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Abstract

In this paper we investigate the asymptotic structure of a random
mapping model with preferential attachment, T};, which maps the set
{1,2,...,n} into itself. The model T}; was introduced in a companion
paper [11] and the asymptotic structure of the associated directed
graph G, which represents the action of T}, on the set {1,2,...,n} was
investigated in [11] and [12] in the case when the attraction parameter
p > 0 is fixed as n — oo. In this paper we consider the asymptotic
structure of G, when the attraction parameter p = p(n) is a function
of n as n — oo. We show that there are three distinct regimes during
the evolution of Gh: (i) pn — oo as n — oo, (ii) pn — B > 0 as
n — oo, and (iii) pn — 0 as n — oo. It turns out that the asymptotic
structure of Gf, is, in some cases, quite different from the asymptotic
structure of well-known models such as the uniform random mapping
model and models with an attracting center. In particular, in regime
(ii) we obtain some interesting new limiting distributions which are
related to the incomplete gamma function.
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1 Introduction

In this paper we investigate a random mapping model, 77 : {1,2,....,n} —
{1,2,...,n}, with ‘preferential attachment’. This model was first introduced
in a companion paper [11] and is defined as follows: For positive parameter
pand 1 < k < n, we define TP(k) = €™ where £77 &™) elr™ s a
sequence of random variables whose distributions depend on the evolutlon of
an urn scheme. The distribution of each ¢”™ is determined by a (random)
n-tuple of non-negative weights a(k) = (a1(k), az(k),...,a,(k)) where, for
1 <j <mn,a;(k) is the ‘weight’ of the " urn at the start of the k' round of
the urn scheme. Specifically, given d(k) = d = (ay, ..., a,), we define

Pr{gl(cp’n) :j | - a} Z 1Clz

The random weight vectors d(1), @(2), ..., d(n) associated with the urn
scheme are determined recursively. For k = 1, we set a;(1) = as(1) = - - =
an(l) = p > 0. For k > 1, d(k) depends on both d(k — 1) and the value
of €™ as follows: Given that £ = j, we set aj(k) = aj(k: — 1)+ 1 and

for all other i # j, we set a;(k) = a;(k — 1) (i.e. if fk 1 = j then a ‘ball’
with weight 1 is added to the jth urn). We note that since, for 1 < k < n,
Te(k) = €™, and since the (conditional) distribution of £,i ™ depends on
the state of the urn scheme at the start of round k, it is clear that k is
more likely to be mapped to j if the weight a;(k) is (relatively) large, i.e. if
several of the set {1,2,...,k — 1} have already been mapped to j. We note
that 7 is the random mapping analogue of the random graph models with
‘preferential attachment’ that have been constructed in order to model the
evolving structure of complex networks. In a similar way, 7% may also be
useful as a model in some applications of random mapping models.

It is important to note that the preferential model 77 is fundamentally
different from the ‘classical” random mapping model T}, special cases of
which have been studied extensively since the 1950’s and which can be defined
as follows: For n > 1, let M,, denote the set of all mappings f : [n] —
[n], where [n] = {1,2,...,n}. We note that any mapping f € M, can be
represented as a directed graph G(f) on a set of vertices labelled 1,2, ..., n,
such that there is a directed edge from vertex i to vertex j in G(f) if and
only if f(i) = j. Now for each n > 1, let p(n) = {p;j(n) : 1 <i,5 < n} be
an array such that p;j(n) >0 for 1 <i,j <nand 77 pij(n) =1 for every



1 <@ < n, and let X7, X7, ..., X" be independent random variables such
that Pr{X" = j} = p;;(n) for all 1 <¢,5 < n. Then the random mapping
Tom) : [n] — [n] is defined (in terms of the variables X7, X7, ..., X7') by

Tyw(i) =5 iff X7 = (L1)

for all 1 < 4,5 < n. It follows from (1.1) that the distribution of Ty is
given by

Pr{Tpo) = f} = [ [ i ()
=1

for each f € M,. The example of Ty, which is best understood is the
uniform random mapping, T,, = Tp(n), where p;(n) = % forall1 <i,5<n
(see for example the monograph by Kolchin [18] and also the references in
[11]). Berg, Jaworski, and Mutafchiev (see [5, 13, 15, 16, 17] ) have also
investigated the structure of the digraph associated with the model T'(n; q¢) =
To(ng Where p(n,q) is given by p;i(n,q) = ¢ for some 0 < ¢ < 1 and all
1 <i<mn,and p;j(n,q) = % for all 1 <i,j < n such that ¢ # j. In another
direction, Stepanov [22], Burtin [7], Mutafchiev [20] and Berg, Mutafchiev
[6] have considered the component structure of the digraph associated with
the model T5,(A\) = Tp(,,n) Where A > 1 is a model parameter and p(n, A) is
given by p;i(n,\) = # and p;;(n,\) = 5= for all 1 < 4,j < n such
that j # 1. The model T,(\) is called a random mapping with attracting
center and the parameter A determines the strength of the attraction to the
center. The last two models are of special interest because we can consider
the evolution of the digraphs representing them, i.e. the changes in the
typical structure of the digraph, when the model parameter changes as a
function of the number of vertices. The evolution of the digraph representing
T(n;q) can be considered as an analogue of the evolution of the classical
random graph since the number of edges in the underlying simple graph grows
when the parameter ¢ decreases from 1 to 0 (see also [14] for corresponding
uniform random graph process). The evolution of random mappings with
attracting center is somewhat different since the number of edges in the
digraph representing T,,(\) remains fixed as the parameter A\ tends to oco.
Finally, Aldous, Miermont, and Pitman (see [1] and [2]) have investigated the
asymptotic structure of G(Tp(,)), where p(n) is given by p;;(n) = p;(n) >0
for all 1 < ¢,7 < n, by using an ingenious coding of the mapping T;,) as
a stochastic process on the interval [0,1]. Their results are closely related
to earlier work on the relationship between random mappings and random
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forests (see Pitman [21] and references therein). In this model p;(n) > 0
can be viewed as a measure of the relative strength of attraction which is
‘assigned’ to the vertex j.

