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Introduction and Basic Modelling

What is Cell-Cell Adhesion?
Derivation of the Model
Model Details

What is Cell-Cell Adhesion?

Cells bind to each other e
through cell adhesion
molecules.

This is important in a range
of developmental and
pathological contexts:

@ Embryonic cells adhere selectively, enabling them to sort
into tissues and organs

@ Altered adhesion properties are thought to be important in
tumour invasion
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Derivation of the Model
Model Details

Derivation of the Model |

@ Mass conservation = dn/ot = —9J /0x + birth/death
Here n(x,t) = cell density, and J = cell flux
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Derivation of the Model |

@ Mass conservation = dn/ot = —9J /0x + birth/death
Here n(x,t) = cell density, and J = cell flux

@ Adhesive flux J; = ¢nF /R
(Stokes’ Law: low Reynolds number)
F = force due to breaking and forming adhesive bonds
¢ = a constant related to viscosity
R = the sensing radius of the cells
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Derivation of the Model Il

@ The force on a cell at x exerted by cells a distance xy away
depends on
© cell density at x + X
Q@ distance |xo|
© sign of xo (= direction of force)

f(x,X%0) = a- g (n(X +Xo,1)) - w(Xo)
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Derivation of the Model Il

@ The force on a cell at x exerted by cells a distance xy away
depends on

© cell density at x + X
Q@ distance |xo|
© sign of xo (= direction of force)

f(X,%0) = - g (n(X + Xo, 1)) - w(Xo)
@ Total force = sum of all forces acting on cells at x

F(x) :ffgf(x,xo)dxo
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Model Details: The Sensing Radius, R

\ \ \
x-R X X+ R

Range over which cells can detect surroundings
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Model Details: The Function w(Xo)

[ [ [ o o
X —R X1 < X — X2 X +R
Force due to Force due to
cells at xq cells at x,

w(Xo) is an odd function. For simplicity we usually take

(x0) = -1 if -R<Xx<0
WPROJTY 41 if 0<xo < 4R
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Introduction and Basic Modelling What is Cell-Cell Adhesion?

Derivation of the Model
Model Details

Model Details: The Function g(n)

@ At low cell densities, the force f(x, Xg) will increase with cell
density at X + Xg when this is small.

@ However, there will be a density limit beyond which cells
will no longer aggregate.
@ We account for this via a nonlinear g(n); we take

g(n) = n(Nmax — N). Here npax corresponds to
close-packed cells.
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A Numerical Simulation of Aggregation and Sorting
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Application I: Cell Sorting and Aggregation

A Numerical Simulation of Aggregation and Sorting

Mathematical Model for One Cell Population

To model cell aggregation in vitro, we assume random
(diffusive) and adhesive cell movement, with no birth/death.
This gives the nondimensional model equation
2 +1
% = gxg—agx n /_1 n(X + Xo,t) [1 — n(X + X, t)] Sign(xp) dXo
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Application I: Cell Sorting and Aggregation

A Numerical Simulation of Aggregation and Sorting

Mathematical Model for One Cell Population

To model cell aggregation in vitro, we assume random
(diffusive) and adhesive cell movement, with no birth/death.
This gives the nondimensional model equation
2 +1
% = gxg_agx n /_1 n(X + Xo,t) [1 — n(X + X, t)] Sign(xp) dXo

@ The parameter « reflects the strength of adhesion; we
expect aggregation of disassociated cells when « is large.
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Application I: Cell Sorting and Aggregation

A Numerical Simulation of Aggregation and Sorting

Mathematical Model for One Cell Population

To model cell aggregation in vitro, we assume random
(diffusive) and adhesive cell movement, with no birth/death.
This gives the nondimensional model equation

on  9°n 9 /+1 _
T w2 Yy |1 n(X + Xg,t) [1 — n(X + X, )] sign(xg) dx
ot ox2 “ox | )4 (X + X0, 1) [ (X + Xo, t)] sign(Xo) dXo

