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Abstract

We consider a firing rate model of a neuronal network continuum that incorporates
axo-dendritic synaptic processing and the finite conduction velocities of action po-
tentials. The model equation is an integral one defined on a spatially extended do-
main. Apart from a spatial integral mixing the network connectivity function with
space-dependent delays, arising from non-instantaneous axonal communication, the
integral model also includes a temporal integration over some appropriately identi-
fied distributed delay kernel. These distributed delay kernels are biologically moti-
vated and represent the response of biological synapses to spiking inputs. They are
interpreted as Green’s functions of some linear differential operator. Exploiting this
Green’s function description we discuss formal reductions of this non-local system
to equivalent partial differential equation (PDE) models. We distinguish between
those spatial connectivity functions that give rise to local PDE models and those
that give rise to PDE models with delayed non-local terms. For cases in which lo-
cal PDEs are derived, we investigate traveling wave solutions in a comoving frame
by numerically computing global heteroclinic connections for sigmoidal firing rate
functions. We also calculate exact solutions, parameterized by axonal conduction
velocity, for the Heaviside firing rate function (the sigmoidal firing rate function in
the limit of infinte gain). The inclusion of synaptic adaptation is shown to alter trav-
eling wave fronts to traveling pulses, which we study analytically and numerically
in terms of a global homoclinic orbit. Finally, we consider the impact of dendritic

interactions on waves and on static spatially localized solutions. Exact analysis for
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infinite gain shows that axonal delays do not affect the stability of single bumps.
Furthermore, numerical continuation for finite gain leads to multiple bump solu-
tions, and it is demonstrated that such localized multi-bumps are lost (in favor of
global patterns) when a stable N-bump and an unstable (N + 2)-bump coalesce. In
essence, the work in this paper illustrates how physiologically significant features of
synaptic processing, synaptic adaptation and patterns of axo-dendritic connectivity

may be analyzed within a neural field firing rate framework.

Key words: neuronal networks, integral equations, space dependent delays,
traveling waves, patterns, axo-dendritic synapses, Hamiltonian fourth order

systems.




1 Introduction

Traveling waves in neurobiology are receiving increased attention by experimentalists, in
part due to their ability to visualize them with multi-electrode recordings and imaging
methods. In particular it is possible to electrically stimulate slices of pharmacologically
treated tissue taken from the cortex [I], hippocampus [2] and thalamus [3] and also living
spinal preparations of simple vertebrates [4]. Under a variety of circumstances this results
in the propagation of electrical activity in the form of a traveling wave. In brain slices
these waves can take the form of spindle waves seen at the onset of sleep, the propagation
of synchronous discharge during an epileptic seizure [5] and waves of excitation associated
with sensory processing [6]. In vertebrates the waves of activity observed in the spinal cord
are generators for locomotor patterns. Experiments in primates have also revealed that
prefrontal cortical networks can support spatially localized areas of high activity, thought
to be important for the functioning of working memory [7]. Such waves and bumps of
firing rate activity are a consequence of non-local synaptic interactions and the intrinsic

behavior of local neuronal circuitry.

Many cells in nature are excitable in the sense that a sufficiently strong stimulus will
induce the membrane potential of the cell to undergo a large excursion, known as an
action potential, before coming back to rest. Action potentials generated at the axon
hillock travel along axons, via the regenerative movement of ions across the cell membrane,
and terminate at synapses on postsynaptic dendrites. Here they produce potentials that
accumulate to trigger (or inhibit) further action potentials. The mean firing rate for
single neuron action potential generation is a natural variable for describing traveling
waves and spatially localized bumps of neural activity at the network level. The class
of computational models that are believed to support synaptic waves and bumps differ
radically from classic models of waves in excitable systems. Most importantly, synaptic
interactions are non-local (in space), involve communication (space-dependent) delays
(arising from the finite propagation velocity of an action potential) and distributed delays
(arising from neurotransmitter release and dendritic processing). In contrast many studies
of excitable waves assume that the underlying mechanism for wave propagation is diffusive
in nature, as exemplified by an action potential traveling along an axon. The strong
and growing body of experimental data relating to the anatomy, electro-physiology and
pharmacology of brain slice preparations has encouraged the development of detailed

biophysical models. Numerical simulations of these models have shown that the broad



features associated with wave propagation have been captured (see for example [I} 8, [@]).
For thalamic slice models these include the generation of both spontaneous and evoked
spindle episodes, the high degree of synchrony between neuronal sub-populations and the
observation of traveling fronts with speeds around 1 mm/s (60-90 mm /s for cortical slices).
An inherent problem with this approach is the analytically intractable nature of such
detailed models and that large scale network simulations are computationally expensive
with many adjustable parameters. To help redress the balance between simulation results
and mathematical analysis we present our study of a minimal model neuronal network with
biologically motivated forms of axo-dendritic synaptic interaction. Moreover, we explicitly
show how to analyze the effects of dendritic processing and axonal communication delays

commonly neglected in mathematical studies.

In Section 2 we introduce an integral equation model which describes the firing rate of a
population of neurons in terms of their connectivity and synaptic processing, subject to
delays due to the finite speed of axonal signal propagation. We then exploit the language
of Green’s functions in Section 3 to determine equivalent PDE models. In Section 4 we
change to a comoving frame and focus on traveling wave solutions. For Heaviside firing
rate functions we calculate the speed of propagation of traveling fronts exactly. Numerical
shooting and continuation is used to explore the properties of solutions that arise for more
general sigmoidal shaped firing rate functions. Our work builds upon that of Pinto and
Ermentrout [10] and is illustrated for various popular choices of synaptic response and
connectivity. A form of spike frequency adaptation, similar to that in [I0], is presented
in Section 5. The model is shown to be exactly soluble for Heaviside firing rate functions
allowing the explicit construction of traveling pulses. In Section 6 we extend our study
to include dendritic processing and discuss biophysically realistic choices of axo-dendritic
connectivity that reduce our original integral model to a well known reaction diffusion
system. The inclusion of dendritic interactions is also shown to significantly influence
the properties of time independent solutions. In Section 7 we discuss the forms of axo-
dendritic connectivity that give rise to spatially localized solutions. Such solutions of non-
local neural field theories have recently been linked by Laing et al. [I1] to corresponding
solutions of an associated fourth order Hamiltonian system. Motivated by this work we
present an analysis of the Hamiltonian system associated with the integral model arising
in the presence of passive dendrites. The stability of localized solutions is formulated as
an eigenvalue problem, which we solve exactly for single bump solutions, along the lines

described in [12]. Finally in Section 8 we summarize the major points of this paper and



discuss natural extensions of our work.