Now it follows from the definition of classical model T}, that the vari-
ables X7, X7 ... X defined above can be interpreted as the independent
‘choices’ of the vertices 1,2,...,n in the random digraph Gpn) = G(Tpm))
(see, in addition, Mutafchiev [19] and Jaworski [13]). In other words, for
1 <id,5,k,m < n, i # k, the events {Tpn) (i) = j} and {Tpmy(k) = m}
are independent. In contrast, it is clear from the definition of 7 that the
events {T°(i) = j} and {T°(k) = m} are correlated and the strength of
the correlation depends on the magnitude of the parameter p relative to n.
For example, for any 1 < j < n and p > 0, we have Pr{T?(2) = j} = 1
whereas for j > 1, Pr{T¥(2) = j|T/(1) = 1} = {£-. In this paper we are
interested in how the relative values of p and n determine the structure of
GP = G(T?) and in what ways the structure of G differs from the structure
of both the uniform digraph G, = G(T,,) and the attracting center digraph
G.(\) = G(T,(N)).

Our investigation of the structure of G? is based on a result from [11]
where we show that the random mapping 7 has the same distribution as a
random mapping model Tf with exchangeable in-degrees. To describe the
exchangeable in-degree model we adopt the following notation. For any f €
M, and 1 <i < n, let d;(f) denote the in-degree of vertex ¢ in the digraph
G(f), and d(f) = (di(f), ..., dn(f)). Also, for any vector d = (dy, da, ..., dy)
of non-negative integers such that >  d; = n, let

M (d) = {f € M, :d(f) = d}.

Now to define TnD , we start with a collection of non-negative integer-valued
exchangeable random variables Dy, Ds, ..., D,, such that Z?:l D; = n. Given
the event {D; =d;, i = 1,2, ..., n} (with Pr{D; = d;, i =1,2,...,n} > 0),
we define the conditional distribution of T” by

Iy d! if dz(f) :dZ,Z: 1,2,,77/

Pr{TP? = f| D, =d;,i=1,2,..n} =4 "
{7, / } {O otherwise.

(1.2)
In other words, given (ﬁl, Dy, ..., Dn) = (di,ds,...,d,) = d. TP is uniformly
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distributed over M,,(d). It follows from (1.2) that for any f € M,,

A | Y10 0) L :
Pr{T? = f} lePr{Di:di(f),l <i<n}. (1.3)
In [11] and [12] we show that the distributions of many variables which
describe features of the structure of the digraph G} = G,,(T,7) such as the

number of components in G2, the size of a typical component in G| etc.

can be expressed relatively easily in terms of the variables Dy, Dy,....D,. In
particular, this gives us a convenient calculus for investigating the structure
of GP.

An important class of examples of T/? can constructed as follows. Suppose
that Dy, Do, ..., D, are i.i.d. non-negative integer-valued random variables
with Pr{>"" | D; = n} > 0, and let D1, D, ..., D, be a sequence of random
variables with joint distribution is given by

Pef{Di=d,1<i<n}=Pr{Di=d,1<i<n| Y Di=n}
=1

Clearly, the variables Dy, Dy, ey D,, are exchangeable with > | D; = n, so
we can use 151,152, ,Bn to construct Tf) and Gf?. We note that if the
variables Dy, D, ..., D, are i.i.d Poisson variables then T ,? has the same
distribution as the uniform model T},, i.e. the uniform model is a special case
of the exchangeable in-degree model. In the case where the underlying i.i.d.
variables Dy, D>, ..., D,, have a generalised negative binomial distribution we
established in [11] the following result:

Fact 1. Suppose that DY, D5, ... are i.i.d. random variables with a generalized
negative binomaal distribution given by

oy _Lktp) (p N (1) _
Pr{D} =k} = KT (0) (1—|—p) <1+p> for k=0,1,..

where p is a positive parameter and I'(+) denotes the usual Gamma function.

Forn > 1, let D*(n) = (ﬁin, ﬁ;n, e Dfm) be a sequence of variables with
joint distribution given by

Pr{f)ﬁn:di,1§i§n}:Pr{Df:di,1§z’§n‘ZDf:n}_
i=1
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Then for every n > 1, the random mappings T and TP"™ have the same
distribution.

In [11] and [12] we used Fact 1 and the calculus for G& ™ = G(T.X"™)
to obtain exact formulas for the distributions of various variables associated
with the structure of G#. We also investigated the asymptotic distributions
of these variables when p is fixed and n — oo. In this paper we investigate
the asymptotic distributions of variables associated with the structure of G¥
when the parameter p = p(n) depends on n. In particular, it follows from
the definition of T that when p is much larger then n, the distribution of
T? is ‘close’ to the uniform distribution on M,,. On the other hand, if p is
much smaller than n, then we would expect the digraph G’ to consist of a
collection of large ‘attracting’ components. So, in some sense which will be
made precise by the results in this paper, the structure of G ‘evolves’ from
the uniform digraph G, (when p =‘c0’) to the ‘star’ graph as p — 0. We
note here that our investigation of the ‘evolution’ of G¥ as p — 0 is in the
same spirit as the results of Stepanov [22] on the evolution of G),(\) as A goes
from 1 to oo, where G, (1) corresponds to the uniform model and G(‘c0’) is a
‘star’ graph. However, we will see that the evolution of G” is quite different
from the evolution of G, ().

Finally, we mention that our investigation of the evolution of G? is also
related to our work on the Poisson—Dirichlet law for combinatorial structures
which arise from a cutting process for random mappings (see [10]). It also
turns out that exact and asymptotic results for the structure of G? provide
a natural way to introduce some interesting families of discrete distributions
(see [12]).