@ The parameter « reflects the strength of adhesion; we
expect aggregation of disassociated cells when « is large.
@ Substitute n(x,t) = ng + eexp{ikx + At} =
AMK) = —k? + 2ang(1 — ng) (1 — cosk)
@ This implies instability when a > ait

(oerit = 1/ [no(l —ng) cos? 6] , with 6 the smallest +ve root of 6 = tan 6)
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Application I: Cell Sorting and Aggregation

Mathematical Model for One Cell Population
Extending the Model to Interacting Cell Populations
Aggregation and Sorting in an In Vitro

A Numerical Simulation of Aggregation and Sorting

A Numerical Simulation of Aggregation

Cell Density

t=0 t=5 t=10 t=500
1 1 1 1
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Mathematical Model for One Cell Population
Application I: Cell Sorting and Aggregation Extending the Model to Interacting Cell Populations

Aggregation and Sorting in an In Vitro Experiment

A Numerical Simulation of Aggregation and Sorting

Extending the Model to Interacting Cell Populations |

@ To consider cell sorting, we extend the model to two
interacting cell populations

@ The extended model includes self-population adhesion and
cross-population adhesion
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Mathematical Model for One Cell Population
Application I: Cell Sorting and Aggregation Extending the Model to Interacting Cell Populations
Aggregation and Sorting in an In Vitro Experiment

A Numerical Simulation of Aggregation and Sorting

Extending the Model to Interacting Cell Populations Il

on n 0 om Pm 0

a T o axMaml e = F gk [MKm(n,m)]
+1

Kn = Sn Inn (n(x+xo,t),m(x+x0,t))w(x0)dx0
1
+1

+ C Gnm (N(X + Xo, ), M(X + Xo,t)) w(Xo) dXo
1
+1

Km = Sm Omm (n(x + XOat)7 m(X + XOvt))w(XO)dXO
1
+1

+ C [ 9mn (N(X + Xo,t),M(X + Xo,t)) w(Xo) dXo

1

with Omn =9mn =nN(l—n-m)and goym = Ym =M(L —n—m)
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Mathematical Model for One Cell Population
Application I: Cell Sorting and Aggregation Extending the Model to Interacting Cell Populations

Aggregation and Sorting in an In Vitro Experiment

A Numerical Simulation of Aggregation and Sorting

Aggregation and Sorting in an In Vitro Experiment

(a) (b) (©)

» (a) After 5 hours
» (b) After 12 hours
» (c) After 2 days

Armstrong, P.B. 1971. Wilhelm
Roux' Archiv 168, 125-141
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Mathematical Model for One Cell Population

Application I: Cell Sorting and Aggregation Extending the Model to Interacting Cell Populations
Aggregation and Sorting in an In Vitro Experiment

A Numerical Simulation of Aggregation and Sorting

A Numerical Simulation of Aggregation and Sorting
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The Cell Cyc lel of Somite Formation
Adding Adh Cells to the Col et al el
Further Model Ex sion:Two Cell Populations

Application II: Somite Formation

Overview of Somite Application

Introduction to Somite Formation

Somites are an initial stage of £oserr Stage 11 chick Anterior
segmentation along the
head—tail axis of vertebrates.

somites
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhe Is to the Collier et al Model
Further Model Extension:Two Cell Populations

Application II: Somite Formation

Overview of Somite Application

Introduction to Somite Formation

Somites are an initial stage of e Stage 11 chick —
segmentation along the i somites
head—tail axis of vertebrates. i Ty

They form in a regular anterior—
posterior sequence, via:

© Pre-pattern forms in PSM
@ Cells coalesce into somites

© Each somite differentiates
into anterior and posterior
halves
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

The Cell Cycle Model of Somite Formation

Application II: Somite Formation

In 1998, Stern et al (pevelopment 1045:231, 1998) " \1\Lunly

By g byl

proposed the conceptual “cell cycle
model” @ . ®

The model proposes that when cells
reach a point P, in the cell cycle, they
release a signal. In response to this - : .
signal, cells between P, and an T wa 0
earlier point P4 in the cell cycle
increase their adhesion and then
coalesce into a somite.

