Numerical Computation of ε–Entropy for Parabolic Equations

G. J. Lord^a

aDepartment of Mathematics, Heriot–Watt University, Edinburgh EH14 4AS, UK

J. Rougemont^{b,1}

bTAGC, INSERM-ERM 206, Parc Scientifique de Luminy, Case 906, 13288 Marseille Cedex 09, France

Abstract

We report on numerical experiments computing the ε–entropy for parabolic partial differential equations. The ε–entropy is a measure of the spatial density of complexity for the dynamics on an invariant set in function space and has been studied analytically by a number of authors. The ε–entropy only requires solutions of the equation to the accuracy of the parameter ε and the resulting number is (asymptotically) independent of domain size. We consider the complex Ginzburg–Landau equation as an example where a number of analyic results exist and the Kuramoto-Sivashinsky equation where the accompanying theory has yet to be fully developed. Our numerical results for the Kuramoto-Sivashinsky equation do not contradict the conjectured linear scaling of the dimension with domain size.

Key words: ε–entropy, dimension, attractor, Gevrey regularity MCS 35K99, 35B65, 37L30, 65M99

1 Introduction

We are interested in examining numerically the long time behaviour of parabolic equations of the following type

∂_tu = ∂^2_xu + F (u) , x ∈ R . (1.1)

Email addresses: G.J.Lord@hw.ac.uk (G. J. Lord), rougemont@tagc.univ-mrs.fr (J. Rougemont).

URLs: www.ma.hw.ac.uk/^∼gabriel (G. J. Lord),

tagc.univ-mrs.fr/bioinformatics/ (J. Rougemont).

1 Work supported by EPSRC grant GR/R29949/01

Preprint submitted to Elsevier Science 1 September 2003

To this end we define the attractor A A = ⋂ t>0 Φ^t(B) ,

where Φ^t is the solution semi-flow generated by Eq.(1.1) and B is a large ball of initial data in C(R), the space of uniformly continuous functions. The attractor captures the asymptotic dynamics of Eq.(1.1) at large times and we are interested in measuring the complexity of A as a set in a function space. For a review of analytical results on the long time dynamics on large and unbounded domains see for example [1,16].

One possible measure of complexity is the “box counting” dimension d (see [20]). However, it has been shown [11] that d scales with the domain size L and is therefore infinite on unbounded domains. Moreover, even in bounded but large domains, an estimation of this number requires a large number of high-precision computations. A seemingly more accessible quantity, called the (Kolmogorov) ε– entropy has been considered in a growing number of papers: for reaction-diffusion equations see for example [4–6,21,23–25] and [17] for numerical schemes. In this paper we do not intend to review in detail theory on obtaining bounds on the complexity, rather we wish to estimate this numerically, which we believe is the first attempt to estimate this quantity directly from measured data. Drawing on ideas from information theory [15], the ε–entropy is defined as

H_ε = lim_{ℓ→∞} log N (ε, ℓ) 2ℓ , (1.2)

where N (ε, ℓ) is the (minimum) number of balls of radius ε in the topology of L^∞([−ℓ, ℓ]) that are needed to cover the attractor A. A closely related quantity is the upper density of dimension

d_{up} = lim sup_{ε→0} H_ε log(1/ε)

. (1.3)

The number d_{up} can be interpreted as a spatial density of dimension (see for example [6,5]). Given an approximation of the attractor these numbers cannot be expected to be easy to compute, as a rough order of magnitude calculation shows. Using the formula N (ε, ℓ) ≈ e^{Cℓ log(1/ε)} , assuming C = 1, ℓ = 20, and ε = 1/2, gives an estimate of N ≈ 10^7, that is approximately 10^7 balls of radius 1/2 needed to cover the attractor.