2 Results

To describe our results we begin by introducing some more notation. We
say that a vertex i € {1,2,...,n} is a cyclic vertex for the mapping f € M,,
(and for the corresponding digraph G(f)) if there is some k£ > 1 such that
f® (i) =i, where f*) is the k™ iterate of the function f. We define X,,(f)
to be the number of cyclic vertices of f € M, and we let Xf = X,,(TF)
denote the number of cyclic vertices in G?. Given the distribution of X7,
it is straightforward to determine the distribution of Nf, the number of

components in G?, as follows: Let Lf denote the set of cyclic vertices of



TP. It is known (see [11] for details) that given L2 = L C {1,2,...,n}, then
T? restricted to L is a uniform random permutation on the set L. We also
note that each connected component in G consists of a directed cycle with
directed trees attached. So N? =/ if and only if the mapping 7 restricted
to L consists of ¢ cycles. Hence, for 1 < /¢ < k <n,

Pr{N{=10|X! =k} =Pr{Nyuw =}

where o(k) is a uniform random permutation on a k-element set and N,
denotes the number of cycles in the random permutation o(k). It follows
that for 1 < ¢ <n,

Pr{N/ =(} = > Pr{N/=1(]|X}=k}Pr{X} =k}
k=¢

= Y Pr{N,u = (}Pr{X} = k}. (2.1)
k=t
Now suppose that &£, &, ... is a sequence of independent indicator variables

such that, for i > 1, Pr{¢ = 1} = 1. Tt is well-known (see [8]) that for k& > 1

k
d
Nory ~ Z & - (2.2)
i=1

So, by taking the variables i, &2, ... to be independent of X7, it follows from
(2.1) that

Thus, the distribution of Nf is determined by the distribution of X, which
was determined in [11] and is given by

(n)
Pr{Xf =k} = kp*(L+ ) oy forlsk<n-—1
n M) ptnlT(np) Hk—n
T(ntnp) :

(2.3)

So, to determine the asymptotic distribution of N/, we first determine the
asymptotic distribution of X# in Theorem 1 below.



Theorem 1. Let X/ denote the number of cyclic vertices in G*.

(i) Let R denote a Rayleigh distributed random variable with density given
by f(x) = zexp(—x?/2) for x > 0 (and equals 0 otherwise). Suppose

that pn — 0o as n — oo and let ¢(n) = pn/(1+ p). Then
X

n

¢(n)
and E(XF) ~ \/5o(n).

(ii) Suppose that pn — >0 asn — oo. Then for k=1,2, ...,

) kﬁk_l ﬁk:—l ﬁk
lim Pri XP =kt = = _ '
AP = = G T B E—Di B

d
— R asn — oo,

where (B)g = 1. Moreover

: — p
lim E(XF) =1+ :
n—o0 ; (8 + k)

(iii) Suppose that pn — 0 as n — oo. Then
lim Pr{X/ =1} =1

n—oo

Proof. First, suppose that pn — oo as n — oo. To show that X?/+\/é(n)
converges in distribution to R, it is enough to show that for any a > 0,

. X7 ¢ 2
lim Pr{m < a} :/0 xexp(—z°/2)dx. (2.4)

So, it follows from (2.3) that

Pr{ zfn) < a} = z:: Pr{Xﬁ = k‘}
VR 14\ (=)o - )
- Z ﬁ( pp) (L) (1)
GG AN
= 2 ) exp (2¢(n)) ) exp (S(k, n, p)) (2.5)



where |e(k, n, p)| < \/_ and C'(a) is a constant depends on a but not on

n or p. Since ¢(n) — oo as n — oo, equation (2.4) now follows from (2.5).
Next, we consider

=> kPr{X}=k}.
k=1
First, let A(n) = min{n, pn} and observe that all n > 1, ¢(n) < A(n). Now
it follows calculations similar to those above that

(A(n))>/®

> kPr{X, =k}
k=1

B s
SLODNEE o (550 ) —exp(e(hn. )

(A(n))f’/s
n))1/2 s
~ \/M/(QS< P 22e 2y ~ [ 2 (n)
0 2
7z and C is a constant which does not depend on n

where |e(k, n, p)| < W
or p. So it is enough to show that

lim > kPr{X{=k}=0. (2.6)

k>(A(n))>/8

To bound the sum in (2.6) we divide it into two parts. First, it follows from
(2.3) that

A(n) A(n) k2 ( _l)...(l_M)
]fPI' Xp = n n
k>(%)5/8 { } % 5/8 QS( ) ( ) o (1 + nlp)
An) ~k/2]
2 [k/2]
< D> (AW (14
k> (/8 < A(n) )

IN

(M(n))” exp (—W) . (2.7)



The last inequality above follows from the observation that for 0 < x < 1,
(1+2)"'<1-2/2 <exp(—x/2). Next,

( ““/2)1 )WQJ +nPr{X =n}

i
) ; < )k/2+n(%)n/2. (2.8)

Since ¢(n), A(n) — 0o as n — oo, (2.6) follows from (2.7) and (2.8) and case
(i) is proved.

Next, suppose that pn — 3 > 0 as n — oo. The second equality of (ii) is
immediate, while the first equality follows from (2.3):

> kPr{X.=k} <

E>A(n)

N} —

IA

<

_ kpt(L+p)(n)e kB
nll_}r{)lo Pr{X/ =k} = n1—>oo itk B (2.9)

Similarly, it follows from (2.3), (2.9), and dominated convergence that

. K 4 )= ey | np"nl(pn)
Jm BOXR) = Jim ) CE A R T
B o kzﬁk 1
B ;(mk)
©© kﬁk_l o ]{Jﬁk
= — —_— 2.10
)3 T i D Ew (210)
Since -
(o] ]{]/87
;(51”6)19

we can rearrange the right-hand side of (2.10) to obtain the desired limit.
Finally, when pn — 0 as n — oo, again by (2.3), we have
IL+p

lim Pr{Xp—l}— +1—1
n— o0 n—oo NP
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Theorem 2. Let N denote the number of components in G?.
(i) Suppose that pn — o0 as n — oo and ¢(n) = pn/(1+ p), then
NP — %log o(n) 4
—
3 log ¢(n)

where Z is a standard normal N(0,1) variable.

Z as n — oo,

(i) Suppose that pn — 3 > 0 as n — oo, and suppose that X” is a discrete
random variable with distribution given by

8 kﬁk_l
PriXP=ki{=—— for k=1,2,....
=k =Gy,
Also, suppose that &1,&, ... is a sequence of independent indicator

variables such that, fori > 1, Pr{& =1} = * and such that &, &, ... .
and XP are independent. Then

X8
Nﬁi)NﬁEZ& as n — oo.