Pre-somitic mesoderm

Hensen's Pre-somitic
node mesoderm

Somites Head
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

Mathematical Formulation of the Cell Cycle Model

Application II: Somite Formation

Collier et al (3 heor Biol 207:305, 2000)
proposed a mathematical
formulation of the cell cycle
model.

The model variables are:

v(x,t) conc of the
signalling
molecule

u(x,t) conc of a
precursor to a
cell adhesion
molecule
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations

Application II: Somite Formation

Overview of Somite Application

Mathematical Formulation of the Cell Cycle Model

Collier et al (J Theor Biol 207:305, 2000)
proposed a mathematical

formulation of the cell cycle ou
model. ot
The model variables are: ov
v(x,t) conc of the ot
signalling Mu(X,t)
molecule Mo, 1)

u(x,t) conc of a

precursor to a
cell adhesion
molecule

2
u—+ pv u
( +,U/ )Zru(x’t)_i
K1+ KU K2

Fv(X,1) 0%

—V D—
k3 + U + ox?
H(ct — X + X1)
H(ct — X + X2)
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cells to the Collier et al Mode

Further Model Extension:Two Cell Populations

Overview of Somite Application

Typical Solution of the Collier et al Model

Somitic factor

60 90 120 150 18C

Signalling factor
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cells to the Collier et al Model

Further Model Extension:Two Cell Populations

Overview of Somite Application

Adding Adhesive Cells to the Collier et al Model

We add a third equation, for the cell density n(x,t)

onix.Y) _ 0 DnM + au(x, t)n(x,t)-

ot 15)4 OX

[ 50,00 0,) (e — 1 + 00,00 (00)

—r
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cells to the Collier et al Model

Further Model Extension:Two Cell Populations

Overview of Somite Application

Adding Adhesive Cells to the Collier et al Model

We add a third equation, for the cell density n(x,t)

on(x,t) _ 9 Dnm—i—au(X;t)n(th)‘

ot 15)4 OX

/r u(x + Xo,t) n(X 4+ Xg, t) (Nmax — N(X + Xo, 1)) w(Xo) dXo

—r
@ Cell adhesion depends on the concentration of the
adhesion molecule precursor, u
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cells to the Collier et al Model

Further Model Extension:Two Cell Populations

Overview of Somite Application

Adding Adhesive Cells to the Collier et al Model

We add a third equation, for the cell density n(x,t)

on(x,t) 0 on(x,t)
0 = I Dp—2

B ax X + au(x,t)n(x,t)-

[ 50,600 50,) (s — (5 -+ 00,00 (00) e

—r
@ Cell adhesion depends on the concentration of the
adhesion molecule precursor, u

@ The parameter o determines the strength of cell-cell
adhesion
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

Adding Adhesive Cells to the Collier et al Model

Application II: Somite Formation

We add a third equation, for the cell density n(x,t)

on(x,t) 0 on(x,t)
0 = I Dp—2

B ax X + au(x,t)n(x,t)-

r

[ U0+ 50,0+ 0 8) (= (¢ + X0, ) )

—r

@ Cell adhesion depends on the concentration of the
adhesion molecule precursor, u

@ The parameter o determines the strength of cell-cell
adhesion

@ Note that there is no feedback from the cell equation to the
chemical equations
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cell§ to the Collier et al Model

Further Model Extension:Two Cell Populations

Overview of Somite Application

Simulation of Somite Formation

=lojolol®
I800000000C0
1000080000008 000

80 120 150 18C
time
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Application II: Somite Formation

Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

Further Model Extension:Two Cell Populations

We investigate differentiation
of somites into anterior and .

