Random mappings with a given number of
cyclical points

Jennie C. Hansen* and Jerzy Jaworski'?

Abstract

In this paper we consider a random mapping, Tn, of the finite
set {1,2,...,n} into itself for which the digraph representation G, is
constructed by: (1) selecting a random number, f/n, of cyclic vertices,
(2) constructing a uniform random forest of size n with the selected
cyclic vertices as roots, and (3) forming ‘cycles’ of trees by applying
a random permutation to the selected cyclic vertices. We investigate
l;:n, the size of a ‘typical’ component of én, and, under the assumption
that the random permutation on the cyclical vertices is uniform, we
obtain the asymptotic distribution of &, conditioned on L,, = m(n).
As an application of our results, we show in Section 3 that provided
L, is of order much larger than /n, then the joint distribution of the
normalized order statistics of the component sizes of G, converges to
the Poisson-Dirichlet(1) distribution as n — oo. Other applications
and generalizations are also discussed in Section 3.

1 Introduction

In this paper we consider the distribution of the size of a ‘typical’ component
in a random mapping from the set V,, = {1,2,...,n} into V,, conditioned
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on the total number of cyclical vertices in the mapping. Before discussing
the motivation for this investigation, we introduce some notation and review
some well-known results for the component structure of the uniform random
mapping.

Throughout this paper, for n > 1, let M,, denote the set of mappings
f:V, — V, Forany f € M,, we can represent f by a directed graph
G(f) on n labelled vertices such that a directed edge from vertex i to vertex
J exists in G(f) if and only if f(i) = j. We say that vertex i in G(f) is a
cyclic vertex if the m-fold composition f™ (i) = i for some m > 1 and we
let L(f) denote the number of cyclic vertices in G(f). We also note that
since each vertex in G(f) has out-degree 1, the components of G(f) consist
of directed cycles with directed trees attached. Finally, let T, denote the
uniform random mapping of V,, into V,, with distribution given by

Pe{T, = 1} = L
nTL

for each f € M, and let G,, = G(T,) denote the corresponding random

directed graph which represents the random mapping 7,.

Much is known about the component structure of the random digraph
G,, which represents T,, (see for example the monograph by Kolchin [13],
survey by Mutafchiev [14], Aldous [1], Arratia et.al. [2], [3], Hansen [8]).
In particular, it is known that, given L,,, the set of cyclic vertices of T,,,
the random mapping T}, restricted to L, is a uniformly distributed random
permutation on the vertices in £,,. This observation motivates the following,
alternative construction of the random digraph G,, as a special case of the
general random mapping model described below.

A random mapping model

Suppose that in is a discrete random variable such that 1 < f)n < n. Also, for
1 < 'm, let 6,, be a random, but not necessarily uniform, permutation of the
set {1,2,...,m} such that for such that for any subsets B,C' C {1,2,...,m}
with |B| = |C|, we have

Pr{6,,|, is a cyclic permutation } = Pr{&m‘c is a cyclic permutation }.
(1.1)
For any subset A C V,, such that |A| = m, we use the natural ordering of
the set A to identify the elements of A with the elements of {1,2,...,m},
and we define 64 to be the random permutation of A which is induced by



the action &, via the identification of A with {1,2,..,m}. Now the random
mapping T, : Vi, — V,, is constructed using L,, and the random permutations
0, as follows: Given f)n = m, let A,, denote a uniform random subset of
size m from the vertices V,, (i.e. all subsets of size m are equally likely).
Given A,, = A C V,, let F,(A) denote the uniform random rooted forest
on the vertices V,,, where A is the set of roots, and the edges in the trees of
F.(A) are directed such that any path from a vertex to a root is directed
towards the root. Finally, suppose that 64 is a random permutation of A
(as described above) which is also independent of the random forest F,(A).
We form the directed graph G, from the rooted forest F.(A) by adding a
directed edge from i € A to j € A if 64(i) = j, and we let T,, denote the
random mapping which is represented by G

The construction described above gives us a class of random mapping models
which are determined by the distribution chosen for L,,, the number of cyclic
vertices, and by the distributions of the random permutations 4,,. We note

that if L,, has the same distribution as L, (denoted L, 4 L,), where L, =
L(T,) is the number of cyclic vertices in the uniform random mapping 7,
and if, for every A C Vn, 04 = 04, the uniform random permutation of A,

then G, g G, and T, < T,. On the other hand, if L,=n (i.e. L, is
degenerate), then T, is just the random permutation 7,,.