2 Integral equation model

Biophysical models of single (point) neurons often have the following form:

oS =~ S (V Vi) £ (1)
where p, 1. € Z, m;, and hy are gating variables that satisfy differential equations, V} is
the reversal potential of the kth channel, g, are a set of constants, and u is an applied
current. When the gating variables are described by the Hodgkin-Huxley model, positive
feedback may result in the generation of an action-potential or spike of voltage. The
voltage generally comes back down due to two effects: (i) turning on of outward currents
and (ii) inactivation of the inward currents. Thus, application of a constant current causes
the neuron to spike, repolarize, and spike again. The steady rate of firing that occurs in
the presence of a constant current results in the so-called firing rate function which plays
a major role in many neural network models. Appropriate choices for the number and
type of conductance channels and their associated gating variables can lead to other
types of neural firing patterns such as bursting (see [13] for a discussion of voltage gated
models which gives explicit formulae for many different channels and gates that are found
in thalamic and cortical neurons). In many continuum models for the propagation of
electrical activity in neural tissue it is assumed that the synaptic input current is a function
of the pre-synaptic firing rate function [14} [15] [16], [I7]. To see how this might arise consider
a one-dimensional continuum of spiking single neurons with synaptic input at position z

given by

uwt) = [~ w(y) [T () X 8ls — 4+ T — y))dsdy. (2)

e meZ

This models the effect of an idealized action potential (delta-Dirac function) arriving at a
synapse and initiating a postsynaptic current n(t —7™) at time 7. The convolution over
space takes into account the connectivity pattern of the synapses between neurons. For
simplicity it is assumed to be isotropic and homogeneous. If the synaptic response is on a
slower time scale than that of the mean interspike-interval (7™ — 7™~ 1), and fluctuations
around the mean are small, then it is natural to replace the spike train in (2) with a
(smooth) firing rate function of synaptic activity (see for example [18]). This firing rate

function is prescribed purely in terms of the properties of the single neuron model (1).



Firing rate models are expected to be valid for synaptic responses sufficiently slow so that
the single neuron feels an effectively constant input over some long time-scale. For a given
firing rate function of synaptic current, f(u), synaptic dynamics is therefore determined
by the integral equation

uw.t) = [~ wiy) [T n(s)f(ule =yt - 5))dsdy. 3)

There are a number of firing rate functions that may be derived from biophysical models.

As discussed by Ermentrout [19], there are basically three ways in which a model can
switch from silence to repetitive firing: (i) Hopf bifurcation, (ii) saddle-node on a limit
cycle bifurcation, and (iii) global homoclinic bifurcation. In the sub-critical Hopf case,
the oscillations appear with a finite frequency that is bounded away from zero. The
appearance of repetitive firing at a nonzero frequency is rare in models of cortex (see
[20]). More typical of cortical models is that the firing rate appears at a zero frequency
via one of the two other mechanisms, (ii) or (iii). When repetitive activity is generated
via a saddle-node bifurcation on an invariant circle the firing rate function behaves as
Vu — u.. When a homoclinic bifurcation underlies the rhythmic behavior then the firing
rate follows [In(u/(u — u.))]"'. In fact such a functional form is easy to derive for the
often studied integrate-and-fire model [I§]. In both cases u = u, is interpreted as the

bifurcation point.

Typically, as the (constant) current, u is increased, most cortical neurons switch from a
resting constant potential to an active mode. In the active mode, either trains of spikes are
generated or burst of spikes. Since the majority of cells in cortical networks fire repetitively
[21], we shall focus our attention on this case. A common choice for the firing rate function
is the sigmoid

F(u) = (1+ exp(—B(u— 1)), (4)
which satisfies the Ricatti equation df/du = gf(1 — f) and saturates to one for large u.
This functional form, with threshold A and steepness parameter (3, is not derived from a

biophysical model, rather it is seen as a reasonable fit to experimental data.

Spatio-temporal delays arising from the finite conduction velocities of action potentials

mean that the firing rate model (3) should be modified to

ue,t) = [~ wle—y) [t~ s)f(ulys |z — gl /0))dsdy. )

—0o0 — 00

Here v represents the velocity of action potential propagation and for simplicity we ne-



glect the possibility of a distribution of velocities. In the absence of any space-dependent
delays, i.e. v — oo, it has been shown by Ermentrout and McLeod that there exists a
unique monotone traveling wave front for sigmoidal firing rate functions and positive spa-
tially decaying weight functions [22]. The effects of space-dependent delays have largely
been dropped from the mathematical analysis of neural field equations. Note, however,
that there is some work by Schumacher on asymptotic wave speed estimates, in the pres-
ence of space dependent delays, valid for the case that n(t) — d(¢t) [23]. In light of the
mathematical difficulties associated with the introduction of space dependent delays, it is
beneficial to first explore a re-formulation of the integral model (5) in terms of a partial

differential equation.

3 PDE reduction

We shall consider symmetric synaptic footprints with w(x) = w(|z|) and normalized
synapses such that [;°n(¢)dt = 1. It is convenient to use the language of Green’s functions

and write
Qn(t) = o(t), (6)
where 7(t) is the Green’s function of some linear differential operator @), with n(t) = 0

for t < 0. Two common choices of synaptic kernel are the exponential function:
n(t) = ae Q=1+a'o, (7)
and the alpha function
n(t) = o’te™™, Q= (1+a109,)% (8)

where o > 0. After applying @ to both sides of (5), we then have

[e.9]

Quiz,t) = U(w,t), vt = [ wle—yfuly.t—le—yl/v)dy. O

—0o0

The function ¥ (x,t) may be expressed in the form

Y(x,t) = /_O:O dy /_O:O G(x —y,t —s)p(y, s)ds, (10)

where

G(z,t) = o(t — |z|/v)w(x) (11)



can be interpreted as another type of Green’s function, and we use the notation

o) = f(ulz, ). (12)
Introducing Fourier transforms of the following form
1 o o —i(kxtwt
Vw0 = G | [ ey w)dkd, (13)
allows us to write
Uk, w) = Gk, w)p(k,w), (14)
assuming the Fourier transform of f(u) exists. It is straightforward to show that the
Fourier transform of (11) is
Gk,w) =v(w/v+k)+v(w/v—Ek), (15)
where
V(E) = / w(z)e Eodg. (16)
0