2%ny(x,t)
= D + — [u(x, t)ny(x, t)
2%

posterior halves by ot
considering two cell

populations ny(x,t), np(x,t). 22V

ox2
(a1Ky(u,ng, nz) + BKa(u, Ny, ny))]
92ny(x, t a
b (X, 1)

ot

Ki(u,ng, np)

Ka(u,ng, np)

2 + x [u(x, t)na(x, t)
(a2Ka(u, Ny, nz) + BKy (U, Ny, np))]
= /rr u(x +xg, t) Ny (x + X, t) -
(Mmax — N1(X + Xo, 1) — N2 (X + Xg, t))w(Xp) dXo
= /rr u(x + Xg, t) na(x 4+ xg, 1) -

(Mmax — N1 (X + Xg, t) — N2(X + Xg, t))w(Xo) dxXo
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

Further Model Extension:Two Cell Populations

Application II: Somite Formation

We investigate differentiation
of somites into anterior and

. any(x, t) 2%ny(x,t)
posterior halves by = Do o e ()
considering two cell (1K (u, ng, np) + BKa(u, ng, )]
. 2
populations ny(x,t), np(x,t). 2kt pomnelen % [u(x, Hny(x, 1)

ot ax2
(Ko (u, ng, n2) + BKy(u, Ny, n))]

Provided that cross-adhesion
is weak (0 < 8 < aj,ay), the
model does predict
anterior/posterior
differentiation.

r
Ki(u,ng,np) = / u(x + %, t) N1 (X + %o, t) -
—r
(Mmax — N1(X + Xg, t) — Nz(X + Xg, t))w(Xo) dXg
r
Ke(wning) = [ u(cxoDnatc 400
—r

(Mmax — N1 (X + Xg, t) — N2(X + Xg, t))w(Xo) dxXo
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Adding Adhesive Cells to the Collier et al Model
Further Model Extension:Two Cell Populations
Overview of Somite Application

Further Model Extension:Two Cell Populations

Application II: Somite Formation

We investigate differentiation
of somites into anterior and ;s “aer
posterior halves by 4 ;

considering two cell B R B par e S I
populations ny(x,t), na(x,t).

Cell Density
S
& -
Cell Density
°
o -
=

Cell Density
N

Cell Density

o

o

o
@«

Provided that cross-adhesion
isweak (0 < 3 < ay, ), the S ] UVJZJ;,J SN
model does predict
anterior/posterior
differentiation.

-
@

Cell Density

2 =

Cell Density
N

o
o o

==
 —
 —
| —
| —
o

o

0 Jg JA JBJBJ
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Introduction to Somite Formation

The Cell Cycle Model of Somite Formation
Application II: Somite Formation Adding Adhesive Cells to the Collier et al Model

Further Model Extension:Two Cell Populations

Overview of Somite Application

Overview of Somite Application

Conceptual cell
cycle model
(Stern et al)

Mathematical
cell cycle model
(Collier et al)

Our extended Predictions on the
mathematical — values of a, cand N

model
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Introduction to Cancer Invasion

Cells in a solid tumour invade
surrounding tissue due to changes in:

@ migration
@ protease/anti-protease production
@ adhesion

Carcinoma of the uterine cervix
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Introduction to Cancer Invasion

Cells in a solid tumour invade
surrounding tissue due to changes in:

@ migration
@ protease/anti-protease production

@ adhesion: decreased cell-cell
adhesion and increased cell-matrix
adhesion

Carcinoma of the uterine cervix
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Modelling Adhesion in Cancer

Variables: n(x,t) tumour cell density, m(x,t) matrix density

on 0

om
ot

Model
ingredients:

= _)\.n.m2
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Modelling Adhesion in Cancer

Variables: n(x,t) tumour cell density, m(x,t) matrix density

on 0

om
ot

Model
ingredients:

= _)\.n.m2

@ cell proliferation
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Modelling Adhesion in Cancer

Variables: n(x,t) tumour cell density, m(x,t) matrix density

on 0

om
ot

Model
ingredients:

= —XA-n-m?

