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Psoriasis is a common skin disease, with a clinical appearance of red, scaly lesions,
known as plaques. Recent experimental research has shown that the ubiquitous cell-
signalling molecule nitric oxide (NO) is actively synthesized within these plaques
by the iNOS enzyme. In contrast, NO production from normal, healthy skin is a by-
product of the reduction of nitrite in sweat. Measurement of NO release rates at the
skin surface are 100 times greater from psoriatic lesions than normal skin. We pro-
pose a mathematical model for the dynamics of NO within psoriatic plaques, that
incorporates diffusion, production in the basal epidermis, decay within the plaque,
and active scavenging by red blood cell haemoglobin; this last effect introduces a
key nonlinearity into the model. We present numerical simulations of the model in
two space dimensions, and then describe an approximation that reduces the model
to two coupled ordinary differential equations. This reduced system can be solved
exactly, giving an approximation for the NO release rate as an explicit function of
model parameters. We use this approximation to explain some recent, surprising
experimental results.
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1. INTRODUCTION

Psoriasis is a common skin disease, affecting about 2% of Caucasian popula-
tions. In the most common forms, raised, inflamed (red) lesions, known as plaques,
develop on the skin surface, covered by a silvery, white scale. The outer layer of
the skin (epidermis) is significantly thickened, with increased cell proliferation in
the basal layer and incomplete cell differentiation. The epidermis is also infiltrated
by large numbers of white blood cells, which cluster in small abscesses. In the
lower layer of skin (dermis) the capillary loops are tortuous and dilated leading to
increased blood flow and skin redness. The interface between the dermis and epi-
dermis also differs from normal skin. The thickened epidermis protrudes into the
dermis forming fingers called rete pegs and dermal papillae containing the capillary
loops.

Despite this detailed understanding of the psoriatic pathologies, relatively little is
known about the underlying molecular events that cause the disease, and this is the
focus of current psoriasis research. One recent line of investigation concerns the
signalling molecule nitric oxide (NO). Long known as an environmental pollutant,
it was shown in the late 1980s to be biologically active, and a huge volume of
subsequent research has established NO as an important regulator in most tissues
of the body (for review seeMoncada, 1999).

In particular, NO is produced at high rates within psoriatic plaques. Due to its
small size and solubility in phospholipid membranes, NO has a high diffusion
coefficient in tissue. Thus it can easily be detected at the skin surface.Weller
et al. (1996) designed an experiment to do just that; they placed a sealed nitrogen-
filled vessel over the psoriatic plaque, allowed NO to diffuse into the vessel from
the skin for 20 min, then aspirated the accumulated NO into a chemiluminescence
analyser. They showed that in healthy human skin, NO is released at relatively
low levels, due mainly to chemical reactions occurring within the sweat layer that
covers the skin. By contrast, NO is released from psoriatic plaques at a rate about
100 times greater (Oremet al., 1997; Weller and Ormerod, 1997; Ormerodet al.,
1998).

These results suggest that NO might play a causal role in psoriasis, a possibility
which would have exciting potential therapeutic implications, and for this reason,
NO activity in psoriasis is an ongoing research area. In this paper, we use a mathe-
matical model to study the dynamics of NO within a psoriatic plaque, investigating
the NO distribution, and how the release rate at the skin surface depends on model
parameters. More specifically, we attempt to explain recent results of Welleret al.
(manuscript in preparation), who investigated the relationship between the redness
(erythema) of psoriatic plaques, and NO release rates from their surface; their data
is illustrated in Fig.1. NO is a potent dilator of blood vessels: this was the first con-
text in which the biological activity of NO was recognized (Ignarroet al., 1987).
Therefore, one expects intuitively that high NO release rates will correlate with
high plaque erythema. However, Welleret al. found that while there was a positive
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Figure 1. Experimental data showing the relationship between the erythema of psoriatic
plaques and NO release rates from their surface. Full details of these experiments will
be published separately (Welleret al., in preparation). Briefly, erythema was scored by a
single observer (RW) on the scale 1 (mild), 2 (moderate), 3 (severe) and 4 (very severe).
NO released from the plaque was collected in a nitrogen filled container over a 20 min
period, and the concentration was then measured using a chemiluminescence meter.

correlation between the two measurements, NO release was actually highest in
plaques with moderate erythema, with lower average NO release in plaques with
either high or low erythema. One of our objectives is to explain this observation
using mathematical modelling.