In general, it is of interest to determine the structure of G, for various
choices for the distributions of I:n and of the random permutations 6,,. In
particular, questions concerning the structure of G, arise in the analysis
of cryptographic systems (e.g. DES see [16]), in applications of Pollard’s
algorithm (see [15], [18]), in simulations of shift register sequences, and in
computational number theory and random number generation. We note that
since both uniform random mappings and uniform random permutations are
special cases of our general model, we can view these models as part of
a ‘continuum’ of random mapping models. Specifically, we note that for
uniform random mappings, it is known (see [11]) that L, = O(y/n), and
more precisely, the normalized variable \L/—% converges in distribution to L
as n — 00, where L is a continuous random variable with density given by
fo(z) = ze®/2, & > 0. So, if L, is of order much greater than \/n (but
not necessarily of order n) and if, for m > 1, 6,,, is a uniform permutation,
then we obtain a model G, which is ‘sandwiched’ (in some sense) between
the uniform random mapping model and the uniform random permutation



on V,,. One goal of this paper is to investigate the component structure of
such models.

We begin our investigation by noting that if T, is a random mapping
as described above, and if ¢ : M, — Z is a discrete functional, then the
distribution of ¢(7},) is determined by the distribution of L, and by the
conditional probabilities

Pr{¢(Ty,) = k| L, =m}. (1.2)

Hence the conditional probabilities in (1.2) are fundamental to any investi-
gation of T, and of the corresponding random digraph G,. We note that
sometimes it can be very easy to compute the conditional probabilities in
(1.2). For example, suppose that, for f € M., ¢(f) equals the number of
components in G(f), then the conditional distribution of ¢(7,,) given that
L, = m is the same as the distribution of the number of cycles in the ran-
dom permutation &,,. In the case where 6,, = 0,,, the uniform random
permutation of {1,2,..,m}, the distribution of the number of cycles in o, is
well-known (see Feller [7], p.258). However, for many functionals it can be
much more complicated to compute the conditional probabilities in (1.2).

In this paper we investigate the conditional distribution of by = ky, (T )
given L,, where, for f € M,,, k,(f) is defined to be the size of the component
inGG ( f) which contains the vertex 1. Since vertex 1 is ‘arbitrary’, we can say
that k, is the size of a ‘typical’ component in G,. In Section 2, we determine
a general formula (see Fact 1) which can be used to compute the conditional
probabilities

Pr{k, = k| L, = m}. (1.3)

In the special case where, for m > 1, ,, = 0,,, the uniform random permu-
tation on {1,2,...,m}, but L, is arbitrary we obtain exact formulae for the
conditional probabilities (1.3). A key observation in this case is that, as a
consequence of the construction of Tn, we have

Pr{k, =k | L, =m}="Pr{k, =k | L, =m}. (1.4)

where k, = k(T,). So, in this case, it is enough to consider the conditional
distribution of k,, given L,. In Section 2, we also determine the asymptotic
distribution of k,, conditioned on L,, = m(n) under four distinct regimes:
(i) m(n) = O(1), (ii) m(n) = o(y/n) but m(n) — oo as n — oo, (iii)
m(n) = ay/n, and (iv) v/n = o(m(n)). We remark here that it is well-known



for the uniform random mapping 7;, that

k., b
lim P < —<by = —d 1.5
e r{a n } / i—a (1.5)

for any fixed 0 < a < b < 1. This result can be obtained ‘directly’ , i.e.
without using the the conditional distribution of k, given L,. However, in
case of uniform random mappings, it follows from our results for regime (iii)
described above that there is as interesting and complicated interaction, con-
cealed in the asymptotic result (1.5), between the size of a typical component
in GG,, and the number of cyclic vertices in G,,.