To explore the ε-entropy numerically, we must first build an approximation of A. Therefore we restrict the domain of the equation to a bounded set [−πL, πL] and impose periodic boundary conditions. The parameter L will be chosen as large as feasible to define a sufficiently large subset of the solutions of Eq.(1.1). We thus consider equations of the following type: ∂_tu = ∂^2_xu + F (u) , x ∈ [−πL, πL] . (1.4)

This is equivalent, by a rescaling, to looking at small diffusion on a fixed domain size since the rescaled function v(y, t) = u(Ly, t) satisfies the following equation ∂_tv = L^{−2}∂^2_y v + F (v) , y ∈ [−π, π] , with periodic boundary conditions. The attractor A(L) ⊂ A is defined in a natural way: A(L) = ⋂ t>0 Φ^t_L(B(L)) ,

where Φ^t_L is the solution semi-flow generated by Eq.(1.4) with B(L) a large ball of initial data in C_{per}([−πL, πL]), the space of continuous periodic functions. The aim of the ε-entropy is to describe the local complexity(in space) by introducing a localised metric on A(L). It only requires computing the solutions of Eq.(1.4) to a low accuracy (the parameter ε) and, moreover, the resulting number is expected to be asymptotically independent of L.

We specifically consider the following two model equations: the Kuramoto– Sivashinsky (KS) equation

∂_tv(x, t) = −(∂^4_x + ∂^2_x)v(x, t) − 1 2 ∂_xv^2(x, t) , ∫ v(x, t) dx = 0 , (1.5)

where v : R × R^+ → R , and the complex Ginzburg–Landau (cGL) equation (see [9])

∂_tu(x, t) = (1 + 5i)∂^2_xu(x, t) + (1 − (1 − 5i)|u(x, t)|^2)u(x, t) (1.6)

where u : R × R^+ → C . The cGL Eq.(1.6) is known to have an attractor in the Gevrey class of analytic functions both for initial data u_0 in the set of 2πLperiodic functions and for u_0 in the set of bounded functions. Collet and Eckmann in [6], consider the complex Ginzburg–Landau equation posed on an infinite domain and show that the limit Eq.(1.2) exists and is bounded from above and below by O(log(1/ε)). This bound on the the ε–entropy H_ε suggests that the quantity d_{up} of (1.3) should be positive and finite. One approach for obtaining these results is to exploit the Gevrey regularity (see Section 4) of the solutions and use a classical sampling formula. For the KS Eq.(1.5), the existence of an attractor in the Gevrey class is known for 2πL-periodic initial data and it is believed to be true, but not proven, for L^∞ initial data (see [2,18,3,7,8]).

For the cGL it is known [6,11] that the box counting dimension d of the attractor scales linearly with L. However analytical estimates for the KS equation are of the form [8] C_1L ≤ d_{KS} ≤ C_2L^{51/40}, although this scaling is in fact conjectured to be linear and our numerical results give no indication that the conjecture may be false.

In section 2 we consider the discretisation of the equations, describe our sampling strategy of the attractor and computations of a cover. Finally we present some novel numerical results estimating the ε-entropy and d_{up} before concluding.

2 Numerical Computations

We describe our computations in the case of the complex Ginzburg–Landau equation Eq.(1.6) since the Kuramoto–Sivashinsky Eq.(1.5) is completely identical. We choose L large, to approximate the L = ∞ situation. We emphasize here that there are two different points of view one can follow: the first considers the attractors A(L) and asks about the limit L → ∞. The other point of view, which is the one we chose here, works with the single attractor A and considers restrictions to [−ℓ, ℓ] (which is a larger set than A(ℓ/π)) and asks about the behaviour of this subset as ℓ increases. For our most accurate simulation we take L < ∞ as large as numerically possible and use a range of ℓ ≪ L to approximate the L = ∞ situation.

There are three stages to approximating the ε–entropy, first we need to discretise the equations and then compute a sample of the long time dynamics on the attractor. Finally we need to compute a cover for the sample of the attractor. We bring together some well established algorithms with some new ideas that allows us to perform these novel computations.