In Section2 we develop a mathematical model for NO dynamics in psoriasis.
The model equation can be solved numerically, but not analytically in its full form,
and in Section3 we discuss an approximate model for the equilibrium dynamics of
NO. The approximate model is not derived systematically, but rather via a series of
ad hoc, but biologically reasonable, approximation steps. The approximate model
can be solved exactly, and this is done in Section4. Finally, in Section5, we
discuss the implications of our results.

2. MATHEMATICAL M ODEL

We develop a mathematical model for NO dynamics within a psoriatic plaque,
consisting of a single reaction–diffusion equation for the NO concentrationn(r , t).
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The kinetics of NO within a plaque involve three main processes. Firstly, synthesis
of NO, which occurs in cells in the basal layer of the epidermis; this has been estab-
lished by staining tissue samples for the enzyme iNOS that causes the production
(Kolb-Bachofenet al., 1994; Ormerodet al., 1998). This is not the only source
of NO within a psoriatic plaque: NO is also produced in the dermal papillae and
in some cases in the suprabasal epidermis (Bruch-Gerharzet al., 1996). However,
we assume that the NO production in the basal epidermis is dominant, and occurs
at a constant rate,a. There is no experimentally determined value for this param-
eter; hence, we will estimate it by matching the observed average release rate of
NO from psoriatic plaques with that predicted by the model. Secondly, NO decays
within tissues, due mainly to reaction with superoxide O−

2 . This gives a half life
of about 4 s (Lancaster, 1994), approximately the same in different parts of the
plaque; we model this with the term−λn, with the constantλ = 0.17 s−1.

Thirdly, NO is actively removed by red blood cell haemoglobin within the der-
mal capillaries. This occurs in addition to the−λn decay term. Crucially, though,
this is a nonlinear process: NO dilates blood vessels causing increased blood flow
(and increased redness) and hence greater NO scavenging by haemoglobin. Thus,
the removal rate of NO within the dermal papillae has the form−νn[1 + g(n)],
whereg(n) is the increase in the cross-sectional area of blood vessels in response
to NO. In vitro experiments on blood vessels, where NO levels can be externally
controlled, show that an appropriate functional form isg(n) = g0n/(g1+n), where
g1 ≈ 20 nM (Ku, 1996) andg0 is the maximal change in cross-sectional area of the
capillaries. The value ofg0 is unknown and will vary between individuals, but esti-
mates suggest that the blood flow in psoriatic plaques is two to five times greater
than in normal skin (Klemp and Staberg, 1983; Krogstadet al., 1995). Assuming
Poiseuille flow in the capillaries implies that 1+ g(n) varies between about 1.4
and 2.2(

√
2–

√
5). Like the production ratea, g0 can be found by matching obser-

vation with simulation. The parameterν is the product of haemoglobin concentra-
tion in the blood (typically 2 mM;Thibodeau and Patton, 1997), the proportion of
the dermal papillae composed of blood vessels (about 10%;Aueret al., 1994), and
the rate constant of NO binding to haemoglobin in flowing blood (5×104 M−1 s−1;
Liao et al., 1999); this givesν = 10 s−1.

Putting these various terms together gives the following equation for NO dynam-
ics in a plaque:

∂n

∂t
= D∇

2n +


−λn in suprabasal epidermis
−λn + a in basal epidermis
−λn − νn[1 + g0/(g1 + n)] in dermis.

(1)

HereD is the diffusion coefficient of NO in tissue, which has been measured exper-
imentally as 3300µm2 s−1 (Malinski et al., 1993). We have solved these equations
numerically in the two-dimensional (2D) spatial domain illustrated in Fig.2, which
corresponds roughly to the geometry of a psoriatic plaque. We denote byY, h and
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Figure 2. A schematic illustration of the spatial domain on which we solve the full
model (1).

L the thickness of epidermis above a dermal papilla, the thickness of the basal
epidermis, and the half-width of a rete ridge/dermal papilla, respectively. Typical
values for a psoriatic plaque areY = 150µm, h = 12 µm andL = 50 µm.
Symmetry boundary conditions apply atx = 0 andx = 2L, which are the middle
of an epidermal ridge and a dermal papilla, respectively. Aty = 0, which is the
skin surface, we taken = 0. This is appropriate since the diffusion coefficient of
NO in air is about 1000 times greater than in tissue, so that the NO released into
the air diffuses away rapidly. Note that it is the NO flux at the skin surface, rather
than concentration, that is measured experimentally. The boundary condition at
y = −yend is included for computational necessity; we takeny = 0, but it is not
significant provided thatyend is sufficiently large.