For now we shall focus on two different, yet common, forms of (normalized) synaptic

footprint. The exponential synaptic footprint is given by

1 1

w(z) = exp(—|z|/0)/20, v(E) = %o I 1B (17)
whilst the square footprint is given by
I —ickE
wiz) = 6o — [a])/20,  ¥(E) =5 [ 1] (18)

where o > 0. Here O(z) represents the Heaviside step function. It is natural to exploit
the product structure of (14) and properties of (15) to re-formulate the original integral
model in terms of a partial differential equation. For the exponential synaptic footprint,
we have using (15) and (17) that

1+ie
wo

G ) = )
() (1+ 150)2 + o2k

(19)
where wy = v/o. We may now write (14) as

{(1 + iw)Q + 02k2} Y(k,w) = (1 + iw> p(k,w), (20)

wo wo



which upon inverse Fourier transforming gives the PDE:
Y+ (W) = 170 ) ¥ + 200ty = (] + wodr) p. (21)

This is a type of damped wave equation with an inhomogeneity dependent on (12). This
equation has previously been derived by Jirsa and Haken [I7] and studied intensively
in respect to the brain-behavior experiments of Kelso et al. [24]. Interestingly, the same
approach applied to the case of the synaptic footprint with compact support yields a very
different type of PDE. Using (15) and (18) gives

1 ie—iw/wo w io —io iw /wi io —io
Gwﬂ°‘zam_¢aw2KU)kk+e b= 2el/0] 4 ket — oM (22)

Hence, we may obtain the following PDE for ¢(z,t):

20 [0,. - ;aﬁ b, t) = i@t[p(x b ot — o fv) = 2p(x,t) + pla — 0t — o/0)]

+0;[p(x + o,t — o /v) — p(x — 0,t — 0 /v)], (23)

which may be thought of as a non-local wave equation with retarded sources. This illus-
trates the fact that in general the basic model is non-local and that general choices of
synaptic kernel may not lead to an equivalent local PDE representation. Techniques that
would have been appropriate for studying (21), such as moving to a traveling wave frame
and shooting for fronts, are obviously no longer appropriate. Apart from the challenge of
analyzing solutions to (23) there is also the interesting question of how best to implement
its numerical solution on a finite domain. In the next section we take a step in this direc-
tion and present results on traveling wave solutions to (21) and (23). These are obtained
with a mixture of exact analysis for the special case that the firing rate function is a
threshold function and numerical analysis of solutions to a set of traveling wave ODEs

for sigmoidal firing rate functions given by (4).

4 Traveling waves

In light of the transformation of our original integral equation to a PDE we now have
two complementary mathematical formulations in which we may construct traveling wave
solutions. In both cases we assume solutions of the form u(xz,t) = u(x — ct). The original
formulation still requires the direct solution of an integral equation, whilst the PDE

description reduces to an ODE one. Note that sigmoidal firing rate functions there are



three homogeneous steady states, u; < us < ug, so it is natural to look for traveling wave

solutions with u(—o00) = uz and u(o0) = uy. The solution for u() is given by

u(©) = [ (e + ez, (24

where the speed of the wave is determined by the phase condition u(0) = h. Of course
this requires knowledge of the function (). In general the wave equations for ¥ (§) must
be solved in conjunction with the dynamics for u(£). When the synaptic footprint is of

the exponential type the function 1 satisfies the following ODE

(* — v2)¢§5 — 2woctpe + wit) = (wi — cwoO¢) p- (25)

When the synaptic footprint has a square footprint then

2
20 (52 — 1) 1/155(6) = /llfpg(f + O'/LJr) - 2M0p£<€) + /JJerﬁ(f + Uﬂ*)? (26>

where iy = ¢/v £ 1 and py = ¢/v. This is a delayed ODE where the delays are both
advanced and retarded. The analysis of mixed functional differential equations is quite
complicated and even the basic existence-uniqueness theory has not been established [25].
For the special case that pg is a linear function of u and ¢ = 0 the resulting differential-
difference equation belongs to a class recently discussed by Elmer and Van Vleck [26]. It
is possible that a generalization of their numerical solution scheme may be appropriate
for exploring solutions to the system of equations defined by (26), (24) and the condition
u(0) = h. However, it is also possible to make immediate and exact progress for both types

of synaptic footprint with a choice of firing rate function that we shall now introduce.

4.1  FEzact solutions

In the limit § — oo the firing rate function (4) approaches a Heaviside step function with
a threshold at uw = h. In this case we may solve the wave equations explicitly since 1)
depends only on the value of the threshold and not the shape of u. This observation was
originally made by Pinto and Ermentrout [10]. We exploit their techniques to analyze in

detail various forms of synaptic processing and connectivity.

For the case of an exponential synaptic footprint the solution to (25) is given in terms

of a linear combination of exponentials with exponents m.¢ (and a constant for £ < 0),

10



where
ETA
For the determination of the speed of the wave we only need a solution for £ > 0. If we

restrict ourselves to the physiological regime |c| < v, so that wave speeds cannot exceed

conduction velocity, then for ¢/ to be bounded as £ — oo requires

() = Aexp(m-§),  £>0. (28)

From (9) we have that

o0

WO = [ w)f(u(§ = y+clyl/o))ay. (29)

— 00

with ¢(0) = 1/2, so that we must choose A = 1/2. Continuity of the solution at £ = 0 and
boundedness for { — —oo means that for £ < 0, ¥(§) = 1 — exp(m,&)/2. Hence, using
u(0) = h, the speed of a wave with an exponential synaptic footprint and exponential

synapse is given by

v(2h — 1)

2h=[1—cm_/a]™" = .
1 —em-fa] = or e 2h — 1 —2hv/(ao)

(30)

It is easily seen that the speed of the wave is zero when h = 1/2. For the other case with
a square footprint we use the fact that pe(§) = 0:0(€) = §(&) to see that the right hand
side of (26) causes jumps in ¢ of size 1/20u_, —po/oprp— and 1/20p, at & = —opu_,
¢ =0 and £ = —opu, respectively. A piecewise linear solution that connects ¢ = 0 and
1 =1 with ¥(0) = 1/2 is therefore given by

1 §< —oput
T(1--5) —opy <€<0
v(E) = j( "*;) ==l (31)
11+55) 0<g<-—ou
0 E> —ou_

Using the phase condition u(0) = h we find that the speed of the wave with a square
synaptic footprint and exponential synapse is given implicitly by
1
2h —1= ) [1—expy(c)],  (c)=ou-aje (32)
v(e

Once again we see that ¢ =0 when h = 1/2.