@ cell proliferation
@ matrix degradation
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential
Conclusions and Future Work

Modelling Adhesion in Cancer

Application Ill: Cancer Invasion

Variables: n(x,t) tumour cell density, m(x,t) matrix density

on 0
1
Kin = o / n(X + Xg,t) - (2 — n(X + Xo, t) — M(X + Xp, t)) - w(Xp) dXo
J—1
om 2
s A-n-m
Model @ cell proliferation @ cell-cell adhesion

ingredients: _ _
@ matrix degradation
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential
Conclusions and Future Work

Modelling Adhesion in Cancer

Application Ill: Cancer Invasion

Variables: n(x,t) tumour cell density, m(x,t) matrix density
on 0
= ox [n- (Knn + Kam)] +n(1 —n)

1
K = a/ n(X + Xg,t) - (2 — n(X + X, t) — M(X + Xp, t)) - w(Xp) dXo

1
1
Kom = ﬁ/lm<x+xO,t)~(2n(x+xO,t)m(x+xO,t))-w(xo)de

am

- = —X-n- m2

ot
_Model_ @ cell proliferation @ cell—cell adhesion
ingredients:

@ matrix degradation @ cell-matrix adhesion
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in 1-D: Non-Invasive Tumour

For « relatively large and S relatively small, the model predicts
a non-invasive tumour

ing Cell Adhesion in Development and Disease
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in 1-D: Non-Invasive Tumour

For « relatively large and S relatively small, the model predicts
a non-invasive tumour

15
t=6
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Introduction to Cancer Invasion
Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in 1-D: Invasive Tumour

Starting from the non-invasive tumour (o = g = 1), invasion
can be initiated either by decreasing cell-cell adhesion («) or by

increasing cell-matrix adhesion (3)

ing Cell Adhesion in Development and Disease
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in 1-D: Invasive Tumour

Starting from the non-invasive tumour (o = g = 1), invasion
can be initiated either by decreasing cell-cell adhesion («) or by
increasing cell-matrix adhesion (3)

t=0 t=10 t=20 t=800

1.0

[

Cell Density
=05,p

o

&

a

Cell Density
a=10,p=20

o

3 - o

=)

¢
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential
Conclusions and Future Work

Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion

Detailed studies of tumour pathology reveal a correlation
between the invasive potential of tumours and their shape.
(Tumour shape is often quantified via fractal dimension.)

We can investigate this by solving our model in two space
dimensions.
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in Two Dimensions

Model solns predict: invasion of uniform matrix = flat boundary
invasion of non-uniform matrix = fingering
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
P Conclusions and Future Work

Model Solutions in Two Dimensions

Model solns predict: invasion of uniform matrix = flat boundary
invasion of non-uniform matrix = fingering

ECMatt=0 Cells att =30
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Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
e Conclusions and Future Work

Model Solutions in Two Dimensions

Model solns predict: invasion of uniform matrix = flat boundary
invasion of non-uniform matrix = fingering

Varying
amplitude of
noise in
initial matrix
density

Jonathan A. Sherratt ing Cell Adhesion in Development and Disease



Introduction to Cancer Invasion

Modelling Adhesion in Cancer

Model Solutions in One Dimension
Tumour Morphology and Invasive Potential

Application Ill: Cancer Invasion
e Conclusions and Future Work

Model Solutions in Two Dimensions

Model solns predict: invasion of uniform matrix = flat boundary
invasion of non-uniform matrix = fingering

Varying
amplitude of
noise in
initial matrix
density

Basic explanation: invasion speed varies with matrix density.
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The Sequential Development of an Invasive Tumour

Stage 1:
non-invasive
tumour growth
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The Sequential Development of an Invasive Tumour

Stage 2:
mutation,
followed by
tumour invasion
(small increase
in cell-matrix

adhesion)
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The Sequential Development of an Invasive Tumour

t =150 t =155

Stage 2:
mutation,
followed by
tumour invasion
(large increase
in cell-matrix
adhesion)

t =160 t =165

40 0
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Conclusions and Future Work

Conclusions:

@ Our model framework successfully reproduces
experimental results on cell aggregation and sorting,
predicts somite formation when added to the chemical cell
cycle model, and is consistent with traditional thinking on
cancer invasion

@ The model predicts parameter constraints for the validity of
the cell cycle model for somite formation

@ The model predicts that tumour fingering depends on noise
in the extracellular matrix around the tumour
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Conclusions and Future Work

Future Work on Somites Application:
@ Addition of feedback from the cells to the chemical

@ Addition of cell adhesion to other models of somite
pre-patterning (e.g. clock/wavefront model)

Future Work on Cancer Application:
@ Addition of normal tissue cells and multiple matrix types
@ Addition of other aspects of the invasive phenotype
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Mathematical Issue: Boundedness

@ For biological realism, we require n, m > 0 for all x, t
@ Recall that n = 2 corresponds to close cell packing

@ Therefore for biological realism we also require
n<2forallx,t

There is no standard theory from which these boundedness
properties can be deduced. It is relatively straightforward to
show that positivity holds in all cases, but the upper bound
depends on parameters.
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Upper Bound for Solutions: Sufficient Conditions

Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:
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Upper Bound for Solutions: Sufficient Conditions

Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:

@ w(xo) = sign(xo)

an(x, t) 8%n oK
N = D - 4
ot ox2  ox
_ om(x, t) 2
2 of 1 = —ynm
3 ot K
+1
-1 — with K(x,t) = n(x,t)/ [an(x + xg, t) + BmM(X + Xg, t)] -
-1
ey xé " g(n(x + xg, t) + m(x + xg, t)) w(xg) dXg
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Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:

@ w(xg) = Q(Axo) with Q(.) differentiable and |Q'(.)| € LY(R),
and A > 0 sufficiently large.

an(x,t) a%n oK
= 22 tim)
at ax2 X
om(x,t
< Y —nm?
3 ot
r+1
With K(x,t) = n(x,t)/ [an(x + %o, t) + BM(X + Xo. )] -
—1
ra—Y xé 51 g(n(x + xg, t) + M(x + Xg, t)) w(Xg) dxg
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Upper Bound for Solutions: Sufficient Conditions

Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:

-1
@ o+ minfrm/2)3 < —F(2) |2supfa(e):0<e<2} [ o' (Xo)| de]

an(x, t) 2°n oK

= D— - —+f(n
ot Ix2 % (m
am(x, t) P
= —ynm
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with K(x,t) = n(x,t)/ [an(x + Xg,t) + Bm(x + Xg, t)] -
-1

g(n(x + Xg, t) + mM(x + Xg, t)) w(Xg) dxg
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Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:

w(.) differentiable with w’(xg) > 0 on |Xo| < Xm and
W'(Xo) < 00N Xm < |Xo| < 1 for some xm € (0,1), and

a + min{1,M/2}3 < —f(2) |2sup{g(¢): o<5<2}f " W'(Xp) dxo}

an(x, t) 8’n oK
= D— — — +f(n)
ot ax2 Ix
am(x, t) 2
=  —~nm
at K
1
With K(x,t) = n(x,l)/ [an(x + %o, t) + AM(X + g, )] -
—1
et g(n(x + Xg, t) + M(X + Xg, 1)) w(Xo) dxo
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Suppose that 0 < n(x,0) <2 and 0 < m(x,0) < M for some
M > 0, for all x € R. Then n(x,t) <2forallt >0andx € R if
any of the following conditions hold:

@ w(xo) = sign(xo)
@ w(x0) = Q(Axp) with Q(.) differentiable and |Q'(.)| € L}(R),
and A > 0 sufficiently large.

- 1-1
@ a+minf1m/238 < —f(2) _2sup{g(g);o<§<2}f_11 | (Xo0)| dxo_
@ w(.) differentiable with w’(xg) > 0 on |xg| < Xm and
w'(Xo) < 00N Xm < |Xo < 1 for some xm € (0,1), and
1-1
a + min{1,M/2}3 < —f(2) |25up{g(©): o<§<2}f " W (Xo) dxo
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