The solution of (1) rapidly evolves to an equilibrium, independent of initial data.
A typical example of this equilibrium is illustrated in Fig.3; the NO concentration
is highest in the basal layer of the epidermis, where it is produced, moderate in
the suprabasal epidermis, and lowest in the dermis, where it is actively removed
into the blood stream. We have good estimates for all parameters excepta and
g0. These two parameters can be determined by comparing the results of model
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Figure 3. A typical solution of the full model (1), showing the equilibrium distribution of
NO within a psoriatic plaque. This equilibrium is reached very rapidly (typically within a
few seconds); the scale bar gives the NO concentration in nM. The skin surfacey = 0 is at
the top of the picture. The model equation (1) was solved numerically using an alternating
direction implicit Crank–Nicolson scheme. Parameter values areD = 3300µm2 s−1,
λ = 0.17 s−1, a = 170 nM s−1, ν = 10 s−1, g0 = 9 (dimensionless),g1 = 20 nM,
Y = 150µm, h = 12µm, L = 50µm.

solutions with two experimental measurements on psoriatic plaques: the rate of
NO release from the plaque surface (mean 1.2 pmol cm−2 min−1; calculated from
the data in Fig.1) and the increase in blood flow in the plaque compared to normal
skin (factor of 1.8;Klemp and Staberg, 1983; Krogstadet al., 1995). This data
relates directly to model solutions: the model prediction of NO flux at the skin
surface is the average overx of −D ∂n/∂y|y=0, and the prediction of erythema is
the average over the dermal papilla of 1+ g(n). Comparison of these predictions
with the data implies mean values ofa = 170 nM s−1 andg0 = 9 (dimensionless);
however, these parameters will vary between individuals.

There is wide variation in the NO flux and erythema between patients. Deter-
mining how these two aspects of the disease depend on model parameters using
the full model (1) is very cumbersome—since analytical solution is not possible,
it would require large numbers of numerical simulations in two space dimensions.
Therefore, a simpler, analytically solvable model would be preferred. In the next
section we develop such a model.
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3. APPROXIMATE M ODEL

One of our objectives in this paper is to study the variation of NO release rates
from psoriatic plaques with plaque erythema. This can be done most effectively
by obtaining analytical formulae for the flux and erythema, as a function of model
parameters. In this section, we discuss an approximate version of (1) at equilib-
rium, in which such analytical solution is possible. Having developed this model
we will go on, in Section4, to derive expressions for NO flux and erythema for this
approximate model, which will enable us to investigate their relationship.

Our approximate model is based on anad hocreduction of the full system, which
replaces (1) at equilibrium with two coupled ordinary differential equations. The
approximate model therefore has no formal relationship with the full model, but
does provide an effective qualitative and semi-quantitative representation of the
behaviour of the full model, with sufficient simplicity to be solved exactly. The
approximation involves three basic steps.

Step 1. We replace the functiong(n) = g0n/(g1 + n) with the linear expression
g0n/g1. This is reasonable since the NO concentrationn is relatively low in
the dermis, compared tog1 = 20 nM.

Step 2. The most fundamental step of our approximation is that we consider the
epidermal peg and dermal papilla separately from the remainder of the epi-
dermis (illustrated in Fig.4). In the lower layerL (epidermal peg/dermal
papilla), we neglect variation perpendicular to the skin surface, giving an
ODE for n as a function ofx only. As in the full model (1), this ODE has dif-
ferent kinetics in the three regions: the suprabasal epidermis (L1), the basal
epidermis (L2) and the dermis (L3). In the upper layerU (remainder of the
epidermis), we similarly neglect variation parallel to the skin surface, giving
anODE for n as a function ofy. Again, the kinetics are different in the basal
(U1) and suprabasal (U2) regions; inU1, we take the NO production rate to be
a/2, representing an average of the basal layer above the dermal papilla, and
the suprabasal epidermis above the rete peg (see Fig.2). We link the solu-
tions in the two layersL andU by requiring that the value ofn at y = −Y
in U is equal to the average value ofn over the regionsL1, L2 andL3.