11
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Fig. 1. Wave speed in the limit of infinite gain (Heaviside firing rate function), as a function
of v (left, with @ = 2) and « (right, with v = 10). In both cases, 0 = 1 and h = 1/4. EE:
exponential footprint and exponential synapse, E«: exponential footprint and alpha synapse,

SE: square footprint and exponential synapse, Sa: Square footprint and alpha synapse.

The wave speed for an alpha function synapse may be calculated in an analogous fashion.
We have respectively for the exponential and square footprint that the speed of a wave

(with an alpha synapse) is given by

2h =[1—cm_/a]™> (33)
2
2h — 1= ——[1 —expy(c)] + expry(c). 34)
Sl (©) ) (
In both cases the speed of the wave vanishes when h = 1/2. It is easy to establish that
for small v the wave speed, for all our choices of footprint and synapse, is controlled by
the conduction velocity of the action potential so that ¢ ~ v. A plot of wave speeds as a

function of system parameters is shown in Figure 1.

4.2 Numerical solutions

Here we explore the effect of finite 5 on the behavior of traveling fronts when the synaptic
footprint is exponential. In this case we may analyze solutions in the traveling wave frame
using standard numerical techniques, such as shooting. For an exponential synapse we have
a 3D system of equations defined by (7), (24), (25), and for an alpha synapse we have a 4D
system defined by (8), (24), (25). To construct traveling wave fronts we look for bounded
orbits that are heteroclinic connections to the rest states in the traveling wave frame.

We implemented in Auto97 [27] the projection boundary conditions of [28]. We truncate

12



and rescale the traveling wave coordinate to the interval [0, 1] and project out the stable
and unstable manifolds at ¢ = 0 and £ = 1. After imposing an integral phase condition
it is then possible to perform numerical continuation of solutions in system parameters.
Initial data for the traveling wave boundary value problem was obtained using successive
continuation [29]. Projection boundary conditions are more accurate than a large fixed
period periodic approximation since the error due to truncation to a finite interval is

exponentially small [28], 30].

Figure 2 shows plots of wave speed against 3 for both cases. The upper branch corresponds
to waves connecting the fixed points usz and us (not expected to be realizable in neural
systems, since uy is unstable) and the lower to waves connecting ug and u;. The limit
point at the left of the bifurcation diagram (Figure 2) corresponds to a fold bifurcation

in the local dynamics, where the uy and u; steady states are lost.
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Fig. 2. Bifurcation diagram showing wave speed against [ for: (Left) the traveling wave speed
for the 3D system (7), (24), (25); (Right) wave speed for the 4D system (8), (24), (25). The
limit points at the left correspond to the loss of two homogeneous steady states through a fold
bifurcation. The lower branch corresponds to waves connecting locally stable fixed points, and
the upper branch to those connecting locally stable to unstable fixed points. This correspondence

mirrors that for other bistable systems. Parameter values are h = 0.25,0 = 1,a = 2,v = 10.

5 Spike frequency adaptation
In real cortical tissues there are an abundance of metabolic processes whose combined

effect is to modulate neuronal response. It is convenient to think of these processes in

terms of local feedback mechanisms that modulate synaptic currents. It is likely that such

13



feedback will modify behavior in the wake of a traveling front so as to bring activity back
down to some resting level. Here we consider a simple model of so-called spike frequency
adaptation (SFA) that can lead to the formation of propagating pulses. For a detailed
discussion of biophysical models for SFA in networks of spiking neurons see, for example,
the work of Liu and Wang [31I]. An additional phenomenological current is included on
the right hand side of (9), so that

Qu(z,t) = Y(z,t) — ga(zx,t), = —a+ rkf(u(z,t)), (35)

where g,k > 0. A similar form has been studied previously, for the case of exponential
synapses, infinite conduction velocities, and with the a equation linear in w [I0]. The
nonlinearity considered here allows for exact analysis in the limit of infinite gain, including
the effects of space dependent delays.

Since (z,t) is given as before it only remains to determine the shape and speed of a
traveling pulse of the form u(&;) = u(&2) = h, u(§) > hfor §; < € < & and lime_, 1o u(§) =
0. We shall denote the difference & — & > 0 by A. Boundary conditions may then be
used to determine the pulse speed.

For illustrative purposes we follow through this program to give an exact traveling pulse
solution for the case of an exponential synaptic footprint, an exponential synapse and

(8 — oo. The dynamics for a may be solved as

K[l — e B/ ele=8/e ¢ < ¢
a(§) = K[l — e6-8)/c| 1 <E<&- (36)
0 §> &

In the limit § — oo the function ¥ (§) may be conveniently written using (29) as

a (Cé/lvijrgl’ 06/21;51) 5 < 51
VO ={F(0,55) +7(0,55) a<¢<&, (37)
F (&L, 5=5) £>6

where

Fla,b) = [ wiy)dy. (38)



Hence, for an exponential synaptic footprint the solution is

%(em+(£*£1) — em+(§-82)) £E<&
BE) = 41— Lem+E8) 4 om0} ¢ <<, (39)
%(em7(§_§2) B e’m—(g_fl)) E> &

Thus, for an exponential synapse the solution for u(§) is

«

ul€) =2 [ e EAely(z) - ga(2)]dz.

C Jg
It just remains to enforce the conditions u(&; 2) = h, giving the two equations

hu—eﬂNﬂ:a—eﬂNﬂu—g@+;{

e—A/c _ e—aA/c

e—aA/c _ e—m+A e(m,—a/c)A _ 1}

1 —cmy/a i l—em_ /o

40

ragr = (40)
1 1—em?

h=-———F. 41
21—cem_Ja (41)

The simultaneous solution of (40) and (41) determines the dispersion relation ¢ = ¢(h, v, a, g, k).
Figure 3 shows the pulse speed and width as k varies, with stable pulses corresponding to
the upper branch (based upon the evidence of extensive numerical simulations). We find
that the wave speed is not markedly different to that of fronts. Taking the limit A — oo in
(40) and (41) and adding the two equations together shows that in this limit 2k = 1 — gk.