2.1 Discretisation of the equations

First we consider the discretisation of the equations. We note that although Gevrey regularity is not necessary to obtain analytic bounds on the ε–entropy, solutions of the cGL are in a Gevrey class and it is believed for L^∞ initial data that solutions for the KS equation are also in a Gevrey class. Therefore we briefly consider the smoothness of solutions to our numerical discretisations as we seek numerical solutions in the same function space as solutions of the equations.

We spatially discretise Eq.(1.6) with a grid spacing of 2πL/(2N) (that is, 2N Fourier modes). This is a Galerkin truncation of order 2N and we take N at least O(L). This leads to the following system of equations d dt u_n(t) = −n^2 L^2 u(t) + F_n(u(t)), n = −N, . . . , N − 1 . (2.1) where F_n(u) is the nth coefficient in the Fourier series of F (u). We can re-write this system as

u_n(t) = e^{−tn2/L2} u(0) + t∫ 0 e^{−(t−s)n2 /L2} F_n(u(s)) ds , (2.2) with n = −N, . . . , N − 1 . In [17] we considered time-integration based on (2.2)

u^N_n ((k + 1)h) = e^{−khn2/L2} ( u^N_n (kh) + hF_n(u^N(kh)) ) (2.3)

where n ∈ {−N, . . . , N} and the time step h > 0 with t ≈ kh and is similar to that considered in [19]. For the Gevrey integrator (2.3) it was shown in [17] that solutions are in a (discrete) Gevrey class of regularity and, by exploiting this, upper

Fig. 1. Real and imaginary parts of solution to the cGL equation at t = 10 from the scheme (2.3). For this scheme it has been proved that solutions lie in a (discrete) Gevrey class.

and lower bounds on the ε-entropy were proved along with upper semi-continuity of the global attractors. If we implement the scheme this regularity can be observed numerically, and in figure 1 we have plotted the real and imaginary parts of the solution of the cGL equation at t = 10 along with the power spectrum on a semilog scale. We see from this exponential decay of the Fourier modes (in approximately the first 100 modes).

This scheme is however only of low order and of fixed time step and is unlikely to be used in most practical situations (for a comparison of methods see for example [10]). As an alternative scheme we use a popular adaptive Runge–Kutta method of order 5, the Radau5 routine from [13], to integrate (2.1). In figure 2 we have plotted at t = 10 the real and imaginary parts of the solution from Radau5 from the same initial condition as for figure 1 and again with the power spectrum. The exponential decay (in approximately the first 100 modes) of the spectrum indicates that solutions from this scheme also lie in a Gevrey class of regularity, although, as far as we are aware, there is no proof of this. We present results below based on both the Radau5 integrator [13] and the Gevrey integrator (2.3).

2.2 Sampling the attractor

Computations of any properties of the attractor usually assume some form of ergodicity, namely that a single (long) orbit will sample a large part of the attractor and will thus suffice to get a good approximation of it. We have found, however, that taking many shorter orbits gives better results (in the sense that the dimension of the attractor is increased). This can be interpreted as saying that if there is any

Fig. 2. Real and imaginary parts of solution to the cGL equation at t = 10 integrated using Radau5. For this scheme it has been not been proved that solutions lie in a (discrete) Gevrey class, however numerical results indicate that this is probable.

ergodicity in these systems, the return time is extremely large. This is not surprising since the dimension of the attractor is very large.