Step 3. Finally, we remove the boundary condition atx = 2L in regionL3, which
greatly complicates the analytical solution. Instead we solve the equation
that applies inL3 on the domainL < x < ∞, with boundary condition
n → 0 asx → ∞.

For notational ease, we writeα =
√
(λ+ ν)/D andβ = g0ν/(g1D); then our

approximate model is given by

Dnxx − λn = 0 inL1, that is 0< x < L − h (2)

Dnxx − λn + a = 0 inL2, that isL − h < x < L (3)
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Figure 4. A schematic illustration of our approximation to the full model, which should be
compared with Fig.2. We divide the domain into two layers: the lower layerL, consisting
of the dermal papilla and epidermal peg; and the upper layerU , consisting of the remainder
of the epidermis. InL, we solve forn as a function ofx only, while in regionU , n is a
function of y. The equations of the approximate model are (2)–(6).

nxx − α2n − βn2
= 0 inL3, that isL < x < 2L (4)

(but solved onx > L subject to

n → 0 asx → ∞)

Dnyy − λn = 0 in U1, that is − Y + h < y < 0 (5)

Dnyy − λn + a/2 = 0 in U2, that is − Y < y < −Y + h. (6)

As in (1), we taken = 0 at y = 0, the skin surface, andnx = 0 at x = 0, the
centre of the epidermal peg. The solution must satisfy continuity and smoothness
at x = L − h, x = L, andy = −Y + h. Finally, the solutions of (2)–(4) and (5),
(6) are linked by the condition

n(y = 0) =
1

2L

∫ x=2L

x=0
n(x)dx.

Numerical solution of the approximate model is of course straightforward. The
qualitative solution form is the same as for the full model: highest NO concentra-
tion in the basal epidermis, with moderate NO levels in the epidermal peg, and low
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(a)

(b)

Figure 5. Comparisons of the solutions of the full model (1) (——) and approximate
model (2)–(6) (- - - -) for NO distribution within a psoriatic plaque. In (a), we show the
NO concentration averaged overx, and plotted as a function ofy, the distance from the skin
surface. The approximate solution is constant in the regiony < −Y because the model
equations areODEs for n as a function ofx here. In (b), we show the NO concentration
as a function ofx in the epidermal peg and dermal papillae. For the approximate model,
this is just one solution, and for the full model, we plot the solution at 160, 200, 250,
300, and 350µm below the skin surface; the solution decreases with increasing depth.
Note that the full model solution decreases rapidly at depths above about 350µm, because
this is below the rete peg (see Fig.2). In both (a) and (b), the dotted lines indicate the
position of the basal epidermal layer. The figure shows that the solutions of the two models
are qualitatively very similar, but that the approximate solution underestimates the NO
concentration in the full solution. The parameter values are as in Fig.3.

concentrations in the dermis. A quantitative comparison of the solutions of the full
and approximate model (illustrated in Fig.5) shows that the approximate model
predicts NO concentrations that are too low, by a factor of as much as two. This
is because the approximate model neglects the NO that diffuses into the dermal
papillae from the basal epidermis above it. Similarly, within the upper regionU ,
there is diffusion of NO parallel to the skin surface, which redistributes the NO
produced above the dermal papilla. These effects are appreciable because of the
high diffusion coefficient of NO, and mean that the approximate model predicts NO
levels that are too low throughout the upper layerU and the top of layerL. Fur-
ther down into the epidermal peg/dermal papilla, the full model solution becomes
increasingly independent of distance below the skin surface, and thus approaches
the solution of the approximate model. These comparisons imply that the approx-
imate model underestimates both NO flux at the skin surface and the degree of
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erythema. However, we expect the qualitative variation in flux and erythema with
model parameters to be the same in the two models.

4. SOLUTION OF THE APPROXIMATE M ODEL

We now derive a solution of the approximate model outlined earlier, beginning
with the dermal layer. The basic objective of this work is to obtain formulae for
the NO flux at the skin surface, given by−D∂n/∂y|y=0, and for the degree of
erythema, defined within the approximate model as the average value of 1+g0n/g1

within the dermal papillae (that is, the regionL < x < 2L); these formulae are
derived once the solution has been found.