Hence, wide pulses (large A) fail to propagate if k < k., where

1—2h
Ke = ) 42
J (42)

Thus in Figure 3 the width of pulse solutions diverges to infinity as x — k.. Direct
numerical simulations suggest that it is the faster of the two possible branches that is
stable. Hence, when x < k. only stable traveling fronts are expected. In Figure 4 we
continue the limit point of Figure 3 where k = kg,, at which pulses are destroyed with
increasing k, in the (k, h) and (k, v) parameter planes. It is clear that stable pulses are only
possible in the parameter regime where k. < Kk < Kg,. As the threshold h is reduced, or the
conduction velocity v is increased, the range of x which allows pulse solutions increases.
Figure 5 illustrates a numerically simulated pulse solution with finite conduction velocities
that closely agrees with our exact calculation. The evolution equation (35) was solved by

discretizing space and using the ODE solver ode45 in MATLAB to evolve the resulting

15



space-dependent delayed differential equation. To increase the speed of computation, space

and time convolutions were calculated using fast Fourier transforms.

5 T T T T 25
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0 0.5 K 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
c K K L K K

Fig. 3. Wave speed and width for traveling pulse solutions with ¢ = 1,Ah = 0.1, = 2,0 = 1 and
v = 10. Note that numerical simulations indicate that stable pulses correspond to the upper
branch, and hence that there is a minimum pulse width. For large A, when k£ — k. from above,

the speed of the pulse is approximately that of the front.
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Fig. 4. Ranges in (k, h) (with v = 10) and (k,v) (with h = 0.25) space which allow pulses, with

other parameters as in Figure 3.

6 Dendritic interactions
In our discussion so far we have completely ignored the influence of the dendritic tree on

network dynamics. Dendrites are large branched structures, attached to a neuronal cell

body (soma), upon which incoming fibres make synaptic connections. At the very least,
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Fig. 5. Numerically simulated traveling pulse solution with ¢ = 1,h = 0.25, a = 2, ¢ = 1,
k = 0.52 and v = 10. The predicted pulse speed and width are ¢ = 1.664 and A = 5.7991 respec-
tively, compared to values from the simulation of ¢ = 1.62 and A = 5.94. Numerical simulations
used the MATLAB ode solver ode45 together with fast Fourier transforms for the calculation
of convolutions. Space dependent delays mean that the convolution is two-dimensional, limiting

the resolution in this simulation to a 128 x 128 spatio-temporal grid.

they act as a spatio-temporal filter for patterns of incoming activity. This means that
the somatic response depends both on (i) previous input history (due to the existence of
distributed delays arising from voltage diffusion throughout a dendritic tree), and (ii) the
particular locations of the stimulated synapses on the tree (i.e. the distribution of axo-
dendritic connections). In this section we broaden our discussion to include the effects
of biologically realistic choices of axo-dendritic interactions in networks with simple un-
branched electrically passive dendrites. In particular we are interested in the observation
that a synapse tends to be located further away from the soma or cell body as the sepa-
ration between neurons increases. Previous work by Bressloff [32] has already established
that such patterns of axo-dendritic connectivity can give rise to a Turing-like instability,
leading to the formation of stable spatial and time-periodic patterns of network activ-
ity. For the moment, we wish to focus on the nature of traveling wave solutions in such
networks. Necessarily we must generalize equation (1) to include the effects of a simple
model dendrite. We take as our model dendrite the standard one dimensional unbranched
uniform cable equation, with voltage U(x, X,t) at position X > 0 along a semi-infinite

cable with somatic coordinate x:

U
U =——+4DUxx + I(x, X,1). (43)
T
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Here, 7 is recognized as the membrane time-constant of the dendrite, D as the cable

diffusion coefficient and I(x, X, t) is the synaptic input:

o

e X0) = [ = s)ds [~ W(w =) fulys — o —ylfo)dy. (40

—00

Thus I(z, X,t) is a convolution over the spatial extent of the network (i.e. over somatic
coordinates), together with a convolution over time representing synaptic processing. Here
u(x,t) is the current at the soma (with somatic coordinate = at time t). The distribution
and strength of axo-dendritic connections is specified by the choice of W (X, |z|), and we
assume that an axonal connection from a neuron at y to the dendrite of a neuron at
x has a length which scales linearly with the distance between neurons, so that axonal
delays are given by |z — y|/v. Note that we allow the strength of synaptic connections
to vary, but we assume the temporal responses of all synapses are the same. At the end
of the dendritic cable adjoining the soma we impose the sealed-end boundary condition
oU(xz, X,t)/0X|x=o = 0. If the soma is resistively coupled to the end of the dendrite at
X = 0 then we have that u(z,t) = p[U(x,0,t) — V(x,t)] (where V(z,t) is the somatic
potential (1)), for some constant conductance p. If we then consider the derivation of a
firing rate model as in section 2 we find that the conductance p leads to a modification
of the firing rate function and that it is natural to consider simply u(z,t) = pU(z,0,1).
Hereafter, we set p = 1 without loss of generality (so that w(z,t) = U(z,0,t)). The
linearity of (43) means that we may use the Green’s function of the cable equation,

G(X,t), associated with the linear differential operator Q = 9; + 77! — Ddxx, to write
t 00
u@o:/ m/cwmxpwﬂm%@. (45)
—00 0
To model cortical anatomy in a biologically plausible fashion we choose the distribution
1
W(X,2) = S0(X  Ja]), (16)

which incorporates the fact that synapses are located further away from the soma as the
separation between neurons increases. The factor of two is merely chosen for convenience
(and would be dropped if we had chosen an infinite rather than semi-infinite cable). If
we also consider instantaneous synapses of the form n(t) = 6(¢), and infinite conduction

velocities, then (45) is recognized as the solution to the reaction-diffusion equation

m:—$+D%m+ﬂm. (47)
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For sigmoidal firing rate functions, (47) may have three homogeneous steady states (u; <
ug < ug), and will exhibit typical behavior for such so-called cubic kinetics [34]. Traveling
waves connecting u; and wuz (which are stable to homogeneous perturbations) will pre-
dominate, and will propagate in directions determined by the sign of [*[f(u) — u/7]du
[35]. Waves connecting to the unstable intermediate state uy do exist, but are always such
that uy; or ug propagate into regions at us. Thus we would only see such waves persist
in neural systems if the initial conditions were at u, everywhere except for the initial
disturbance, and such initial conditions would be highly unlikely due to the instability of
Us.

For the case that f(u) = ©(u — h), us only exists if h < 7, and in the traveling wave

frame we may write the solution to (47) in the form

u(€) = T+ Aexp A (c)§ £<0 | (48)
BexpA_(c)¢ £E>0

where

Ae(e) = —ci\/cz—l—élD/T' (49)

2D

Continuity of the solution and its first derivative at £ = 0 determines A and B as

TA_(c) B TA+(c)

A — ’ R 1 S A— 50
MCEPWE MEEPWE o)
The speed of the wave is then specified by the constraint u(0) = h, which gives
12
c:\/ﬁh1 =, h <T. (51)
KT

Hence the speed of the wave scales as v/D and changes direction when h = 7 /2. 1fh>T,

the firing threshold is too high to sustain activity, and waves do not propagate.

