed to prove Theorem 2.

Proof of Theorem 2. Observe that by symmetry it suffices to prove the result in the case
L = L(K) > K. Now by the convergence principle outlined in Section 1, it is enough to
show that for any ¢t > 1 and any 0 < a; < b; <1,7=1,2,...,t,

t b.
Lo du
3.1 lim Pri{a; < X; <b;, 1=1,2,...,t} = .
(3.1 i Pr -1 A
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To establish (3.1) we divide the proof into two cases.
Case 1. Suppose that for each K > 0 we have K < L(K) < K3. For conciseness, we
introduce

Aj={a; < X;<b, =125} for j=12... ¢t

and we write

(32) PI‘{CLZ' < XZ S bi, 1= 1, 2, . ,t} = PI‘{.At} = PI‘{Bt N At} + PI‘{B; N .At}

where

By ={L, > K},

and for j =2,...,t,

L; i
Bj:{leKb < +17 K'H(l_bs_(s)SK’H-lv i:1’27"'7j_1}

with 0 := s min{(1 —b;) : i = 1,2, ..., t}
Observe that

t—1

1 L
Pr{BtﬂAt}:HPr{Q_S 31-11 K - H (1— b —5)<KJ+1‘Bijj}
j=1 J
t
(33) X HPI‘{G@ < X; <b; ‘ BZ O.Az-_l},

=1

where B N Ag := Bi. The first step is to show that

(3.4) KlgnooHPr{az<X <b|BiNA_1} = H/ 2@

Note that by conditioning on the events B; in the terms in the product (3.4) we guarantee

that for each 1 <1 <{, K; — oo as K — oo and 5= L K; < L,. So by Theorem 1, for i =1,

L bl d
(3.5)  lim Pr{a1<X1§bl‘1§—}: lim Pr{a1<X1§b1}:/ v
K—o0 K K,L—o0 o V1—u

For 2 <1 <t we exploit the identity

i=1,Li=b, B,_1N Aifl} = Pr{ai < Gi(rb) < bi}

Pr{ai < X; <
r+b

where Cy(r,b) is the size of the component which contains the vertex 1 in a random
bipartite mapping on r red vertices and b blue vertices. This identity is a straightforward
consequence of the independence and uniformity which is built into our model, namely,
that each vertex is assigned independently, according to the uniform distribution, to a



18

vertex in the other set. So by Theorem 1, for each 2 < i < ¢, there exists K(e,7) > 0 such

that if K > K (e,4), K [['_)(1 —bs — ) <r < K and 5% <b < L, then
Peloc< X <Ko= Li=b B} - [
A 1 > Ug o — Iy Lig — Uy Pi—1 1—1 o, 2m
C4 (r,b) T
T u
3.6 :P{i<1’ <bi}—/7<
(3.6) ‘ NS Ty S N

It follows that if K > max{K(e,q):i=1,2,...,t} then

b;
du
B¢0A¢1}—/72 T

and (3.4) now follows from (3.5) and (3.7). Next we show that the events B; on which
we have conditioned in the calculations above (and which guarantee that we can apply
Theorem 1) have high probability. In particular, we claim that

(37) ‘Pr{ai < X; <¥; <eg for2<i<t

t—1 J
1 L
(38) hm Pr{ < J—H, K | |(1 —bs —5) S Kj+1‘Bj ﬂ.Aj} =1

K—>oo]:1 27 Kj+1

Now given B; N A;, we have for 1 <j <t -1

Ljvi _ Ly = (L;Xj—dj) _ Lj 1+d/( ;(1 Xj))> 1 1+d;/(L;(1 - X))

Kjv K —(KX;+d;)  K; 1-d;/(K;(1-X;)) ~ 21 1-d;/(K;(1-X;))

Where dj:LJXJ—BJ:RJ—KJXJ, and
d;
KjH:Kj—Kij—djsz(1—bj—E) = ——) KH 1— b, —0)