In Section 3 we use our results for regime (iv) described above to establish
Theorem 5, which is the main result of this paper. We show that provided
Vv = o(L,) (in a sense which we make precise in the statement of Theorem
5) and &, = o, for m > 1, then the joint distribution of the normalized
order statistics of the component sizes of G converges, as n — 00, to the
Poisson — Dirichlet(0) distribution with parameter § = 1, which we denote
by PD(1), on the simplex

V= {{xl} : sz <1l,2; > 241 >0 for every i > 1}.

The key point of this theorem is that we always obtain the same limiting
distribution provided only that, with high probability, the number of cyclic
vertices, [:n, is much larger than y/n. In contrast, we note that in the uniform
case the joint distribution of the normalized order statistics for the compo-
nent sizes of G,, converges to the PD(1/2) distribution on V as n — oo ([1]).
So Theorem 5 shows that there is a sharp qualitative difference between the
component structure of G, and of G,, as soon as \/n = o(Ly,).

Finally, throughout this paper we adopt the following convention for stat-
ing local limit theorems: Suppose that 0 < z < oo is fixed, X is an integer-
valued random variable and n > 1, then by ‘)n—( = 2’ we mean % = x(n)

where |z(n) — z] < 5.

2 The size of a connected component

We begin by giving a general probability formula which holds for any random
mapping digraph G,, which is constructed as described in Section 1.



Fact 1. Let [, be the length of the cycle in the connected component in G
to which the vertex 1 belongs, k, be the size of this component and let L,
be the total number of cyclical vertices of Gn. Then, form =23, ... ,n,
k=1,2,... ,n—2 and j=max{l,m—n+k+1}, ... min{k+1,m—1},
we have

Pr{l;’n =k+1, Zn =

fo=m} =

[ n—m m\ j(m—73)pm; (k+1 hoit 1_/<:+1 nm—ktj=2
C\k—j+1)\ nm n n ’

where py, ; denotes the probability that in the random permutation 6,, of m
elements a given j-element set forms a cycle; and form=1,...,n

Pr{k, =k +1,1, =
and if j #m

Pr{k,=k+1,0,=j|L,=m}=0.

n = m} = Pmm

Proof. Assume that k& # n — 1 and consider the probability
Pr{fcn:k‘—l—l, in:j, En:m}.

There are (";1) ways to choose k vertices which together with the vertex
1 will form the connected component, (kjl) ways to choose the j vertices

of the cycle in this component and finally there are (";:k) ways to choose
the remaining cyclical vertices. It follows from the definition of a random
mapping model T,, that all such choices are equally likely. Moreover, a given
m~element set will become a set of cyclic vertices of T, with the probability
Pr{f}n =m}/ (T’;), assuming this, a given j-element subset forms a cycle with
probability p, ;.

The arcs from the remaining k£ + 1 — j vertices of the connected compo-
nent generate a forest on k£ + 1 vertices with j trees rooted at the vertices
of the cycle. By Cayley’s formula there are j(k + 1)¥=971~1 such forests.
Similarly the arcs from non-cyclic vertices outside the connected component
form a forest on n — k — 1 vertices with m — j trees rooted at the cyclical
vertices; we have (m — j)(n — k — 1)""™ *+7=2 guch forests. Hence there
are (m — j)j(k + 1)¥=9H1=(n — k — 1)»~™=*+3=2 forests which satisfy the



constraints, each appearing with the probability (m n”*mfl)fl. Since we are
assuming that the forest is independent of the permutation &,, of m cyclical
vertices it follows that for k #mn — 1

Pr{k.(T) =k +1, l.(T,) = j, L, =m}

Oy e T

% j(m — j)(k + 1)k—j(n — k= 1)n—m—k+j—2
mnn—m—l
_((nem N (i = i)pwg (R 1Y ket
IR RS VAV mn " -
x Pr{L, = m}.

In the same manner one can show the second assertion of Fact 1.
O

We now consider the special case where, for m > 1, 6,, = 0,,, the uniform
permutation on {1,2,...,m}. In light of (1.4), it is enough to consider the
structure of the uniform random mapping digraph G,, given the number of
cyclic vertices in G,,. In this case, a straightforward application of Fact 1 in
the uniform case yields the following useful Corollaries.