In Figure 6 we present a numerical analysis, using the same techniques as in earlier
Sections, showing how these results extend to smooth sigmoidal firing rate functions (4).
Note that as 3 decreases, the firing rate function becomes less steep, and the pair of steady
states u; and uy approach each other. Thus, the left most point in the figure corresponds

to a fold bifurcation at which the two states, and consequently traveling waves, are lost.
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Fig. 6. Wave speed for (47) as a function of 3, which measures the steepness of the firing rate
function (4). Parameters are h = 0.25, D = 0.1, and 7 = 1.

7 Static patterns
7.1  From dendrites to Mexican hats

We consider equation (45) under the assumption that the dendritic cable instantaneously
equilibriates (small dendritic membrane capacitance), which is equivalent to replacing
It dsG(Y,t — s)I(Y,z,s) in (45) with G(Y)I(Y,z,t), where G(Y) = [°dsG(Y,s), so
that

ute,t) = [TavGy) [ dsn—s) [TayWvie - )ty s — e —gl/0). (52

Introducing the Laplace transform G(z, E) = [° G(x,t)e”Fldt, allows us to write @(Y) =

G(Y,0). The Laplace transform of G(z,t) is well known (see for example [36]), and it is
a simple matter to check that
e—V\X| ) 1

CX)= 55 V=5 (53)

Now if we consider a distribution of synaptic connections whose distance from the soma
increases linearly with the distance between neurons, and that the strength of synaptic
response decreases linearly with that distance, we have W(X,z) = 0(X — |z|)(wo —

wy|X|). Combining the above reduction of the cable Green’s function and this anatomical
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description gives an equation of the form (5) with

1

= ﬁ _V‘x|, Wp, W1 > 0. (54)

w(z) (wo — wfz])e

Hence, we see how the inclusion of axo-dendritic interactions can provide a mechanism for
generating effective connectivities of Mexican hat shape. It is well known that (without
the effects of space-dependent delays) models like (5) support localized patterns when

w(z) is a Mexican hat function.

7.2  Ezact homoclinic solution

Here we construct static (time-independent) patterns of the form w(z,t) = u(x) for all ¢

where Qu(x) = u(z). Using (5) gives

uw) = [ w(e — y) fluly))dy. (53)

Based upon the arguments above, we shall assume the synaptic kernel has a Mexican hat

shape given by

4

We consider the limit 5 — oo and look for solutions of the form lim, 1 u(z) = 0, with

(1= Jal)e . (56)

w(x)

u(z) > h for r;1 < x < 5. In this case the exact solution is given simply by

(@) = [ wix—y)ay. (57)

1

For the Mexican hat function (56), a simple calculation gives

g(x —x) —g(x —x3) x> 29

4

w*O(](l") =qg9(xe—z)+g(x—x1) 71 <z<29), (58)
glze —x) —g(x1 —2) =<z

where g(x) = ze™*. The conditions ¢(x1) = h and ¢(z3) = h both lead to the equation
woAe ™ = 4h, (59)

describing a family of solutions with A = (25 — 7). Hence, homoclinic bumps are only
possible if 4h/wg < 1/e. The full branch of solutions for A = A(h) is shown in Figure 7.
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Fig. 7. Bump width as a function of 4h/wy, as determined by equation (59) for a step function
firing rate function and Mexican hat kernel (56). Asterisks indicate bump width for numerical

simulations (using MATLAB ode45 plus fast Fourier transforms for convolutions).

One of the translationally invariant solutions may be picked by imposing a phase condition
q(0) = qo, where gy < max q(z) = woAe */2/4 (which occurs at (z; + x5)/2 using (58)).

An example is illustrated in Figure 8.

0.8 - - -
fa0) " | -
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Fig. 8. An example of a stable homoclinic bump with 4h/wy = 0.1.
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It is also possible to construct P periodic solutions, r(x) = r(x + P), in a similar fashion,
with the result r(x) = 3,cz ¢(z + nP). The dispersion curve A = A(P) is obtained by
ensuring r(x;) = h [16].

7.8 An equivalent fourth order ODE

Recent work by Laing et al. [I1] has established a link between fourth order Hamiltonian
equations and the non-local integral equations that arise naturally in neural field theories.
Motivated by their work we present the associated Hamiltonian system for (55) when the
synaptic footprint is the Mexican hat given by (56). This particular synaptic footprint
has a nice integral representation given by

o dk k2 :
e ke (60)

w(l‘) = Wo oo % (1 + k2)2 )

which may be verified by choosing contours in the upper (z > 0) and lower (z < 0)
complex half-plane. To obtain an ODE corresponding to (55) it is natural to once again

make use of Fourier transforms. In this way we find that an equivalent ODE to (55) is

(1 — dpe)?u = —wo[f (1)] e (61)

Here the function f will be taken to be the smooth sigmoid (4). If f is considered to
be a Heaviside step function this would lead to the introduction of extra singular terms
on the right hand side of (61) arising from discontinuities at points where v = h. Since
this would preclude the possibility of numerical continuation we do not consider this
case here. However, from the analysis of section 7.2 we already know that in this case
one can find one bump solutions. As in previous sections we have also assumed that the
Fourier transform of f(u) is well defined. However, since bump and multi-bump solutions
of (61) are homoclinic connections to the rest state defined by u; = f(u;) this means that
f(u) will not decay to zero as x — +o00, but rather f(u;). Hence, one has to be careful
about taking Fourier transforms. One way to avoid this issue is to redefine f such that
u; = 0, for example by shifting f(u) — f(u + u;) — f(u;) or even introducing a cut-off
such that f(u) — f(u)O(u — h). However, we prefer to make the observation that the
firing rate of a bump may be decomposed as f(u1) + (f(u) — f(u1)), where the second
term is assumed to be continuous on R and decay exponentially to zero as x — Z4o0.
Then (f(u) — f(u1)) € LY(R) with a well defined Fourier transform. Treating the Fourier

transform of f(u;) as a scaled delta-Dirac function gives meaning to the forward and
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inverse Fourier transform of bump solutions.