Let u_i ∈ C_{per}([−πL, πL]), i = 1, . . . , I be randomly chosen functions and let u_i(x, t) be their orbits under Eq.(1.6). We fix a time-step h and a space-step δ to sample the orbits u_i, i = 1, . . . , I at. Note that h and δ are much bigger than the actual grid spacings used in the numerical integration, and δ may not even be a multiple of 2πL/N, in which case we use linear interpolation. We denote by u^{h,δ}_i (k) the vector u^{h,δ}_i (k) = {u_i(jδ, kh) : j = 0, . . . , J − 1} , where J = [2πL/N]. We fix a initial time T_0 and a final time T such that T − T_0 = Kh. We obtain a sample of the approximate attractor of Eq.(1.6) defined by

A^{h,δ}_0 = ⋃ i=1,...,I; k=1,...,K u^{h,δ}_i (k) ⊂ (C^J )^{IK} . To obtain a larger sample without computing more points we exploit the property that the space translation operator T_x commutes with the time evolution operator Φ^t, hence we may consider the set of translates A = ⋃ n=0,...,J−1 T_{nδ}A_0 = { {u_i((j + n)δ mod 2πL, kh) : j = 0, . . . , J − 1} : i = 1, . . . , I, k = 1, . . . , K, n = 0, . . . , J − 1 } ⊂ (C^J )^{IJK} .

Let ℓ = qδ < 2πL. The restriction of A to the interval [0, ℓ) is the subset of (C^q )^{IJK} defined by A(ℓ) = { {u_i((j + n)δ mod 2πL, kh) : j = 0, . . . , q − 1} : i = 1, . . . , I, k = 1, . . . , K, n = 0, . . . , J − 1 } . As long as we keep ℓ much smaller than the fixed L, this approximates a finite volume restriction of the infinite volume, translation-invariant attractor A(∞).

2.3 Computing a cover

Let ε > 0 be given. We are interested in the cardinality N (ε, ℓ) of a subset B of A(ℓ) satisfying: for all x, y in B, ‖x − y‖ > ε, where the norm is the taken in ℓ^∞(C^q ) (this is an ε–distinguishable subset of A(L), but not a maximal one, see [15] and Section 4). We implemented a version of the box assisted sorting algorithm proposed in [12]. As far as we are aware this is the first attempt to perform this algorithm on a numerical sample of an attractor of a PDE. We start with a single list U_1 = {x_{1,1}, x_{1,2}, . . . , x_{1,M} } containing all the points in A(ℓ) (in arbitrary order). We then compute the distance between x_{1,1} and x_{1,k}, for k > 1. If this distance is larger than ε, then x_{1,k} is put into the list U_2 (which is created if it does not exist yet), namely x_{2,cardU2+1} = x_{1,k}, and x_{1,k} is removed from U_1. When the end of list U_1 is reached, the same procedure is applied to U_2, then to U_3, etc. If no new list appears then we have a cover of A(ℓ) with U_1, . . . , U_N . These are balls of radius less than ε centered at x_{k,1}, k = 1, . . . , N . No attempt is made to optimise over the choice of these centres. Having obtained a list for ε and ℓ we then use these lists to then sort for smaller values of ε and larger values of ℓ.

2.4 Numerical results

We conducted numerical experiments with the following values:

δ = 0.7 , I = 15 , h = 1 , T_0 = 200 , K = 3000 ,

with L = 20, L = 40, L = 60 and N = 2^{10} for both KS and cGL equations, and more accurate runs with N = 2^{11}, L = 30 for the cGL and L = 50 for the KS equation. We denote by ^H_ε = log N (ε, ℓ) 2ℓ , ^d_{up} = lim_{ℓ→∞} ^H_ε log 1/ε

our approximations to the H_ε and d_{up} respectively based on the cover computed as above.

For the cGL equation and L = 30, card(A) would be of the order 8×10^6 while it is 22 × 10^6 for the KS equation and L = 50. Computations have been performed on an 1.4GHz Athlon processor with 1Gb of RAM and 1Gb of swap space. The full

Fig. 3. Result of ^H_ε against ℓ for the KS equation. Samples based on the Gevrey integrator (2.3) with L = 20, 40, 60 and N = 2^{10} (left) and (right) the Radau5 integrator [13] with L = 20, 40, 60 and N = 2^{10}, and L = 50 N = 2^{11}. Note that results do not depend greatly on either the choice of integrator or size of L.