=1

(iii) Suppose that pn — 0 as n — oo and let B denote the event that G? is
connected. Then

lim Pr{N? =1} = lim Pr{B;} =1.

n—oo n—oo

Proof. Suppose first that pn — oo as n — oo and ¢(n) = pn/(1 + p), and
fix —0o < a < co. Then it follows from (2.1) that

Pr{NfZ — Llog ¢(n) - a}
1log ¢(n)

n _1
= Pr{ Nowm — 5logé(n) a}Pr{Xg - m}. (2.11)
m=1 slog ¢(n)

Now fix ¢ > 0. Then, it follows from Theorem 1 (i) that there exists
0 < d(e) < 1 < (e) such that

Pr{5(e)y/0(n) < X2 < () \/o(m)} = 1 — e (2.12)
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for all large n. Also, for 6(g)\/d(n) < m < v(e)y/¢(n) we have
No(m) — %1032 ¢(n) _ Nom) — logm —e(m,n)
$log ¢(n) Vlogm +e(m,n)

where
e(m, )] < max {log (e)]. | log 7(6)] }
So for all large n and m > §(¢)/¢(n), we have

< Pr{Na(m) - %lOg (b(n) é (I}
3 log é(n)

Nty — 1
< Pr{w§a+s}. (2.13)
logm

Now it is known (see, for example [8]) that (Ny(m) —logm)/+/logm converges
in distribution to the standard normal N(0, 1) distribution as m — oco. So
it follows from (2.11), (2.12) and (2.13) that

NP — 1]
®(a —¢) —e < liminf Pr{ n 508 () < a}
e 5 log ¢(n)

and

lim sup Pr

n—oo

{Nﬁi — 3 log p(n)
3 log ¢(n)

where ®(-) is the distribution function of N(0,1). Let ¢ — 0 to obtain part

(i).

Next suppose that pn — 3 > 0 as n — oo and let &,&, ... be a sequence

of independent indicator variables as described above which are independent
of XP. Now fix £ > 1. Then it follows from (2.1) and (2.2) that for n > ¢

{NP - e} ZPr{ Z@ - f}Pr{XP - k}

Sa} <Plate)+e

Hence

‘Pr{N” — 0}~ Pr{N = ¢}

< Z [Pr{xg = k} = Pr{X" = k}| + Pr{XB =k}, (2.14)
k=n+1
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Since X/ 4, XBasn — o0, it is straightforward to show that the right-hand
side of (2.14) tends to 0 as n — oo. This establishes part (ii).
Finally it follows from (2.1) and (2.3) that if pn — 0 as n — oo, then

lim Pr{B/} = lim Pr{N/ =1}

n—oo n—oo

= lim Y Pr{Nyu = 1}Pr{X} =k}
n—od —1
n—1 n
1 IT

_ o S A, p 0l D(np)
n—oo £~ (np+ ki1 n—oo nl'(n+np)
1+p

1m
n—oo np + 1

v

O

Next we consider the asymptotic distribution of Cf(n), the size of the
component in G¥ which contains the vertex labelled 1. It is clear from Theo-
rem 2 that when pn — oo as n — oo, the distribution of N/, when n is large,
depends on the speed at which ¢(n) = pn/(1+ p) tends to oo. In particular,
when n is large, the number of components in G” is (with high probability)
of order %log ¢(n). In light of this result, it seems reasonable to suppose
that for large n the distribution of C7(n) would also depend on ¢(n), but
in Theorem 3 we show that this is not the case. We also show that when
pn — (3 as n — oo, where § > 0, the asymptotic distribution of C7(n)/n
can be expressed in terms of the incomplete gamma function 7[a, z] which
is defined by the following “incomplete” integral expression for the Gamma

function I'(a)
Vla, 2] :/ t* e tdt
0

and can also be expressed as

o0 k-1
a,z| = z%"* _— 2.15
o)=Y (2.15)
Given identity (2.15), we note that the limit of the expected value in Theorem
2 (ii) can be expessed in terms of this function. One can also check that when
[ — oo we have

VB + 1,8 ~ %ﬁﬁe‘ﬂ\/%ﬁ. (2.16)
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Theorem 3. Let C{(n) denote the size of the component in G?. which con-
tains the vertex labelled 1.

(i) Suppose that np — oo as n — oo and let B be Beta(1/2) distributed

random variable with density given by f(u) = 2\/1_7 on the interval

(0,1). Then

Ci(n) 4

— B as n— 0.

n

(ii) Suppose that pn — 3 >0 as n — oo. Then

lim Pr{C{(n) =n} = lim Pr{B’}

n—oo n—oo

> gy
— (B+ k)

where y[a, z] is the incomplete gamma function.

Furthermore, suppose that 0 < x < 1 is fized and let ¢ = |xn|. Then
Pr{C{(n) =(}

Nl () 1 e N “ . .
A TEAN - op s " (ﬁ) e+ 1,46)

(iii) Suppose that pn — 0 as n — oo. Then

lim Pr{C{ =n} =1

n—oo

Proof. Suppose first that np — oo as n — oo. To prove (i) it is enough to
show that for every 0 < a < b < 1, we have

C?(n) b dx
lim Pr{a < < b} :/ T
n—oo no - . 2VI—a

Fix 0 <a <b< 1, then

Pr{a C i) b} - i Pr{Cf(n) - e}. (2.17)

n
{>an
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Now in [11] we established that

Pr{Cf(n) - e} - éPr{Bp}Pr{ D” .y ’ ZD” - n} (2.18)

where the variables DY, ..., D? are as defined in Fact 1. To evaluate the right
hand side of (2.18) we divide the calculation into two parts. First, it follows
from the Stirling’s formula that provided an < ¢ < bn

AR (O POT(lp)
Pr{Bf} - Z’) (1+7) Up+ k)ems T+ p)

— 1— 1)1 —2)...(] =kt
( )((1+£§E1+%)..<.(1 E; +ei(lin, p) (2.19)
k=1 - >

~ |-
+
&
A
S~—

where |e1(¢,n, p)] < Ce *v/bn and C' is a constant which does not depend
on a,b, or n. We divide the sum on the right hand side of (2.19) into two
parts. As in the proof of Theorem 1 (i), let A(n) = min{n, pn} and consider

-1 1 2 k-1
1(1+p 1-90=7)---0-")
(1) =- E . 2.20
(1) 14 < p ) ky (2.:20)
k>(A(n))>/8
Next, observe that for k& > (A(n))*/® we have

1-9a-%---1-5)
A+ )+ (1+ )