The fourth order ODE (61) is reversible (since only even derivatives of u occur) and has

a first integral of the form

1

_§(ux1’)2 + UpUgzy — (um)Q + /Ou[s + g(S)]dS, (62)

where g(u) = wo[f(u)]se. In fact (61) has a Hamiltonian structure (see Appendix), al-
though we shall not make use of that here. Note that high order reversible Hamiltonian
equations are intimately related to pattern formation in physical systems. We refer in

particular to the models reviewed by Cross and Hohenberg [37] and Champneys [3§].

In order to study this system we approximate global homoclinic connections by computing
solutions on a fixed (large) interval, using similar techniques as for computing traveling
waves in earlier sections, but making explicit use of the reversible structure. Figure 9
shows the Ly norm of solutions for (61), as the threshold h varies. For this parameter
regime we see a pair of disconnected snaking curves, one tracing N-bumps with N odd
and the other with NV even. Such bifurcation diagrams are characteristic of the existence of
a connection between the fixed point and a periodic, as observed previously in mechanical
structure problems (see [39, 40, 41]). Each pass around the left fold of the snake introduces
another bump on either side of the original solution. These sorts of snaking curves were
first observed in a neural context by Laing et al. [I1]. In this paper the authors found
that, for a Heaviside firing rate function, multi-bumps are only possible if the synaptic
connectivity is oscillatory and spatially decaying. Our results show that multi-bumps are
possible even for simple Mexican-hat connectivity functions (without oscillatory decay)
as long as the firing rate function is sigmoidal. Direct numerical simulations suggest that
for a given pair of N bump solutions it is the one with largest L, norm that is stable.
The evolution of such solutions in the full time-dependent system (5) is illustrated in

Figure 10.
7.4 Stability

For zero axonal delays (v — o0) and 3 — oo the stability of bumps may be investigated
using the techniques of Amari [16]. We use the threshold condition u(z;,t) = h to define

the locations x; 2 from which we obtain the equations of motion of the boundary as

dt B
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Fig. 9. Continuation in h for the 4th order ODE (61). Parameter values are § = 30 and wg = 1.
The solid (dashed) line shows the locus of N-bump solutions for N odd (even). Numbers on
the right hand side refer to the number of bumps in a solution. Note that all N-bump solutions
occur in pairs and it is the one with largest Lo norm that is stable. The transition from an N

to an (N + 2)-bump occurs at the turning points close to the vertical dotted line.

It is then possible to calculate the rate of change of the interval A(t) = z5(t) — 21 (t) using

z2(t

wla,)=n0) [

1

z2(s)

)w(x —y)dy + /_too n'(t—s) /ml(s) w(x — y)dsdy. (64)

For example, with n(t) = aexp(—at), then (for a single bump)

dA 1 1
oo+ )l - (65)
where ou( ) ou( )
_ Ou(wy,t _ Ou(z,,t
C1 = ax y Co = 7@(1} . (66)
Hence, the equilibrium solution defined by w(z;) = h is stable if
dg(z,)
A= w(A) < 0. (67)

In our previous example w(A) = wpexp(—A)(1 — A)/4, so that of the two possible
branches of A = A(h), it is the one with largest A that is stable.

Since there is no obvious way in which to generalize the stability approach of Amari
to cover the case of space dependent delays we develop a more general linear stability

analysis. This can be accomplished by examining the eigenspectrum of the linearization
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about a solution. Assuming the solutions of the linearized system to have the form u(z) e

leads naturally to the eigenvalue problem Lu(x) = u(x), where

o0

Lu(x) = /

—00

wlw—y) e [ Ty(s) e £ g(y)uly)dsdy. (68)
The eigenfunction associated with the eigenvalue A = 0 (arising from translation sym-
metry) is ¢'(x), but the extraction of other eigenfunctions can probably only be done
numerically. However, for the case of a Heaviside firing rate function we can again make
explicit progress using the result

" arpae)F@) = [T dnitan) - mE@) = [ W?f(zmaz CWF(N ).

(69)
Using the further result that ¢'(z) = w(z — x1) — w(x — z2) and remembering that
q(x12) = h the eigenvalue equation reduces to
(A
) [w(z — 2z )u(x,) e T pap(z — zp)u(ay) e Ne=22/Y) - (70)

where 7(\) = [;°n(s)e ™ ds. The equality in (70) implies that if u(z15) = 0 then
u(z) = 0 for all z. Following [12] we now examine the matrix equation obtained from (70)

at the points x = 1 o,

en ) w(0)  w(@)e N u(ay)
ST — 0@ |y (7)
u(z2) w(A)e v w(0) u(xs)
Non-trivial solutions are only possible if
1 w(0) £ w(A)e MAaly (72)

) w(0) —w(d)]

Solutions will be stable if Re(A\) < 0. It is a simple matter to check that there is always
one solution with A = 0. For an exponential synapse 7(\) = (1 + A/a)™! and we see
that as v — oo solutions are only stable if (w(0) + w(A))/|w(0) — w(A)| < 1. Noting
that this is true if w(A) < 0 we recover the result of Amari, as expected. In the other
extreme where v — 0 it is simple to show that real and positive values for A can only
occur when w(A) > 0. Hence, as v is varied there are no new instabilities due to real
eigenvalues passing through zero. However, for finite conduction velocities it is possible

that solutions may destabilize via a Hopf bifurcation. By writing A = iw the conditions for
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a Hopf bifurcation, where Re(A) = 0 and Im(\) # 0, are obtained from the simultaneous
solution of
w(0) + w(A) cos(w|Al/v) w w(A) sin(w|Al/v)

TR e a0 —w@)] (73)

Eliminating sin(w|A|/v) between these two equations gives

042

The condition that w # 0 requires the choice w(A) > w(0), which does not hold for (56).
Hence, the presence of space dependent delays neither affects the existence or stability of

bump solutions.

7.5  Numerical stmulations

Numerical simulations of the integral model (5), with the Mexican hat kernel (56), il-
lustrate the exact single bump solutions derived above. Figure 7 includes bump widths
calculated by evolving the time dependent system—these simulations were carried out in
the absence of space-dependent delays to enable rapid calculations to a high degree of
accuracy (2048 spatial grid points were used). Further simulations with finite conduction
velocities used two-dimensional convolutions in space and time, and fully supported the

above analysis of bump stability.

More importantly, Figure 10 demonstrates that multiple bump solutions are possible for
finite 3. Further calculations show that a localized bump is destabilized to a global pattern
as the threshold & is reduced (Figure 11). These observations are in agreement with the
bifurcation analysis of the 4th order ODE system (61), whose solutions are steady states
of the integral model. In Figure 9 the branches correspond to multi-bump solutions of the
kind shown in Figure 10, while the folds at the left of Figure 9 correspond to the loss of

localized bump solutions to global patterns (indicated in Figure 11).