Fig. 4. Result of ^H_ε against ℓ for the KS equation (left) and the cGL equation (right) based on data from Radau5 with L = 50 (left) and L = 30 (right). Curves are shown for successive fixed values of ε.

calculations for one equation took approximately 12 hours. Practical limitations on sample size were primarily due to memory size rather than processor speed. To maximize our use of memory we noted that the values of ε used are rather large and so we do not need to store the vectors u^{h,δ}_i (k) with high precision. Namely, although the numerical integration is performed in double precision arithmetic, the computation of the ε–entropy is performed with 4 digits numbers.

First we examine the effect of the computational length L for the KS equation and the effect of the different integrators. In figure 3 we have plotted for ε = 2 and ε = 0.2 the approximate ε–entropy ^H_ε as a function of ℓ for the Gevrey (2.3) and the adaptive Radau5 [13] integrators. We see that the numbers obtained are robust to changing the size of the computational domain L, in particular for small ε. This figure also illustrates that the choice of integrator is not crucial and infact the difference in the number obtained for ^H_ε is small.

We now focus on our most accurate simulations using the higher order Radau5 scheme. We comment on the accuracy of the computation and examine the data to extract a computed bound on d_{up}. In figure 4 we have plotted ^H_ε as computed directly from the data, different curves on the same plot correspond to values of ε ∈ {1.5, 1.16, 0.90, 0.70, 0.54, 0.42, 0.32, 0.25, 0.19, 0.15} and ε ∈ {2, 1.55, 1.2, 0.99, 0.72, 0.56, 0.43, 0.33, 0.26, 0.2} where the values here have been rounded to 2 decimal places. Recall that from the definition (1.2) of H_ε we expect exponential growth as ℓ is increased. This gives a check on the range of ℓ for which an estimate is valid and this can be used to extrapolate values for d_{up}. Figures 5 and 6 show the results for the cGL equation (1.6) and the KS equation (1.5) respectively. Remark that the number of balls N (ε, ℓ) is monotonically decreasing in ε and monotonically increasing in ℓ). The top left plot shows the size of the cover N (computed as in section 2.3), as a function of ℓ. It can be seen that although for small ℓ the behaviour looks exponential, there is a rapid saturation due to the finite size of the sample. This is better seen on the top right, we show log N as a function of ℓ, with linear fits near the origin. In the bottom left plot, where we show ^H_ε as a function of ℓ, with the same fits as before, the fitted lines should be compared to plot from the raw data in figure 4. The fits should tend to a postive constant, as ℓ → ∞ and this limit is displayed as a function of 1/ε in the last plot. It is reassuring to see that there appears to be a positive uniform lower bound to the curve.

3 Conclusion

Although (Gevrey) smoothness of solutions for adaptive methods (such as Radau5 [13]) has not been proved, numerically these solutions are observed to be smooth. We see that for the KS equation the choice of integrator that has spatial smoothness is not a crucial factor in estimating the ε–entropy. The observation that computing a number of different orbits rather than one single orbit improved the sampling the attractor has previously been noted for ODEs, see example [22]. To approximate the attractor A(∞) we computed on a finite domain of size L considered restrictions to [−ℓ, ℓ] and examined the behaviour of this subset as ℓ increases. We further improved the sampling of the attractor by exploiting spatial translations. Computations based on the KS equation seem to suggest that we have convergence in L.

The computations performed here were limited not by the speed of the processor but by memory. With current memory access and speeds reliable computation of the ε–entropy H_ε and upper density of dimension d_{up} is difficult. We have used a numerical fit to obtain asymptotic estimates, but perhaps with more data it may be possible to use an extrapolation method. The computations we have performed indicate a lower bound on these quantities, that is an underestimation, due to the finite size of the sample. It is reassuring that the numerical values estimated are positive and differ in the two examples. Finally we note that the results for the KS equation give no evidence that contradicts a linear scaling of the dimension with domain size.