(with the convention that for j = 1 the product in the above formula is equal to 1). Hence

1L
Pr{gngjii K- H (1= by —0) < K1 | BN A; |

1 1+4+4d;/L;(1—-X,) |dj
. > Pr < <5‘
(39) = {2_1—d/K( ~X,) K B;N A}
Also, given the event B; N A;, we have L; > K;/2~! and K; > Kni;i(l —bs —9), so if
;] < (K;)?/3, then

|d;] @) il ldjl ()
< <
Lo-x)rr ™M B Sga-x,) KA
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where C(j) is a constant which depends on j,b1,0bs,...,b;. Therefore, given B; N A;, if
‘dj‘ S (Kj)2/3, then

o 14+d;/L;(1 — X)) and |d;|

1
- 141 < 5
27 1-d;/K;(1 - Xj) K, =%

and

1 14d,/L;(1-X,) |d
10) priz < 2% 7). 19
(3.10) r{z— 1-4,/K;1-X;) K,

< ‘Bj mAj} > Pr{|d;] < (K;)%3|B; N A;}

for all 1 < 5 <t —1 and all sufficiently large K.
In the remaining calculations we make use of the identity
Pr{R;=k,Bj=1|K;j=r, Lj=0b,Bj_1NAj_1} =Pr{Ri(r,b) = k, B:(r,b) =}

where R;(r,b) is the number of red vertices and Bj(r,b) is the number of blue vertices
in the connected component containing the vertex “1” in G(7}4), the digraph which re-
presents the bipartite random mapping 7)., on r red and b blue vertices. In particular,

for r, b and m chosen such that KHi;i(l —bs—06) <r< K, r/277t <b< L, and
a; <x=m/(r+b) <b,,

Pr{\dj\ > 7’2/3, Cj = m|KJ =T, Lj = b, Bj—l mAj_l}

< ¥ Pr{Rl(r, b) = [ra] — i, By (r,b) = [bz] + z}

li|>r2/3-1

I S (e N e

{k:|[rz]—k—1|>r2/3-1}

(3.11)

where
[re] + [bx] =m and |[rz]—rz| <1, |[bx]—0bx|<1.

We note that inequality (3.11) follows from an argument similar to the reasoning which
we used to establish inequality (2.11). The right hand side of (3.11) is a ‘two-sided’ sum.
We indicate how to bound one side of the sum. Note that

I O T e N =0 I

k>[rz]+r2/3-2

r—1 r2/3 1\ " r2/3 —1
< - .
< ¥ (W) e

k>[rz]+r2/3-2

r—k—1

- Pr{X ~BX)
N VVar(X) — /Var(X)

r2/3_1

where Z = [bx]/b, X ~ Bin(r — 1, — ), and C(t) is a constant which only depends
on ay,as, ...,a; and by, ba, ..., b;. The last inequality follows from Chernoff’s large deviation
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bound for the binomial distribution and from the assumption that 7/ 2771 <b< L and
K Hi;}(l —bs—9d) <r < K . Similar calculations yield

> (T . 1) (m%k_ly (1 - m_Tk_ly_k_l < O(t) exp(—C(#) KL/,

k<[rz]—r2/3

Since these bounds are uniform over all r, b, and m satisfying K Hi;} (1-bs—9) <r<K,
r/2771 <b < L,and a; < z=m/(r +b) < bj, we have
Pl"{|dj| > T2/3, a; < Xj < bj | Kj =7, Lj = b, 83;1 ﬂ.Aj71}
b7(r+b)

= Z Pr{]dj\>7“2/3, C'J:m] Kj:T, Lj:b, Bj_lm.Aj_l}

m>a;(r+b)

< (r+b)C(t) exp(—C(t) KY®) < 2C(t) K2 exp(—C(t) K/°).
It follows from this inequality and inequality (3.6) that
Pr{]d]\ > T2/3‘Kj =, Lj = b, Bj—l N AJ}