Corollary 1. Let I, be the length of the cycle in the connected component
in G, to which the vertex 1 belongs, k, be the size of this component and let
L,, be the total number of cyclical vertices of G,,. Then, for m =2, ... n,
k=1,...,n—2 and j=max{l,m—n+k+1}, ... min{k+1,m— 1},
we have

Pri{k,=k+1, l,=j|L,=m}

B n—m (m _ j) kf + 1 k‘*j+1 1 k + 1 nfmkarij (2 1)
S \k—j+1 nm n n '

and form=1,....,n

Pr{kn:n, ln:m’Ln:m}:%



and if j #m
Pr{kn:n, ln:m‘Ln:m}:O.

Proof. Note that if 6, is the uniform random permutation, then for
i=1,2...,m
(J — D!(m — )t 1

Pmj = m) = j(?)

Hence the assertion follows directly from the Fact 1.

O

Summing the probabilities given by (2.1) over j leads us immediately to the
following result.

Corollary 2. Let k, be the size of the connected component to which the
vertex 1 belongs and L,, be the total number of cyclical vertices of G,,. Then,
fork=0,...,n—2; m=2,...,n we have

Pr{ k,=k+1|L,=m}

min{k,n—m}

- TS (e () ()

t=max{0,k+2—m}
min{k+1,m—1}

o B b 1\ Bt 1\ "R
- 2w WS R s e
nm \k—7+1 n n

j=max{1l,m—n+k+1}
and form=1,....n
1
Pr{k,=n|L, = = —.
r{ n | m} -

O

Before proceeding to prove the main results of this section we make a few
remarks. First, for the applications considered in Section 3 below, we are
interested in the case where the number of cyclic vertices in G,, is at least
O(y/n). However, for completeness, in Theorems 1 and 2 we also consider
the case where the number of cyclic vertices in G,, is o(y/n). We note that in
this case, the size of the typical component is n — o(n), and so in Theorems
1 and 2 the variable of interest is n — k,,, i.e. the number of vertices not
contained in the component which contains vertex 1. Theorems 1 and 2 may
also be of independent interest.



Theorem 1. Suppose that m = O(1) as n — oo. Then the number of
vertices outside the typical connected component, given that L, = m, has
asymptotically the following discrete distribution:

1 if £=0

m

1A ‘
Pr{n—k‘nzﬁ‘Ln:m}w EEGZ if £=1,...m-—1

1 [ (=m '

— == — et if (= 1, ...

\m(fl (E—m)!)e i t=moml,

Proof. Let us assume that m = O(1) as n — oo. From the Corollary 1 we
have

Pr{n—kn:O‘Ln:m}:%

and for ¢ > 0 (by (2.3))

Pr{n—knzﬁ’Ln:m} :Pr{kn:n—E‘Ln:m}
min{n—¢,m} m — ] n—m / {—m+j / n—~_{—j
= Z “om \g_ ny — 1—— . (2.4)
j=max{1l,m—~} m mo " "
Therefore for £ = 1,2,...,m — 1 we obtain

Pr{n—kn:€|Ln:m}

m o {—m+j m . _ . ya—
N Z m J ¢ . e_g _ Z 14 (é m—l—]) J4 . e_z
ey ™ (6 —m+j)! j=m—t me (6 —m+j)!

1 m gZ—m-&-] 1 m g(—m—i—j—l 1 gg
BN e TP I (e e AT

m j=m—£L maJ m j=m—t+1 m-J m



Similarly for any bounded ¢ = m,m + 1, ... we have

Pr{n—k‘nzé‘Ln:m}

U L B s BT ot Gl ) B L

ml ((—m+40° mé C—m+j)

J=1 J=1

gfferj m éfferjfl

1 ¢ ., 1 —
:—E ——¢ ——E , e
mjzl(f—m—l—j)! m (l—m+j—1)

e, 1 k™,
= ——e - —— ——¢€"".
m (! m (¢ —m)!