- 1-L...a- LA(nj/gJ) (1 _ D\(n)5/8] )kﬂ(n)*"/fﬂ
- IRYO RGN 1 An)?/8] )5/8]
(1+ Bl o+ L) N1+

k— D\(”) 5/8]
o (12 22
< exp(=C(A(n))7") W

where C' is a constant that does not depend on a, b, or n. Using this bound
for the terms in the summation on the right hand side of (2.20), we obtain,
after summing over k,

$(1) < (

1+p
ol

) 2N ()5 exp(—CAm)Y). (2.21)
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On the other hand, provided an < ¢ < bn and 1 < k < (A\(n))*®, we have

-y ooty en (29240 (gs))
T 058w (M1 0 (b))

~ exp (_ (%) ’2“;) (14 250k, 0, p))

where |e3(k, ¢, p)| < C(a)(A\(n))~"/® and C(a) is a constant which depends
on a but not on n or A(n). It follows that

(A(n))>/®

O 1) -k
= (5 )<1+£><1+€—;1>---<1+%>
)3/

U T e () 5) o
- /22 / fexp( ) PR

2—[;’))(1 +e4(l,n, p)) (2.22)

where |e4(¢,n, p)] < C(a)(A(n))~Y/® and C(a) is a constant which depends
on a but not on n or A(n). Combining (2.19), (2.21), and (2.22)

Pr{B}} = 7r(12—p—;p) <1 +e5(4,n, p)) +e1(l,m, p) (2.23)

where |e5(¢,n, p)| < C(a)(A(n))~"/® and C(a) is a constant which depends

on a but not on n or A(n).
Next, provided an < ¢ < bn, we obtain using Stirling’s formula

‘ p ~ n\ (¢ + lp)l'(n— €+ (n—€)p)L'(np)
e 320 o 320t = = ()i i s

_ Vlz_w\/ﬁ(nn— €)\/1ip(1 +e6(0,n,p)) (2.24)
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where |e6(¢, n, p)| < C(a,b)/A(n) and C(a,b) is a constant which depends on
a and b, but not on A(n). It follows from (2.18), (2.23) and (2.24) that for
an < { < bn,

Pr{Cf(m:e}:Qi L (it erlng) +estlonp)  (225)

n\/1—12¢/n
where |e7(,n, p)| < C(a,b)(A(n)) ™8, |es(¢,n, p)| < C(a,b)e™ and C(a,b)
is a constant which depends on a and b but does not depend on n or A(n).
Part (i) now follows from (2.17) and (2.25).

Suppose now that pn — > 0 as n — o0o. First we show that the limiting
distribution of C%(n)/n has an atom at 1. As in the proof of Theorem 2 (iii),
it follows from dominated convergence that

lim PI‘{CP (n) = n} = lim Pr{l’)”’}
k—1

= lim ZPr{N = 1}Pr{XD (pin) — k} = Z CETD (2.26)

n—oo

Next suppose 0 < x < 1 is fixed and ¢ = |zn]. Since pn — [, we have
pl — xf3 as n — oo. So it follows from (2.26), that

nh_}n;() Pr{B}} = Z xxﬁﬁjkl (2.27)

Now, using Stirling’s formula, we obtain

; « R\ T(L + ()T (n — €+ (n — O)p)T(n
{0t | o= = () S

(7B — )-8 I'(5)
nf tn = O T(zB)0((1 = 2)5)
1 z \* - I'(8)
~ — 1— )1 2.2
= (5) O G
It follows from (2.18), (2.27) and (2.28) that
r(g) x \" (@B
Pr{C{(n) = ¢ (1—az)"!
At =0 ~ e () (Y 2 G,
and (2.15) implies the result immediately.
Finally, part (iii) is equivalent to part (iii) of Theorem 2. O
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We can generalise Theorem 3 (i) as follows. For n > 1 and k > 1, define
Cr(n) recursively as follows: If [n] \ (C{(n)U---UC,_((n)) # 0, let CJ(n)
denote the vertex set of the connected component in G? which contains the
smallest element of [n] \ (CP(n)U---UCL_ (n)); otherwise, set Cp.(n) = 0.
For all k > 1, let C{(n) = |CL(n } It follows from Theorem 3 in [11] that
for 1 <k <n and 61762,.. , Uy are such that ¢; > 1 for ¢ =1,2,...,k, and
S 4 < n, we have

Pr{C{(n) = l1,...,CL(n) = {} Hpr{cp —ti) =4}, (2.29)

where to =0 and t;, = ¢, + ... +¢; , i =1,2,...,k Thus from (2.25) and
(2.29) we obtain
Ct(n)
lim Pr {ai < !
o n () - — O ()

< b, 1§i§t}

1
N 1}/ W

and hence, using tedious but standard arguments (see, for example [9]), one
can show the generalization of Theorem 5 from [11]:

Theorem 4. Suppose that pn — 0o as n — oo . Then the joint distribution
of the normalized order statistics for the component sizes in G-, converges to
the Poisson-Dirichlet (1/2) distribution on the simplex

= {{xl} : Z% <1l,z; > xip1 >0 for every i > 1} .

It follows from Theorem 3 (ii), that when pn — [ > 0 as n — oo,
C?(n)/n converges in distribution to a variable Zz which has an atom at 1
and a density on the interval (0,1) given by

o I'(3) T w0 _xﬁ1oo $5k1
@) = rpri—a (rs) 2 Gh ),

and we note that numerical calculation of fo x)dz using Mathematica has
confirmed this result. We also note that it follows from Stirling’s formula
and (2.16) that Zz converges in distribution as § — oo to the Beta( 1/2)
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distributed random variable B with density f(z) = 1/(2v/1 —x) on (0, 1),
which was defined in Theorem 3 (i).

It follows from Theorem 1 that as pn — oo, the number of cyclic points,
X7 is roughly \/¢(n) whereas we see from Theorem 3 that C{(n) is always
of order n, no matter how slowly ¢(n) tends to co. This suggests that it is
the structure of the typical component which is sensitive to the rate at which
¢(n) tends to oo, rather than the total size of the component. In order
to investigate more carefully the dependence of the structure of a typical
component on the parameter p, we introduce the following notation. For
any f € M, let L£1(f) denote the set of cyclic vertices in the component of
G(f) which contains the vertex 1. Define ¢(f) = |£1(f)| and define h(f), the
height of vertex 1 in G(f), by

B(f) = mingk = 0: FO(1) € L)}

We also define, for any f € M,,, the random mapping tree of vertex 1 in G(f)
as follows. Start with the digraph G(f). For every cyclic vertex v € G(f),
delete the directed edge in G(f) from v to f(v). This yields a forest of
directed trees on n labelled vertices which are rooted at the cyclic vertices of
G(f). We say that the tree in this forest which contains the vertex labelled 1
is the random mapping tree of vertex 1 in G(f). Let V,(f) denote the vertex
set of this tree and define Y,,(f) = |V.(f)| to be its size. Finally, we define
the local structure random variables for G? by ¢¢ = ((1F), h?, = h(T¥), and
t0 =Y, (TP).