4 Appendix

We provide here a few definitions referred to in the main text. Gevrey class [14]

The Gevrey class G_α(C) is the set of all real functions f admitting an analytic extension to a strip of width 2α around the real axis and which are uniformly bounded in this strip: |f(x + iy)| ≤ C , ∀(x, y) ∈ R × [−α, α] . For periodic functions this is, by the Paley–Wiener–Schwartz Theorem, equivalent to ∑ n∈Z e^{2α|n|}|f_n|^2 < ∞ , where {f_n}_{n∈Z} are the the Fourier coefficients of f. By extension, a complex function g is said to belong to G_α(C) if both Re g and Im g are in G_α(C). Nets and covers [15]

Let Y be a compact subset of a metric space X.

A set U = {U_1, . . . , U_N } of open sets in X is called a cover of Y if ⋃_N n=1 U_n ⊃ Y . It is called an ε–cover if max_{n=1,...,N} diam(U_n) ≤ 2ε.

A subset Z of X is an ε–net for Y if dist(z, y) ≤ ε for all z ∈ Z and y ∈ Y . A subset W of Y is ε–distinguishable if dist(w_1, w_2) > ε for all w_1, w_2 ∈ W . If U_ε is a minimal ε–cover, Z_ε a minimal ε–net and W_ε a maximal ε–distinguishable subset, then card W_{2ε} ≤ card U_ε ≤ card Z_ε ≤ card W_ε .

References

[1] A. BABIN AND M. VISHIK, Attractors of partial differential evolution equations in an unbounded domain, Proc. R. Soc. Edinburgh A, 116 (1990), pp. 221–243.

[2] P. COLLET, Thermodynamic limit of the Ginzburg-Landau equations, Nonlinearity, 7 (1994), pp. 1175–1190.

[3] , Extended dynamical systems, in Proceedings of the International Congress of Mathematicians, Vol. III (Berlin, 1998), no. Extra Vol. III, 1998, pp. 123–132 (electronic).

[4] , Extensive entropies for extended systems, in Dynamical systems (Luminy- Marseille, 1998), World Sci. Publishing, River Edge, NJ, 2000, pp. 44–51.

[5] P. COLLET AND J.-P. ECKMANN, The definition and measurement of the topological entropy per unit volume in parabolic PDEs, Nonlinearity, 12 (1999), pp. 451–473.

[6] P. COLLET AND J.-P. ECKMANN, Extensive properties of the complex Ginzburg- Landau equation, Comm. Math. Phys., 200 (1999), pp. 699–722.

[7] P. COLLET, J.-P. ECKMANN, H. EPSTEIN, AND J. STUBBE, Analyticity for the Kuramoto-Sivashinsky equation, Phys. D, 67 (1993), pp. 321–326.

[8] P. COLLET, J.-P. ECKMANN, H. EPSTEIN, AND J. STUBBE, A global attracting set for the Kuramoto-Sivashinsky equation, Comm. Math. Phys., 152 (1993), pp. 203– 214.

[9] C. R. DOERING, J. D. GIBBON, D. D. HOLM, AND B. NICOLAENKO, Lowdimensional behaviour in the complex Ginzburg-Landau equation, Nonlinearity, 1 (1988), pp. 279–309.

[10] B. GARCÍA-ARCHILLA, Some practical experience with the time integration of dissipative equations, J. Comput. Phys., 122 (1995), pp. 25–29.

[11] J.-M. GHIDAGLIA AND B. HÉRON, Dimension of the attractors associated to the Ginzburg-Landau partial differential equation, Phys. D, 28 (1987), pp. 282–304.

[12] P. GRASSBERGER, An optimized box-assisted algorithm for fractal dimensions, Phys.

Lett. A, 148 (1990), pp. 63–68.