4.1. Solution in the lower layerL. Our approximate model divides the lower
layerL into three regionsL1, L2 andL3, corresponding, respectively, to the supra-
basal and basal portions of the epidermal peg, and the dermal papilla. Equations (2)
and (3), applying inL1 andL2, respectively, are solved easily, giving

n = k1 sinh(
√
λ/Dx)+ k2 cosh(

√
λ/Dx) in regionL1 (7)

and n = a/λ+ k3 sinh(
√
λ/Dx)+ k4 cosh(

√
λ/Dx) in regionL2. (8)

Here and in the following, theki s are constants of integration; the conditionnx = 0
at x = 0 implies immediately thatk1 = 0. In L3, the solution satisfies (4), con-
taining the nonlinearity that is key to NO dynamics. Nevertheless, exact solu-
tion is possible. Multiplying both sides of (4) by nx and integrating givesn2

x =

α2n2
+

2
3βn3; the conditionn → 0 asx → ∞ implies that the constant of integra-

tion is zero. This can then be solved by direct integration, giving

n =
6α2

β

k5eαx

(1 − k5eαx)2
. (9)

The solutions (2)–(4) must satisfy continuity and smoothness atx = L − h and
x = L. In formulating these conditions it is convenient to writeζ =

√
λ/DL,

ξ =
√
λ/D(L − h) andδ = k5eαL . Then, continuity and smoothness atx = L − h

imply

k2 − k4 = (a/λ) coshξ (10)

k3 = (a/λ) sinhξ. (11)

At x = L the corresponding conditions are more complex because of the nonlin-
earity:

a/λ+ k3 sinhζ + k4 coshζ =
6α2

β

δ

(1 − δ)2
(12)
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k3 coshζ + k4 sinhζ = −
6α2

β

√
1 + ν/λ

δ(δ + 1)

(δ − 1)3
. (13)

Conditions (10)–(13) determine the constants of integrationk2, k3, k4 andδ; recall
thatδ corresponds tok5. It is straightforward to solve fork2, k3 andk4 in terms of
δ, and eliminatingk3 andk4 between (11), (12) and (13) gives

aβ

6α2λ
(sinhζ − sinhξ) (δ − 1)3

= {sinhζ +
√

1 + ν/λ coshζ }δ2
+ {

√
1 + ν/λ coshζ − sinhζ }δ. (14)

The algebraic complexity of the exact solutions of this cubic makes them of little
practical use. However, it is easy to see that there is exactly one positive solution.
Since the coefficients ofδ andδ2 on the right-hand side of (14) are both positive,
this right-hand side is zero atδ = 0, and is increasing onδ > 0. The left-hand
side of (14) is also increasing onδ > 0, with a negative value atδ = 0; moreover,
the left-hand side is larger than the right-hand side at largeδ. Hence there is at
least one positive root; note thatδ must be positive in order that the NO concentra-
tion implied by (9) is positive. Rewriting (14) as a cubic in(δ − 1) and applying
Descarte’s rule of signs implies that this root is unique.

Before proceeding to the calculation of the solution in the upper layerU , we must
calculaten0, the average NO concentration in regionsL1–L3, which is required as
an end condition inU . This is given by

n0 = (I1 + I2 + I3)/(2L)

where

I1 =

∫ L−h

x=0
k2 cosh(

√
λ/Dx)dx = k2

√
D/λ sinhξ

I2 =

∫ L

x=L−h
a/λ+ k3 sinh(

√
λ/Dx)+ k4 cosh(

√
λ/Dx)dx

= ah/λ+
√

D/λ [k3 coshζ + k4 sinhζ − k3 coshξ − k4 sinhξ ]

I3 =

∫ 2L

x=L

6α2

β

k5eαx

(1 − k5eαx)2
dx

=
6α

β

δ(eαL
− 1)

(δ − 1)(δeαL − 1)
. (15)

Summing these integrals and using (10), (11) and (13) gives

n0 =
1

2L

{
ah

λ
+

6α

β

δ

δ − 1

[
eαL

− 1

δeαL − 1
−
λ+ ν

λ

δ + 1

(δ − 1)2

]}
. (16)
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At this point, we can also calculate our measure of erythema, the redness of the
psoriatic plaque. This is one of the two key measures of our solution that we wish
to calculate, the other being the NO flux at the skin surface. As discussed above,
our definition of erythema is the average value ofg(n) in a dermal papilla. Within
the context of our approximationg(n) ≈ 1 + g0n/g1, erythema is thus given by