Theorem 5. Let (¢ denote the number of cyclic vertices of G% in the con-

nected component which contains the vertexr labelled 1. Fiz 0 < z < 0.

(i) Suppose that pn. — oo as n — oo and let ¢(n) = pn/(1 + p). If

= |z\/o(n)|, then

Pr{t/ =k} ~

e 2dy.

1
Vo(n) Jo

(i1) Suppose that pn — 3 > 0 as n — oo, then for k > 1
lim Pr{?’ =k
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(iii) Suppose that pn — 0 as n — oo, then

lim Pr{ﬁp = 1} =1.

n—oo

Proof. We sketch the proof. It was shown in [12] that for p > 0 and for
1<k<n

Pt D | 1 ok
(np+37)jm n(np+k—1);

1
P - =
Pr{t) =k} -

L4 (-HI-He(-d) 1 F
- Z np (1_|_np)(1+3np1)...(1+nip)+n(np—|—k:—1)k

In each of the three cases it is straightforward to establish the asymptotic
expression for the above sum by calculations similar to those in the proofs

of Theorem 1 and Theorem 2 (iii).
[l

Theorem 6. Let h? denote the height of vertex 1 in Gf. Fiz 0 < x < c0.
(i) Suppose that pn — o0 as n — oo and let ¢p(n) = pn/(1 + p). If

k= |z\/¢(n)|, then

Pr{hf =k} ~

1
Von) Ja

(ii) Suppose that pn — 3 > 0 as n — oo, then for k > 1

lim Pr{h? =k} = Z 6+J and  lim Pr{rt =0} =0.

(iii) Suppose that pn — >0 as n — oo, then
lim Pr{h” = 1} =1.

n—oo

Proof. This result follows from the following fact which was proved in [12]:
Suppose that p > 0, then for 1 <k <n—1

P(1+p)(n)jn
Pr{h? =k} =
1"{ } Z (np+ ) j+1
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and
n

Pr{h- =0} = lz(ﬁ&.

n< (np+j—1);

Again, like in the proof of the previous theorem, in all three cases one can
easily obtain the asymptotic expressions for the above sums by calculations

similar to those in the proofs of Theorem 1 and Theorem 2 (iii).
O

To investigate the distribution of ¢, we recall that it follows from Fact 1
that t2 < YP'™ and X & XD/ where Y20 = Yo (T2 ™) and X2 =
Xn(TnD p(n)). The distribution of ¢/ is obtained from the following lemma in
which we obtain the joint distribution of X’ and Y2’

Lemma 1. Let Y2'® denote the size of random mapping tree of vertex 1

meL)p(n).
(a) Forl<f{<mnandl <k<n-—-/(+1

Pr{yP’® — ¢ xP'0 —

k¢ A, A -
= mE(Diz(sz D)Pr{X?"0 =k — 1}Pr{ Z D, =
(b) For{=1and1<k<n

Pr{y?’ ™ =1, X' —k}_—P (XD = )P D, = 1}

(c) A
Pr{yP’0) — p XP'0 — 1} = Pr{XP’™ = 1}.

Proof. Let pr ") =Y, (T TP ) denote the vertex set of the random mapping
tree in G5 Wthh contains vertex 1 and let £2”™ denote the set of cyclic
VertlcesmGn .Also, forl</<nand1<k<n-—/{+1,let

Elk,t,n) = {YP7O) = [0, LP°0) = (LY U+ 1,0+2,... L+ k—1}),
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where [(] = {1, 2, ..., £}. We note that it follows from the exchangeability

of the variables Dfn, Dgn, . Dp and (1.2) that the distribution of the cor-

responding digraph GE'™ is invariant under re-labelling of the vertices of
the G2, So,for 1 </ <mnand1<k<n-—{+1, we have

Pr{yP’m = ¢ xP"0 — 1} = e(é_ 11) (Z €>Pr{5 (k,6,n)}  (2.30)

where ( " 1) is the number of ways to choose the vertices, other than vertex 1,
in the random mapping tree containing 1, ¢ is the number of ways to choose
the ‘root’ for this tree, and (" e) is the number of ways to choose the other

k-1
vertices, in addition to the root of the tree, which form the cyclic vertices of
GY"™ . Given the event {Dp(n) = CZ} where d = (dy, do, ..., d,) is a vector

of non-negative integers such that >, d; = n, the event E(k,¢,n) occurs
only if it is possible to construct a directed tree, rooted at vertex 1, on the
vertices [¢] with in-degree sequence (d; — 1,dy, ..., d¢). In addition, there
must be a directed edge from a cyclic vertex to the root 1 (since 1 must also
be a cyclic vertex). It follows that we must have Zle d; = ¢ and hence,

¢ ¢ n
So

Pr{é’(k,ﬁ, n)} - Pr{f:(k;,e,n) | ibgn - e}Pr{ ibgn - 12}. (2.31)

1=

Now in the first case, when 1 </ <nand 2 <k <n —/{— 1 we have

Pr{é’(k:, n) | zﬁ: Dr, = e} (2.32)
- ¥ Pr{g(k,e, n)| DP(n) = J}Pr{f)p(n) —d| i: Dr, = e}.

d: di+...+dp=¢, i=1
dgy1+.Fdp=n—e, di>2

To compute Pr{&(k,¢,n) | De(n) = cf} for some fixed d, recall that given
the event {ﬁp(n) = cf}, the distribution of 7;°""™ is uniform on M,,(d). So
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it is enough to count the number of mappings f in /\/ln(cf ) such that the
corresponding digraph G,,(f) has the required structure.