To show that this is a proper probability distribution one can use another
discrete distribution (see [12]), namely

a+ k)kt . e
Dr = a%e‘“_k, k=0,1,..., where a is a positive integer .

]

Theorem 2. Suppose that m = o(y/n) but m — oo as n — oo, and suppose
y s fived, 0 <y < oo. Then

n—ky 1 1 1
P =y|L, = ~— 1— i )
Ve ==~ s (e L))

Proof. Let us assume that m = o(y/n) but m — oo as n — oo, j = mx,
where z is fixed, 0 < v < 1 and n —k, = ¢ = ym?, where 0 < y < oo is
fixed. Then

(—m+j—(n—m)t —m +zm + 2 1 x

n ~N ——

Joomii-n  Vifoomo-n W

since £ = o(n) and j = o(y/n). Therefore the approximation given by the
local de Moivre-Laplace theorem is applicable for the binomial probability

n—m o\t o\t
h 1— =
() G )
and together with (2.4) it implies that

10



Pr{n—kn ' m} 1 /11—:r; 1 . { (1—I)2}dx
= n = ~ — X —
m? Y m*Jo Yy JyV2r P 2y

(1-=)?

v dx and

Taking u = , we have du = —

Y

1
n—k, 1 1 2y
Pl"{ m2 :y‘Ln:m}Nﬁ\/Q—ﬂ'_y\/o exp{—u}du,

which immediately leads to the assertion.

O

Theorem 3. Suppose that « >0,0< 5 <1/2,0<d<x<1—-0<1 and
n is such that °\/n > a® Vv 1. Then

ol o

(z — y)QaQ}
) ex —— > dy(l +e(n,a,x 2.5
" [a-veo{ -S4y e an) (29)
where |e(n, a,z)] < C (mii(avf}a)) eXp(f;;/(sQ) and C is a constant which does
not depend on n, o, or d.

Proof. Let m = ay/n and k+ 1 = xn, then it follows from Corollary 2 and a
careful application of the usual deMoivre-Laplace local limit theorem for the
binomial distribution (see Feller) , that

Pr{ k,=k+1|L,=m}

min{m} m— ] n—m k+1 k—j+1 k+1 n—m—k+j—2
— Z , 1— (2.6)
: nm \k—7+1 n n

7=1

1 1 ' (x—%)Qoﬂ
ﬁ\/ﬁgﬁ )P T

where |A(n, a,z)| < C <mi?1?(;/51a)) \/Lﬁ and C is a constant which does not

} (1+A(n,a,z)) ,

depend on n, a, or §. Next, since
1 (x = 2)*a’ ! (z — y)%a?
—(1— m — 1— ————5d
z::m exp{ 2x(1 —x) /0 ( y)exp{ 2x(1 — x) } Y

11




4
S_
m
and, for0<d<z<l—-0<1,

/01(1 — y)exp {—%} dy > %exp(_oﬁ/(;?)’ (2.8)

we can obtain (2.5) from (2.6)-(2.8).
We note that one can show that

exp{ %}dydle

/m/

(i.e. that the local limit is a the proper density function) by using the sub-
stitution

_ =y
c(1—x)’
changing the order of integration and some “routine” calculations.

]

We note that in Theorem 3 above, the value \L/% = « is a parameter in the

limiting conditional distribution of k given T Recall that as n — oo, \L/ﬁ
converges in distribution to a Varlable L with density fr(a) = ae™**/%,a > 0.
It can be checked that the integral over (0, 00) of the local limit in Theorem 3

With respect to the density f1(«) yields, in light of (1.5), the expected result,

2a/2 1 ) { (x_y)ZOéZ}dd 1 1
—y)expg ———F—— o=———.
V2rz(l —x)3 yIep 2¢(1 — x) Y novl—zx

Finally, in Theorem 4 below, we consider the case where /n = o(m).
In order to apply this result to prove our main result in the next section,
we have given the error bounds for the local limit in the statement of the
theorem.