E = 1 +
g0

g1

I3

L

= 1 +
6
√
(λ+ ν)D

νL

[
δ(eαL

− 1)

(δ − 1)(δeαL − 1)

]
. (17)

4.2. Solution in the upper layerU . Having found the expression (16) for n0, we
can calculate the solution of our approximate problem in the upper layerU . Here
equations (5) and (6) apply in regionsU1 andU2, respectively; the solution is now a
function of y (< 0), the distance below the skin surface. Both equations are linear
and can be solved immediately, to give

n = k6 cosh(
√
λ/Dy)+ k7 sinh(

√
λ/Dy) in regionU1 (18)

and n = a/(2λ)+ k8 cosh(
√
λ/Dy)

+k9 sinh(
√
λ/Dy) in regionU2. (19)

The constantk6 = 0 in order thatn = 0 at y = 0, andk7, k8 andk9 are determined
by the conditionn = n0 at y = −Y, and the requirements of continuity and
smoothness aty = −Y + h; this is straightforward, and we omit the details.

All that we require from these solutions is the flux of NO at the skin surface
y = 0, which we denote byF , and which is given by−k7

√
λD. The formula for

k7 implies

F =

√
λD

sinh(
√
λ/DY)

{
n0 +

a

2λ

[
cosh

(√
λ/Dh

)
− 1

]}
=

√
λD

L sinh(
√
λ/DY)

{T1 + T2} (20a)

where T1 =
aL

2λ

[
h/L + cosh(

√
λ/Dh)− 1

−

√
D

L2λ

(sinhζ − sinhξ)

coshζ

]
(20b)

and T2 =
3α

β

[
δ

δ − 1

eαL
− 1

δeαL − 1
+

√
1 + ν/λ

δ

(δ − 1)2
tanhζ

]
. (20c)

Here we have simplified using (14) and (16).
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4.3. Variation in erythema and flux. Equations (17) and (20) are expressions for
the degree of plaque erythema and the NO flux at the skin surface, within the con-
text of our approximation (2)–(6) to the full mathematical model (1). Since NO is
a potent vasodilator, one expects intuitively that there will be a correlation between
how red a psoriatic plaque is, and the rate of NO release from its surface. However,
experimental data indicates that although there is an overall positive correlation
between NO release and erythema, NO release is highest in plaques with only a
moderate degree of erythema; lower for paler plaques, but also lower for very red
plaques. We will now use the formulae (17) and (20) to provide an explanation for
these results.

Many of the parameters in our model for NO dynamics within a psoriatic plaque
will be the same from one individual to the next. In particular, kinetic rate param-
eters and the NO diffusion coefficient are biochemical constants, and the spacing
2L of dermal papillae is relatively constant between individuals. The epidermal
thicknessY will vary, but this has a simple, monotonic effect on NO release, and
no effect on erythema (in our approximate system—the effect is also negligible
in numerical solutions of the full model). Therefore we anticipate that variations
between individuals will be due to differences in NO production in the basal epi-
dermis,a, and in the degree of blood vessel dilation in response to NO,g0 and
g1. In fact, more variation is to be expected ing0, but the parameters enter our
approximate model together, throughβ.

Therefore, we need to investigate how erythemaE and NO fluxF vary with
the parametersa andβ. As a first step, we study the dependence ofδ on these
parameters; recall thatδ is a positive constant of integration, determined uniquely
by (14). The right-hand side of (14) is independent ofa andβ, while the left-hand
side is proportional to their product. Since the left-hand side is steeper than the
right, as a function ofδ, when they cross, it follows thatδ is a decreasing function
of botha andβ.

From (17), it is immediately clear thatE is a decreasing function ofδ. Thus,
within our approximate model at least, the degree of plaque erythema increases
with both a andβ. Turning to the NO release rateF , we have separated for-
mula (20) into two terms, labelledT1 andT2. The first of these is proportional toa,
while the second is independent ofa, implying thatF increases witha. However,
the dependence ofF onβ, which lies entirely inT2, requires more careful investi-
gation, and is complicated by the lack of an explicit formula forδ. T2 involves the
two expressions

δ

β(δ − 1)

eαL
− 1

δeαL − 1
and

δ

β(δ − 1)2
. (21)

In the Appendix, we show that both of these expressions are decreasing functions
of β, implying thatF decreases withβ.
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Figure 6. The variations in NO flux at the skin surface and in plaque erythema with param-
etersa andg0, in the full (•) and approximate (——) models. The parameterg0 represents
the dilation response of blood vessels to NO, whilea is the production rate of NO within
the basal epidermis. The quantitative difference between the release rate and erythema
predicted by the two models is expected from the difference in the solutions (see Fig.5).
Crucially, however, the qualitative variation in the solutions with these key parameters is
very similar in the two models. The parameter values (other thana or g0) are as in Fig.3.