Let Zy(dy — 1,ds, ..., dy) denote the set of directed trees on the vertices
{1, 2, ..., ¢} which are rooted at the vertex 1 and have in-degree sequence
(di—1, da, ..., dg), and let MF~}(dyy1, da, . . ., d,) denote the set of mappings
from {E—l— 1,042, ..., n} into {€+ 1,042, ..., n} with in-degree sequence
(dgs1, - -, dp) and cyclic vertices {E +1,0+2 ..., 0+Ek— 1}. Given t €
T(di—1,dy, ..., d;)and g € M*7{(dgy, ..., d,) there are k—1 ways to map
the root 1 of t to a cyclic vertex of g to create a mapping f € /\/ln(cf ) such
that G, (f) has the required structure. Specifically, if 7 is a cyclic vertex for g,
we map 1 to g(i) and 7 to 1. In addition, by mapping root 1 to itself, the tree
¢ becomes a random mapping component and, with g, this also determines a
mapping f € M, (d ) with the required structure. It follows that

~ 7 k- ﬂ(dl_lad%"'ad@) ’ M’:L:l(df 7"'adn)
et | o = dy - Tl )

o\ ko di(d = )| MED( e, - )]
_<€) -1 -0z e+1d')

where the last equality follows from the identity

(2.33)

(¢—2)!
"]}(dl —1,do, ...,de)| = (dy — 2)ldy! - - - dy!

(see [12], Lemma 3.1). Next, it follows from the construction of the variables
D¢ Df D¢, and the independence of the variables Df, Dy, .. that

1ns = 2mns
J4
DTS WY

i=0+1

Pr{f)p(n) =d

_ Pr {Dp:dl,1<z<€’ZD”:£}Pr{Dp dz,€+1<z<n‘ Z Dp:n—ﬁ}
i=0+1
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Hence, it follows from (2.32) and (2.33) that

Pr{s(k,f,n) ’ ibﬁn - e} — (2.34)
=1

(Z) E(é—k—l) Z d1(d1—1)Pr{Df:di,1§z’§£’;Df:g} %

(dy,e.ey dg):
A1+ Fdp=t, dy>2

k—1 -
3 Mo oldos, o) Pr{Df:di7€+1§i§n \ > Df=n—f}-

n —
(dgg1seedn): (n— @!(Hi:ﬂﬂ dil)~! i=l+1
dz+1+.4.+dn:n7(

A

Now it follows from the construction of the variables D?(f) = (lA)’f’,Z, o, D7)
in terms of the conditional distribution of D, D5, ..., D} given the event

S, D? = that

Y did —1)Pr{Df:di, 1<i</ ‘ipf:ﬁ}

(dy,eees dp): i=1
di+...+dp=t, dy>2
= B(Df,(D5, - 1)). (2.35)
Also, by re-labelling the vertices £ + 1, £ +2,...,n by 1,2,...,n — ¢, it
follows from the construction of Tg Z(n—e) that

3 [ Mo—eldesr, -, ) Pr{szdi, (+1<i<n| i szn—f}-

(dgy15es dn>:<n N g)!(H?:”l dil)~ i=0+1
dz+1+...+dn:n7£
= Pr{LP’ =0 = [k — 1]} (2.36)

So, now (a) of Lemma 1 follows from (2.30), (2.31) and (2.34) — (2.36).

The proof of (b) of Lemma 1 follows by a similar argument. In the case
¢ =1 and 2 < k < n, the random mapping tree which contains vertex 1
consists of only vertex 1, which is also a cyclic vertex. So we must have
Df’n = 1 and equation (2.32) becomes

Pr{&(k,1,n) | ﬁfn =1}
=Y Pr{&(k,1,n) | D*(n) =d}Pr{D’(n) =d |D}, =1}. (2.37)

d: dy=1,
do+...+dp=n—1
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Also, since there is only one random mapping tree of size one with root 1,
equation (2.33) becomes

|/\/l Hday ..y dy)]
n (n—l) (Il i)™

Pr{E(k, 1,n) | D?(n) = cf} (2.38)

Since
Pr{f?p(n):cﬂ ﬁfynzl}:Pr{Df:di,2§i§n| ZDf:n—l},
i=2

the part (b) of Lemma 1 now follows from (2.30), (2.31) (with ¢ = 1), (2.37),
and (2.38).

Finally, we note that if X2’ = 1 then the digraph GL"™ consists of

a directed tree rooted at the one cyclic vertex of GD (n

(XD = 1) = [XPP0) =1, yPr) — )

and so the part (c) of Lemma 1 holds, too.

It is straightforward to check that for any n > 1

)

so we obtain from Fact 1 and Lemma 1

Corollary 1. Let t? denote the size of random mapping tree of vertex 1 in
GP. Forl<nandl</l<n

Y4 n
Pr{tgze}z%(HE&f; , Pr{z f:e‘ ;Df:n}.

Also
1 n
P — = — p P —= p —=
Pr{tn = 1} = n(l + E(Xn_l))Plr{D1 1 ‘ ;1 D! n}

and




This leads to our last result concerning the asymptotic distribution of ¢£.

Theorem 7. Let t denote the size of random mapping tree of vertex 1 in
Gr. Fiz0<x<1.

(i) Suppose that pn — 0o as n — oo, then

11
Pritf = ~——.
r{th = Lon] n 2z

(ii) Suppose that pn — 3 > 0 as n — oo, then

Pr{ = [on]} ~ — f(a),

where
flx) =
L(g) Lo (e N7 ey s (=)
T@AI((1—2)B) 2B+ 1 (1 - a:) (=) (2 2 e m)
and ]
nh—{EO Pr{t! =n} = 71

(iii) Suppose that pn — 0 as n — oo, then

lim Pr{t! =n} =1.
Proof. In the case where pn — oo as n — oo and £ = |zn], (i) follows from
Theorem 1 (i), (2.24), and Corollary 1.
Now suppose that pn — > 0 as n — oo and ¢ = |zn]. It follows from
Theorem 1 (ii)

k

o0 1_
lim E(X? ,) =1 Z 7)8

So, (ii) now follows from Corollary 1, (2.28) and (2.39). Lastly, it is clear
that

1—|—p 1
lim Prith =n; = = .

Part (iii) follows immediately from the above.