[13] E. HAIRER AND G. WANNER, Solving ordinary differential equations. II, Springer- Verlag, Berlin, second ed., 1996. Stiff and differential-algebraic problems.

[14] L. HÖRMANDER, The analysis of linear partial differential operators. II, Springer- Verlag, Berlin, 1983.

[15] A. N. KOLMOGOROV AND V. M. TIKHOMIROV, ε-entropy and ε-capacity of sets in functional space, in Selected works of A. N. Kolmogorov, Vol. III, A. N. Shiryayev, ed., Dordrecht, 1993, Kluwer, pp. 86–170.

[16] A. MIELKE AND G. SCHNEIDER, Attractors for modulation equations on unbounded domains—existence and comparison, Nonlinearity, 8 (1995), pp. 743–768.

[17] J. ROUGEMONT AND G. J. LORD, Topological and ε–entropy for large volume limits of discretised parabolic equations, SIAM J. Numer. Anal., 40 (2002), pp. 1311–1329.

[18] P. TAKÁČ, P. BOLLERMAN, A. DOELMAN, A. VAN HARTEN, AND E. S. TITI, Analyticity of essentially bounded solutions to semilinear parabolic systems and validity of the Ginzburg-Landau equation, SIAM J. Math. Anal., 27 (1996), pp. 424– 448.

[19] P. TAKÁČ AND A. JÜNGEL, A nonstiff Euler discretization of the complex Ginzburg- Landau equation in one space dimension, SIAM J. Numer. Anal., 38 (2000), pp. 292– 328.

[20] R. TEMAM, Infinite-dimensional dynamical systems in mechanics and physics, Springer-Verlag, New York, second ed., 1997.

[21] M. VISHIK AND V. CHEPYZHOV, Kolmogorov ε–entropy estimates for the uniform attractors of non-autonomous reaction–diffusion systems, Sbornik: Mathematics, 189 (1998), pp. 235–263.

[22] A. WOLF, J. B. SWIFT, H. L. SWINNEY, AND J. A. VASTANO, Determining Lyapunov exponents from a time series, Phys. D, 16 (1985), pp. 285–317.

[23] S. V. ZELIK, An attractor of a nonlinear system of reaction-diffusion equations in R^n and estimates for its ε-entropy, Mat. Zametki, 65 (1999), pp. 941–944.

ℓ

N

ℓ log N

ℓ

^H_ε

1/ε

^d_{up}

Fig. 5. CGL equation with card(A) ≈ 8×10^6 for values of ε ∈ [1.5, 0.15]. Top left: plot of number of the number of balls N in the cover as a function of domain size, we see a rapid saturation due to the domain size. Top right: on a log scale with fitting to show the (small) region of exponential growth. Bottom left: as before but scaled by ℓ log ε^{−1} to form ^H_ε. Bottom right : estimates of the upper density of dimension ^d_{up} obtained from the limits of the fitted curves in the bottom left figure.

[24] , The attractor of a quasilinear hyperbolic equation with dissipation in R^n:

dimension and ε-entropy, Mat. Zametki, 67 (2000), pp. 304–308.

[25] , Attractors of reaction-diffusion systems in unbounded domains and their spatial complexity, Comm. Pure Appl. Math., 56 (2003), pp. 584–637.

ℓ

N

ℓ log N

ℓ

^H_ε

1/ε

^d_{up}

Fig. 6. KS equation, card(A) ≈ 22 × 10^6 for values of ε ∈ [0.2, 2]. Top left: plot of number of the number of balls N in the cover as a function of domain size, we see a rapid saturation due to the domain size. Top right: on a log scale with fitting to show the (small) region of exponential growth. Bottom left: as before but scaled by ℓ log ε^{−1} to form ^H_ε. Bottom right : estimates of the upper density of dimension ^d_{up} obtained from the limits of the fitted curves in the bottom left figure.