4.4. Comparison with the full model. As we have discussed in Section3, there
are significant quantitative differences between the solution of the approximate
model studied in this section, and the original full model. Our expectation, how-
ever, is that the qualitative solution trends that we have derived for the approximate
model will be reflected in the full model, and this is borne out by numerical solu-
tions. In Fig.6, we show the variations of flux and erythema with the parameters
g0 anda in the two models; the qualitative form of the variation is very similar in
the two cases.

4.5. NO flux vs erythema. The variation in parametersa andg0 (↔ β) between
patients implies variations in NO flux and erythema. We have shown that the
erythema is maximal when botha andg0 are greatest, that is, in patients with the
largest NO production within the plaque, and the strongest vasodilation response
to NO. In contrast, NO flux is maximal whena is greatest, butg0 is smallest. As
observed experimentally, this corresponds to a moderate level of erythema. The
predicted flux–erythema relationship is illustrated in Fig.7. Here we have chosen
many values ofa andg0 randomly from normal distributions, and the figure shows
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Figure 7. A prediction of the variation of NO flux at the skin surface with the erythema of a
psoriatic plaque, determined using the approximate model. The figure shows that although
there is positive correlation between NO flux and erythema, the maximum flux occurs in
plaques with only moderate levels of erythema. In this figure, parameter values are as in
Fig. 3, except fora andg0, which we expect to vary between patients. We chose pairs
of values ofa andg0 from independent normal distributions, with means of 170 nM s−1

and 9, respectively, based on experimental data (as discussed in Section2). There is insuf-
ficient data to estimate the standard deviations, and we take these arbitrarily as 70 nM s−1

and 4—thus the figure is intended to be illustrative, rather than a quantitative prediction.
In the figure, 10 000 pairs of parameter values are chosen, and the corresponding flux and
erythema are calculated using (20) and (17). The flux–erythema plane illustrated is divided
into a 25×25 grid, and each parameter pair gives a flux–erythema pair in one of these grid
squares. (A small number fall outside the plot region and are ignored). We then shade each
grid square using greyscale according to the number of parameter pairs giving values in this
square (darker corresponds to more ‘hits’). The units of NO flux are pmol cm−2 min−1.

a density plot of the corresponding predictions for NO release rate and plaque
erythema.

5. DISCUSSION

We have derived an analytical solution of our approximation (2)–(6) to the model
(1) for NO dynamics within a psoriatic plaque. We have shown that this solu-
tion predicts that the degree of erythema and the rate of NO release at the skin
surface will both increase as the rate of NO production in the basal epidermis
increases. This is exactly as one would expect intuitively: higher production rates
will increase NO levels throughout the plaque, causing a greater degree of blood
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vessel dilation, and higher release rates at the skin surface. This is clearly an impor-
tant component of the variation between different psoriasis patients. However, the
dilation response of blood vessels to NO will also differ from person to person,
and the effects of this are less clear. A greater dilation response means that at a
given NO concentration, there is faster removal by blood haemoglobin, leading to
a balance between NO removal and the dilation caused by NO. Our analysis pre-
dicts that as the dilation response increases, the degree of erythema does in fact
increase, while the NO flux at the skin surface goes down.

These predictions provide a possible explanation for the observation that the
release rates of NO are highest in psoriatic plaques with moderate levels of ery-
thema. Maximal NO release rates require high levels of NO production in the
basal epidermis, and low dilation response of blood vessels to NO. Patients with
stronger dilation responses will have lower NO release rates, but higher erythema,
while for those with lower NO production in the basal epidermis of the plaque, the
NO release rate and erythema will both be lower. In a study comparing various
measures of psoriasis,Ormerodet al. (1997) did not find reduced NO release rates
at high erythema; perhaps due to their particular patient group (of 12). Our model
predicts that the phenomenon will be found in any sufficiently large study.