In the limit of infinite gain it has been shown analytically that 2-bumps can only exist close
together, and furthermore such 2-bumps are thought to be unstable [I1]. Our simulations
support this instability of close peaks. However, pairs of bumps do arise in numerical
simulations and move apart extremely slowly, so much so that they appear stable. This

can be understood by considering the pair of equations which would determine the equal
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Fig. 10. Localized solutions with multiple bumps are possible, with the number of peaks selected
by initial conditions. The parameter values were § = 30,a = 2,wg = 1 and h = 0.06. The

threshold A is indicated by the upper horizontal line.
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Fig. 11. Numerical simulations of the integral model (5), with the Mexican hat kernel given by
(56), show that a localized bump is destabilized to a global pattern. The parameter values were
6 =30,a =2, w9 =1 and h = 0.06 and h = 0.05 respectively. In the latter case the solution is
shown as it evolves to a global pattern. The dashed line is the solution at ¢ = 10 and the solid

line is the solution at ¢ = 40.

widths, A, and separation between peaks, s, of 2-bumps:

4h 4h
—, Ae P 4set—(s—Ae A =" (75)
Wo Wo

Ae ™ —se™ + (s 4 A)e CHA) =

As s — 0o we recover the condition for a single bump solution (59), and it turns out that

both conditions may rapidly asymptote to the width of an isolated single bump. Thus
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even for finite s both conditions are very nearly satisfied, and the rate of separation of a
pair of peaks rapidly falls below the limit of numerical round-off. Intuitively, this is simply
a property of the decay of the Mexican hat kernel—if bumps are sufficiently far apart,
they do not “see” each other. Since for infinite gain it is only the regions above threshold

that interact, solutions need not even decay to zero between peaks.

8 Discussion

In this paper we have incorporated axo-dendritic synaptic processing and axonal delays
into neural field theories of Wilson-Cowan type. We have discussed the transformation of
this revised integral model to an equivalent PDE model and highlighted the fact that this
does not always simplify further mathematical analysis. In particular, for weight kernels
with compact support, the equivalent PDE model requires advanced and retarded terms
and questions of existence and uniqueness remain open. Nonetheless, in a traveling wave
frame, we have constructed exact solutions for the case that the firing rate function is
a Heaviside step function. This has also provided a self-consistent manner in which to
test the success of numerical construction and continuation of solutions. A simple model
of spike frequency adaptation was shown to alter traveling wave solutions from fronts to
pulses, without strongly affecting wave speed. For passive dendritic trees and biologically
realistic choices of axo-dendritic synaptic connectivities we have shown that wave speed
scales with the diffusion coefficient of the dendrite and that waves will fail to propagate if
the firing rate threshold is too large. In common with many other studies of neural field
theories we find that synaptic connectivities with Mexican hat profile give rise to spatial
patterns of activity. We have shown that this is to be expected since there is an equivalent
fourth order Hamiltonian system for the time-independent solution of the integral model.
However, as recently pointed out by Swindale [42], it is surprisingly difficult to find physi-
ological and anatomical data to support the case of short-range excitation and long-range
inhibition assumed in standard models of neural pattern formation. Importantly we have
shown that the inclusion of passive dendrites obviates the need for a Mexican hat connec-
tivity, assuming that synaptic density increases at distal dendritic locations and changes

from excitatory to inhibitory moving away from the soma.

There are a number of natural ways in which to extend the work presented. From a
mathematical perspective, traveling front and pulse solutions are not structurally stable

so that the introduction of even small inhomogeneities in the connectivity pattern may
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lead to propagation failure. Motivated by the anisotropic and inhomogeneous nature of
many cortical areas it should be possible, using averaging and homogenization theory, to
uncover the role of the periodic microstructure of cortex in front and pulse propagation

and its failure, along the lines developed in [43].

The analysis of the spectrum of £ (and its counterpart for traveling waves) for general
firing rate functions is an important open problem. Of special interest are the conditions
for the de-stabilization of a static bump in favor of a traveling wave. It is worth noting
that some results on the asymptotic stability of traveling waves in integro-differential
equations, of the form considered in this paper, have recently been obtained by Terman

and Zhang using geometric singular perturbation theory [44].

It is also important to remember that in specific brain regions, such as mammalian neo-
cortex, connectivity patterns follow a laminar arrangement, with strong vertical cou-
pling between layers. Consequently cortical activity is considered as occurring on a two-
dimensional plane, with the coupling between layers ensuring near instantaneous vertical
propagation. Apart from recent work by Taylor [45] and Werner and Richter [46] planar
studies have received relatively little attention. The two dimensional generalization of our
work will open up the challenge to understand the effects of axo-dendritic synapses and

axonal communication delays on spiral waves and target patterns.

Much of the analytical progress has been made under the assumption that dendrites be-
have linearly. However, there has long been evidence that nonlinear membrane properties
are not confined to the axon hillock, but are spread throughout the dendritic tree [47]. The
techniques of this paper can be easily extended to cover so-called quasi-active membrane
(linearized Hodgkin-Huxley kinetics) that is thought relevant to understanding experi-
mentally observed sub-threshold voltage oscillations associated with voltage-dependent
ionic channels distributed along the dendritic tree [48]. In contrast to the purely passive
model of a dendritic tree the Green’s function of the model tree will have an oscillatory
component reflecting more closely the band-pass nature of real dendritic tissue. The in-
clusion of recently observed excitable channels capable of generating action potentials [49]

is a much harder challenge.

Finally, let us not forget that the firing rate description of neural tissue is likely to break
down for fast synaptic responses. In this case one must resort to the study of spiking
models where synaptic currents are given by expressions like (2). These studies are highly

non-trivial, although some progress has been made in finding the conditions for a Turing-
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Hopf instability leading to the formation of periodic patterns in oscillatory networks
[18, 50] and the conditions for obtaining localized bistable bumps in excitable networks

1.
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Appendix
Equation (61) can be formulated as a Hamiltonian system. Define v = u/, p, = —2u' 4+ "
and p, = —u”. The Hamiltonian in these new variables is
L, 2 "
H(w,0,p0,py) = =598+ vpa+0* + [ s+ g(s)]ds, (76)

and (61) is equivalent to the Hamiltonian system

L_oH  om
~ Ip,’ Pu= "5,

, OH ,  O0H

v = . Py == (77)
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