Theorem 4. Suppose that \/n = o(m), a is fizred, 0 < a < % 5, and let fiz x
O<a<x<l—a<1. Then, as n — oo,

1
n n

where |e(n,m,z)| < ("?/Z%M

12



Proof. First, we suppose that n —m — oo as n — oo. We also fix 0 < a < %
and suppose that £ 4+ 1 =nz, where z is fixed, 0 <a <z <1—a < 1. Let
A(j) = j — ma and let d(n,m,a) = \/am(n —m)**. Then by Corollary 2,
we have

Pri{k,=k+1|L,=m} =S5 + Sy + 93 = (2.9)
min{k+1,m}

Z 1{\A(j)‘§5(n,m,a)} <TL - m) xgm—j(l i x)n—m—zn—i—j

j=max{l,m—n+k+1}

min{k+1,m}

3 3 Lijag)<smmay AQ) (1 — M pn=i( _ gynm—enti
, n(l—z) mo\xn —j
j=max{l,m—n+k+1}
" Lgatssmmaym = (n—m
A(f)|>d(n,m,a _ - xn—j 1— n—m—an+j
+A Z n(l—z) m <mn—j)x (1-2)
j=max{l,m—n+k+1}
We consider the three sums in (2.9). Let X be a Binomial(n —m, z) variable
and let Y = (X — )x)/+/(n —m)z(1 — x). Then we have
min{k+1,m} 1 ' n—m
S. < {IAG)|>d(n,m,a)} - Tn—j 1 — n—m—xn+j
5= Z n(l —z) xn —j (1 -2)

j=max{l,m—n+k+1}

IN

1 . d(n,m,a) 1 /vn—m
n(l—x)P {|Y|>\/(n—m)x(1—x)}§n< am )

where the last inequality follows from Chebyshev’s inequality. Next, observe
that if |A(5)| < §(n,m,a), then

20 ﬁ(n]amw’

and it follows that

L Valn—m) 1 (= m)
51 s < ()

13



Finally, it is clear that 57 < % A lower bound for the sum S; is given by

n—m

)@ o

S > -
n
{=max{0,(n—m)z—4d(n,m,a)}

- {‘ ‘—m_(nm?—x)}%(l_@)’

where the random variable Y is as defined above. So it follows from (2.9)
and the calculations above that for k4+1 = zn, where 0 <a<r <1l—a <1,
n —m — 0o, we have

1 min{n—m,(n—m)z+d(n,m,a)} <

Pr{k, =k +1| L, :m}—l(l—i—e(nmx)) (2.10)

where |e(n,m, z)| < max{%, .

Finally, we consider the case when n —m =i = O(1) and, as previously, fix
0<a<%andk+1:xn,whereo<a<x<1—a<1. Then

Pr{k, =k +1|L, =m}

B kii m—j( n—m k4 1\ ] k4 1\ k2
N nm \k—j+1 n n

j=k+1—i
:i:m—quLma:—xn—i—t(i)(x)t(l _ )it
— nm t

1 1 YO 1
n+n(1—x) tE:O - (t)x (1—2x) n( +e(n,m,x))

where, in this case, |e(n,m,z)| < -L. This together with (2.10) gives the
desired result.
[l

3 Applications and discussion

In this section we prove our main result, Theorem 5. We also discuss some
related applications of our results and suggest some directions for future work.

14



We begin by considering a random mapping digraph G, where, for m > 1,
Om = Om, uniform random permutation on {1,2,...,m}. If we consider the
component structure of G, as a ‘function’ of the number of cyclic vertices,
L,, then, in some sense, \/n is a threshold for the number of cyclic vertices.
Specifically, if there exists m(n) = o(y/n) such that Pr{L, < m(n)} — 1 as
n — 00, then it follows from Theorems 1 and 2 that for any constant C' > 0

we have A
2
Pr{k—”zl—m}el as n — o0o.
n n

In other words, with high probability, G, consists of one large component
of order n and the remaining components are of order at most (m(n))?. If
L, is of order \/n (as in the case of the uniform random mapping) then
the conditional distribution of % is parameterised by the value of \L/—% and

the asymptotic distribution of %" may depend on the distribution of L,in a
complicated way. Finally, if L, is of order greater than y/n then the condi-
tional distribution of %" given L, is asymptotically uniform on [0, 1] and is
‘independent’ of the exact distribution of L,. We exploit this ‘independence’
of %" and L, to prove the our main result which completely characterises
of the asymptotic joint distribution of the order statistics of the normalised
component sizes of G,, in this case:

Theorem 5. Suppose that f)l,ﬁg, ... 18 a sequence of discrete random vari-
ables such that for each n > 1, 1 < L, <n. Also, suppose that there exists
m(n) such that \/n = o(m(n)) and such that a(n) = Pr{L, < m(n)} — 0
as n — oo. Finally, suppose that, for m > 1, 6,, = o, a uniform permu-
tation on {1,2,....,m}. Then the joint distribution of the order statistics of
the normalised component sizes of G converges to the Poisson-Dirichlet(1)
distribution on the simplex

V= {{xl}sz <1,z; > x;;1 >0 for every i > 1}
as n — oo.

To describe the main steps in the proof, we need to introduce some notation
and state a sufficient condition for convergence to the Poisson-Dirichlet(1)
distribution on V.
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First, given G, let K denote the component in G, which contains
vertex labelled 1. If IC(1 =+ Gn, then let IC denote the component in
G\ K which contains the smallest vertex; otherwise, set KZ = 0. For

i > 2, we define KV iteratively: If G, \ (I@S) U..U I@,(f_l)) # (0, then let
K% denote the component in G, \ (Idbl) U..u I@Li_l)) which contains the
smallest vertex; otherwise, set K = 0. Fori > 1, let B = |l€7(f)| and define
the sequence (27(1 ), 2@ , ...) by

(1) 2 (2) 7.(49)
) _ Rl o) kn 20 _ Fon
“n  #n s D _ 2 AN
where zg) =0if n— /;: (1) k;(2 l%(ifl = 0. For i > 1, we also define

d'¥ to be the size of the it largest component in G,. Flnally, for the um{orm
random mapping digraph G,,, the definitions of K , ks), Zq(ﬂ) and d' are
analogous to the definitions given above.

Now it is well-known (see, for example, Hansen [9] and references therein)

that to show that the joint distribution of the normalized order statistics,
s
N

show that for eacht > 1and O <a; <b; <1, 1=1,2,...,t, we have

, converges to the PD(1) distribution on V, it is sufficient to

lim Pr{a; <20 <p, 1<i<t}= H . (3.1)

n—00
=1

The proof of (3.1) is by induction on t and we give a sketch of this proof
below.

Sketch of proof of Theorem 5. First, suppose that ¢ = 1 and let 73 =
min(a;, 1 —by). Then we have

0
Pl"{lh < W < bl}
P
= Z Pr{a; < - < <by| L, =m}Pr{L, = =m}+ala,bi,n) (3.2)

m>m(n)
where 0 < a(ay, by,n) < a(n). Now it follows from (1.4) and Theorem 4 that
R )

Z Pr{a; < — <b| L

n
m>m(n)

= m}Pr{L, = m}
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ks X
= Z Pr{a; < e < by | L, = m}Pr{L, =m}

m>m(n)
— Z (WJ;TM + €<CL1, bl,n,m(n))) Pr{f/n = m}
m>m(n)
— (M) Pr{L,, > m(n)} + Z e(a1, by, n, m)Pr{L, = m}
mamm) (3.3)
(n—m(n))'/4

where, for all sufficiently large n and m > m(n), |e(ay, by, n,m)| < —
Yim(n

Since Pr{L, > m(n)} — 1 and % — 0 as n — o0, the result for
yim(n
t =1 follows from (3.2) and (3.3).