Pr{]d]\ > 7“2/3, a; < Xj < bj‘Kj =, Lj = b, Bj—l m.Aj_l} )

A(t
<
- K

Pr{aj < Xj < bj

K;=r, Lj = b, 83;1 ﬂ.Aj71}

for 1 < j <t—1 and all suficiently large K, provided KHg:(l —bs—9d) <r < K, and
r/29~1 <b < L. Hence

(3.12) Pr{|d §<Kf/3‘£grw,4j} > 1—-§%¥2

for all 1 < j <t —1 and all sufficiently large K. Equation (3.8) now follows from (3.9),
(3.10), and (3.12). Finally we obtain

t b,
©odu
(3.13) lim Pr{B; N A} = /-———.
K—o0 21;[1 a 2V1—u
from (3.3), (3.4), and (3.8). It remains to show that
(3.14) Klim Pr{B; N A} =0.

Observe that

t—1 J
L 1
Pr{BinA} <> :Pr{ < —or Kjp1 < K JJ(1—bs—0) ‘Bj ﬂAj}Pr{Bj NA;L,
Jj=1

Kip 2

s=1

and (3.14) follows immediately from (3.8). Equation (3.1) now follows from (3.2), (3.13)
and (3.14).
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Case 2: Now suppose that for each K > 0, we have L = L(K) > K3. In this case we
take an indirect approach. As in Section 2, T? = Tk 1, o Tk 1, Tk denotes the uniform
random mapping of V; into Vi, and G(T?) and G(Tk) denote the random digraphs on K
vertices which represent the random mappings 72 and Tk, respectively. We also extend our
notation as follows. For any mapping f from V; into Vi, let C;(f) denote the component
in G(f) which contains the vertex labelled 1. If C1(f) # G(f), then let C2(f) denote the
component in G(f) \ C1(f) which contains the smallest vertex; otherwise, set Co(f) = 0.
For t > 2 we define C(f) iteratively: If G(f) \ (Ci(f) U ...UCi—1(f)) # 0, then let
Ci(f) denote the component in G(f) \ (C1(f)U...UCi—1(f)) which contains the smallest
vertex; otherwise, set C;(f) = 0. For ¢ > 1, let C(f) = |C¢(f)| and define the sequence

(Xl(f)aXz(f)a ) by

Cl(f) ~ Gy(f) ~ G(f)
where K1(f) = K, K;(f) = Ki-1(f) = Ci-1(f) = K = C1(f) = Ca(f) — ... = Ci—1(f) for
iZQ,andXi(f)—O it K;(f)=0.

Now let
Hi = {TK,L(U) 75 TK7L(IU) for all v,w e Vi, v 75 w},

then it is easy to show that given Hpy, the random mapping 72 on V; has the same
distribution as the uniform random mapping Tk%. In particular, for any ¢ > 1 and
O<a; <b; < 1,:=1,2,...,t,
(3.15)

Pr{a; < X;(T?) <b;:i=1,2,..,t|Hg} =Pr{a; < X;(Tk) < b; :i=1,2,..., t}.

Furthermore, provided L = L(K) > K3,

(3.16) Pr{Hg} = (L) >1— %

where C'is a constant which does not depend on K. It follows from (3.15) and (3.16) that
foranyt>1land 0<a; <b; <1,i=1,2,...,t,

C
Pria; < X;(Tx) <b;:i=1,2,...,t} (1 — E) <Prfa; < X;(T?) <b;:i=1,2,..,t}

C
< PI‘{CLZ' < XZ(TK) <b,:i=1,2, ...,t} + E

For the uniform random mapping Tk (see [1])

(3.17) Aim Prie; < Xi(Tx) <bi:i=1,2,...t} = H/ 2m

so it follows that

(3.18) Jim Pr{a; < Xi(T%) <b; 1,2,..,t} = H/ 2m
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Thus, to obtain (3.1) in the case when L = L(K) > K3 it suffices to show that for every
t > 1 and every € > 0,

(3.19) lim Pr{|X;(T?) - X;| <e:i=1,2,..,t} = 1.