26



It follows from Theorem 7, that when pn — 8 > 0 as n — oo, t?/n
converges in distribution to a random variable W3 which has an atom at 1
and a density on the interval (0,1) given by f(z) for 0 < x < 1 defined in
Theorem 7 (ii). Again, we have confirmed this result by numerical calculation
of fol f(z)dz using Mathematica.

3 Final Remarks

Given the results above, we can now describe the ‘evolution’ of the structure
of G? when n is large and p — 0. Roughly speaking, when p =‘c0’, G?
is just the uniform random mapping digraph. Then, as long as = = o(p),
the structure of a typical component in G changes as p decreases but the
(asymptotic) distribution of the total size of the typical component remains
the same. In particular, with high probability, the typical component in
G? has O(1/¢(n)) cyclic vertices with directed trees attached to the cycle,
and since the size of the typical component is O(n), some of these trees are
‘large’. On the other hand, the height of a typical vertex in the component is
also O(y/¢(n)), so the large trees in the typical component become shorter
and ‘bushier’ as p — 0. It also follows from Theorems 2 and 4 that with
high probability the number of components in G2 is O(3 log(¢(n))) whereas
the (asymptotic) joint distribution of the order statistics of the normalised
component sizes is Poisson-Dirichlet(1/2) as long as £ = o(p). Hence, as
p — 0, the number of components of size o(n) in G?. must be decreasing
- i.e. the ‘small’ components of G ‘coagulate’ to form larger components
as p — 0. Finally, it follows from Theorem 4 that Pr{B~} ~ 0 as long as
» = o(p).

Next, a ‘phase transition’ occurs in the structure of G2 when p = O(2).
In this phase, with high probability, G? has O(1) components and all compo-
nents are of size O(n). On the other hand, with high probability, the height
of a typical vertex is O(1) and the typical component consists of a very small
cycle with short, large trees attached. In addition, at this threshold, we have
Pr{B} > 0 and Pr{B’} — 1 as p decreases to 0. We also note that in this
phase, we have obtained some limiting distributions which are new in the
context of random mapping models. Finally, once p = o(%), G# is a ‘star’
graph with 1 cyclic vertex and all other vertices attached to this cyclic vertex.

It is interesting to compare the evolution of the structure of G? as p | 0
to the evolution of the structure of G, ()), the random mapping with at-
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tracting center at 1, as A T oo. First, recall that G, (1) is just the uniform
random mapping. Now provided that A = o(y/n), the (asymptotic) structure
of G,,(A) is the same as the (asymptotic) structure of the uniform model G,,.
In particular, the asymptotic distribution of the normalized size of the ‘at-
tracting’ component in G, () is the same as the asymptotic distribution of
the normalised size of the typical component in G, (i.e. it is a Beta(1/2)) dis-
tribution). When A = O(y/n) the attracting component begins to ‘grow’ and
the asymptotic distribution of its normalised size is no longer Beta(1/2). In
this phase there are still O(n) vertices outside the attracting component. We
also note that the random mapping 7T,,(\) restricted to the vertices outside
the attracting component is just a uniform random mapping on that subset
of vertices. Once /n = o(\) but still A = o(n) the number of vertices outside
the attracting component is O(n?/A?) and the attracting component is the
dominant component. Finally, once A = O(n) with high probability there
are only O(1) vertices outside the attracting component and when n = o(\),
Gn()) is a ‘star’ graph.

So the evolution of both Gf and G, ()) starts at the uniform random
mapping and ends with a ‘star’ graph. However because the structure of
G?! is determined by a preferential attachment process, there is no ‘favoured’
vertex in G at the start of the attachment process. In particular, as edges
are added to G? there is ‘competition’ between the vertices to become the
‘most attractive’ vertex. As a result, we do not see the dominance of a single
component in G? until the phase p = 0(%). We also note that, roughly
speaking, the phase A = O(y/n) in the evolution of G, (\) is comparable to
the phase p = O(\/Lﬁ) in the evolution of G*. At this stage the Poisson-
Dirichlet limit law no longer holds for G,(\) whereas it continues to hold for
GP until the phase p = O(%) Finally, another important difference is that
G? is, in some sense, homogeneous whereas G, () is not, i.e. if we choose a
vertex v at random and remove its component from G? then conditioned on
m, the size of the removed component, the remaining subgraph will have the
same structure as G%_, . The ‘homogeneity’ of G2 may partly explain the
persistence of the Poisson-Dirichlet limit law in the evolution of G¥.

The persistence of the Poisson-Dirichlet(1/2) limit law for G? until the
phase p = O(%) is intriguing in other respects. In particular, we obtain the
Poisson-Dirichlet limit law even when 3 log(¢(n)) (i.e. the asymptotic av-
erage number of components in G?) tends to co but ¢(n) = o(n). This is
very different from the usual structure for logarithmic combinatorial struc-
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tures where the number of components in the structure is asymptotic to
flogn and the order statistics for the normalised component sizes have a
Poisson-Dirichlet(6) limit distribution (see [3], [4] and references therein). It
is also interesting to compare our results for G* to those obtained in [10]
via a cutting process for random mappings. In particular, we show in [10]
that once the order of the number of cyclic vertices in a random mapping
is greater than y/n, the limit law for the order statistics of the normalized
component sizes is Poisson-Dirichlet(1) (rather than Poisson-Dirichlet(1/2)).
In contrast, our results for G? show that even when G* has o(y/n) cyclic
vertices the Poisson-Dirichlet(1/2) limit law can still hold.

Finally, we mention some possible directions for future work on random
mappings with preferential attachment. First, we note that our results do
not yield much information about the distribution of number component of
size o(n). However, in light of Theorems 2 and 4, it seems unlikely that we
can approximate the joint distribution of numbers of ‘small’ components by a
logarithmic structure. In a different direction, it would be interesting to use
the ‘regression’ approach (see, for example [5] and [6]) to study the structure
of a connected component conditioned on the size of the component. Lastly,
we note that the preferential attachment process ends when n directed edges
have been added to the digraph on n vertices. By considering the number of
edges as an additional parameter in the attachment process and by letting
the number of directed edges grow one can investigate the hitting time of
connectedness, the time that the first cycle appears, etc. Note that in this
case the attachment process does not need to finish once the the random
mapping digraph has been constructed. This approach was successfully de-
veloped in [14] for the uniform graph process associated with uniform random
mappings.
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