Next, we sketch the induction step by considering the proof of the case
t = 2 given that the result holds for ¢ = 1. First, as above, it is enough to

consider
L, = m}

for m > m(n). Now for i > 1, let %) denote the number of cyclic vertices
in the component K4 (where €5 = 0 if £ = @). The key to the induction
is the observation (which follows from the definition of G, using uniform

n n— kzr(ll)

]%(11) k7(12)
Pf{al <—<b,a < ——= < by

random permutations) that if k,(ll) = zn for some a; < x < by then

]{3(2)
Pria, < —"— <by

(W =1 kW = gn, L, = m}

k(l)
= Pr a2gﬂgb2
n—xn

Ly_yn=m— l} ) (3.4)

Now it can be shown (by carefully considering (2.1)) that given kY = an
and L, = m > m(n), we have m — o > (I_Tbl)m(n) with (uniformly) high

probability. Standard arguments using Theorem 4 and (3.4) yield

k)
Pr{a, < —— <b

Con— /{;7(11)

kY
a; < — <by,L,=m ) — (by — ay)
n
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S é(a1;b17a2ab27n7m(n)) (35)

for m > m(n), where €(ay, by, as, by, m,m(n)) — 0 as n — oo. The result for
t = 2 now follows from (3.5), and the result for ¢ = 1. The general induction
argument is similar to the argument sketched above, but more cumbersome
to write down.

O

Another application of our results is given in a companion paper (Hansen
and Jaworski [10]) which considers a cutting process for a uniform random
mapping. In [10] we consider the component structure of a uniform random
mapping that has been altered by randomly cutting and deleting non-cyclic
edges (and vertices) in G,. The structure of the resulting random directed
graph depends on both the (random) number of edges and vertices that have
been deleted from G,, and on the initial number of cyclic vertices in GG,,. The
resulting ‘trimmed’ random mapping model is a random structure which is
also (in some sense) sandwiched between a uniform random mapping and a
uniform random permutation. Specifically, if no edges are cut, we have a
uniform random mapping, whereas if all the trees are trimmed down to their
roots, we have a random permutation on the root vertices. Recall that the
joint distribution of the normalized order statistics of the component sizes
in G,, converges to the PD(1/2) distribution as n — oo (see [1]), whereas
the joint distribution of the normalized order statistics of the cycle lengths
in the uniform random permutation o, converges to the PD(1) distribution
as m — oo (see [17]). Given these results, one might suppose that if m(n)
edges are cut, where m(n) — oo as n — oo, then the joint distribution of the
normalized order statistics of the component sizes of the resulting ‘trimmed’
random mapping converges to the PD(0) distribution for some 1/2 < 6 < 1
(where the value of @ may depend on how m(n) goes to infinity). In fact, we
show in [10] that there is no smooth transition from the PD(1/2) distribution
to the PD(1) distribution as the number of edges cut in G,, increases relative
to n. More precisely, we show that there is a ‘phase transition’” when m(n) =
B+y/n, where 3 > 0 is a fixed parameter, and in this case we show that the
limiting distribution cannot be PD(0).

In light of Theorem 5 and our results for ‘trimmed’ random mappings,
it would be of interest to determine whether there is some L, (of order
v/n) such that the joint distribution of the normalized order statistics of the
component sizes of G, (constructed using uniform permutations) converges
to the PD(#) for some 1/2 < 6 < 1. In another direction, we mention that
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functional central limit theorems have been obtained for the number of cycles
in a uniform random permutation (see [5]) and for the number of components
in G,, (see [8]). It is likely that a functional central limit theorem also holds
for the number of components (,,, and we expect that the normalization in
the functional central limit theorem will depend on the distribution of L.

Finally, we note that the results in this paper have been obtained under
the assumption that the permutations used to construct G, are uniformly
distributed. If we consider Fact 1 above, we see that when &,, is a uniform
random permutation we can compute the values of p,, ; exactly to obtain
Corollary 2. One may ask how far we can perturb the product (TJ”) JPm.j
from 1 and still obtain the same asymptotic results. In another direction, it
would be interesting to use permutations 6% to construct G, where 69 is a
random permutation on {1, 2, ..., m} with cycle structure given by the Ewens
sampling formula (see [4], p.60) with parameter # > 0. We note that the
case § = 1 corresponds to the uniform random permutation on {1,2,...,m}.
So it would be interesting to investigate how the structure of G, varies as
the parameter 6 varies and to determine the corresponding threshold for the
number of cyclic vertices in this case as well.
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