Comparison between the model predictions (Fig.7) and experimental data
(Fig.1) shows one clear qualitative difference, with a few measurements of particu-
larly high NO release rates that are not reflected by the model. We hypothesize that
these ‘outliers’ correspond to additional production of NO in suprabasal, as well
as basal, epidermis; suprabasal keratinocytes have been found to express iNOS
mRNA in a minority of psoriatic plaques (Bruch-Gerharzet al., 1996). Aside from
this difference, there is good semi-quantitative comparison between the model and
experiments. Differences can be explained by variations in plaque structure not
reflected in the simulations, and by the approximate nature of the relationship
between model calculations of erythema and experimental scores.

NO levels are very high in psoriatic plaques: release rates are an order of mag-
nitude greater than in nonlesional skin, and two orders of magnitude greater than
healthy skin. This raises immediate and currently unanswered questions about the
possible role for NO in onset of psoriasis; our modelling does not address this at all,
considering only NO dynamics within a pre-existing plaque. The potential for NO
having a causal effect in plaque formation arises from the many aspects of skin biol-
ogy that are regulated by NO, including epidermal cell division and differentiation
(Krischelet al., 1998), endothelial cell growth and migration (Zicheet al., 1994),
and extracellular matrix turnover (Okamotoet al., 1997; Maedaet al., 1998). In a
separate study (Savill et al., 2002), we have used mathematical modelling to inves-
tigate this last effect, suggesting that the NO-dependence of matrix degradation
may help to explain the elongated rete pegs observed in psoriatic plaques.

The long-term motivation for mathematical modelling and experimental work
on NO in psoriasis is the possibility of new anti-psoriasis therapies, based on NO
activity. This paper contributes to the basic understanding of NO dynamics in pso-
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riatic plaques, which will underlie any such therapy. More specifically, our work
shows that the nonlinearity in the uptake of NO by blood vessels is fundamental
to NO dynamics, and provides a clear explanation for experimental results on NO
release rates from psoriatic plaques.

APPENDIX

In this Appendix, we show that the two expressions in (21) are decreasing func-
tions ofβ. The complication in this is the dependence onδ, for which we have
no exact formula, only equation (14). It is convenient to work with the recipro-
cals of the expressions in (21); thus we aim to show thatφ ≡ β(δ − 1)2/δ and
ψ ≡ β(δ − 1)(δeαL

− 1)/δ are increasing functions ofβ. We considerφ first.
Rewriting (14) gives[ a

6α2λ
(sinhζ − sinhξ)

]
φ =

[
sinhζ +

√
1 + ν/λ coshζ

]
+

[
2
√

1 + ν/λ coshζ
] 1

δ − 1
. (22)

Simple rearrangement of the definition ofφ implies thatβ(δ−1)2−φ(δ−1)−φ =

0,

⇒ (δ − 1) =
φ +

√
φ2 + 4φβ

2β
.

Here the positive root of the quadratic is required since the positive root of (14) is
necessarily greater than 1. Substituting this formula forδ − 1 into (22) gives[ a

6α2λ
(sinhζ − sinhξ)

]
φ =

[
sinhζ +

√
1 + ν/λ coshζ

]
+

[
4
√

1 + ν/λ coshζ
] β

φ +
√
φ2 + 4βφ

.

This equation gives the relationship betweenφ andβ. Consideringφ as a variable
in this equation, the left-hand side has a linearly increasing dependence, while the
right-hand side is a decreasing function ofφ. Therefore, in order to show thatφ
increases withβ, it is sufficient to show thatβ/(φ +

√
φ2 + 4βφ) is an increasing

function ofβ, for each fixedφ > 0. This follows easily from direct differentiation:

∂

∂β

[
β

φ +
√
φ2 + 4βφ

]∣∣∣∣∣
φ const

=
φ√

φ2 + 4βφ
(
φ +

√
φ2 + 4βφ

)2

[√
φ2 + 4βφ + φ + 2β

]
> 0.
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Having established thatφ increases withβ, it is straightforward to show thatψ
does also. Rewriting the definition ofψ gives

ψ = φ ·

[
eαLδ − 1

δ − 1

]
,

and direct differentiation shows that the term inside square brackets is a decreasing
function ofδ, and thus an increasing function ofβ.
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