K—o0

Fix t > 1,e >0, and § > 0 and choose p = p(d) > 0 such that

t

(/pl_pz\/%> >1-4.

Ar(p)={p < X;(T*H) <1-p:i=1,2 .t}
We note that if p < X;(T?) < 1—pfori=1,2,...,t, then by induction

and let

(3.20) PTIK <K, <(1—-p)"'K and p'K <Cy(T?) <(1-p)'K

for 1 <14 <t. Also, it follows from (3.15) and (3.17) that

t

. =P du
Aim Pridx(p) [Hi} = (/p ﬁ) >1-9,

and hence
lilgnjllopPr{]Xi(T% —Xi|<e:i=1,2,..,t}
> lilr(nsupPr{]Xi(T2) - Xi|<e,i=1,2,..,t| Ax(p), Hx } Pr{Ax(p) | Hx } Pr{HK}
(3.21) > 1ifr(nsupPr{]Xi(T2) —Xi|<e,i=1,2,..,t| Ax(p), Hx }(1 - 9).
We claim that
(3.22) limsup Pr{| X;(T?) — Xi| <e,i=1,2,...,t| Ax(p), Hx} = 1.

K—o0

To prove (3.22) we define variables Y; = C; — 2C;(T?) for 1 < i < t. Using this notation,
we have

Y 2C,(1%)/L + Yi/L
"1+ K/L-2(Cy(T?) + ...+ C;_1(T?))/L - Y, /L — Yo /L — ... = Y; 1/ L
and
X-(T2) — Ci(TQ)/K
' 1 -C(T?))/K — ... — C;_1(T?) /K’

Soif L=L(K)> K3, p< X;(T?) <1—p, and

Y, G(TY)) 2

2 .
7 % <L1/3<? for 1 <1 <'t,
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then it follows from these inequalitites and from (3.20) that

Clp,t)
K

1X; — X3(T?)| < for 1 <i <t,

where C(p,t) is a constant which depends only on p and ¢. Hence

Pr{’Xz(TQ) - X’L‘ <eg, L= 1;27 at‘AK(p) ) HK}

Y, Ci(T?) 2
(3.23) ZPr{‘f— | < 77

= 1,2, | Ax(p) , Hxc }

for all sufficiently large K.
Now fix K > 0 and integers 0 < 71,73, ..., < K such that if C;(T?) =r; for 1 <i <t,
then p < X;(T?) <1—p for 1 <i<tie.,

ri/K
3.24 < X;(T?) = : <1-—
(3:24) P Xl = R /K== K=

for every i = 1,2, ...,t. Now given Hx and C;(T?) = r; for 1 <i < t, we have
C;=2r;+Y, for 1<1i<t,

where the marginal distribution of each Y; is Bin(L —r;, 7). It follows from Chebyshev’s
inequality that

Yi n 2 o .
Pr{f—? m,l—l,Q,...,t‘Ci(T)—T’i,l—l,Q,...,t,HK}
Lr; 2
zpr{n—%—% <L2/3,i:l,?,...,t‘Ci(TQ):ri,i:1,2,...,t,HK}
t
(L—m;) t t
>1_ _
21-) Spm 2l s 2l g

Since this inequality holds for all 0 < rq,rs, ..., < K satisfying (3.24), we obtain

t
= >1—-—.
1727 7t AK(p)7HK}_]- AK

Pr{‘ﬁ_ C"'(T2) 2

Equation (3.22) now follows from (3.23) and (3.25) and we obtain

limsup Pr{|X;(T?) — X;| <e :i=1,2,..,t} >1—0

K—oo

from (3.21) and (3.22). Letting 0 | 0, we obtain (3.19) and the theorem is proved in this
case.

It follows from Case 1 and Case 2, that (3.1) holds under the hypotheses of the theorem
and the proof is complete.

O
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