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L dn— 1

Ly=—— Fun1(@)— =+ +uolz),
dm dm—l
Lo=——0 F+vm-1(@)———7 + -+ volz).

Lemma (Schur, 1905)
If Li1Lop = L>L1 and LiLz = L3Lq, then LoLz = L3Lo>.
Lemma (Burchnall, Chaundy, 1923)

If L1{L> = LoLq, then there exist a non-trivial polynomial Q(\, n) of

two commuting variables such that Q(Lq,L>) = 0.



Example

L3 =13 Q(\u) =X -2
Spectral curve

r={(\p) €C?:Q(\ n) =0}

If L1y = A and Loy = py, then (A, p) €T

rank of L1 and Lo is

[ =dim{y : L1y = M, Loy = uap}.



Baker—Akhiezer function ¢ (z, P)

Spectral data

{I_7Q7 k_17717 <. 7/79}

[ is algebraic curve, q € I, k—1is a local parameter near q, k—l(q) = 0,

The Baker—Akhiezer function has the property:

1=k (14 10 4 )
2. on ['\q the BA-function ¢ is meromorphic with the poles in v1,...,qg

For ~1,...,7¢ in general position the BA-function ¢ there exists and

unique.



Let f(P) be a meromorphic function on I with a unique pole in g of

order n

f:kn+Cn—1k¢n_1‘|‘"'—|—Co+(:_Tl+...
OMp = k"eF(0(1)),

o — fip = ke (w1 (@) +0 (7)),

)
)

=

O + up_1 (2)87 Ly — fop = kP 2eke (un_g(@ 1o (

=

Ot + 1 ()0 M+ - Fup(@)y = fop + € (O (

From the uniqueness of BA-function it follows that

Liy(z, P) = f(p)¥ (=, P).



Let g(P) be a meromorphic function on I with unique pole in g of

order m, then

Loy(x, P) = g(P)y(z, P).
We have
(L1Lo — LoLq)Y(x,P) =0 = L1Ly = LoLj.

Example T =CP2, g=o00, k=2
Baker—Akhiezer function ¢ = e*#
f=2"+cp_12" 1+ +co,

Op 4 cp_10y 1+ - + cotp = f.



Example
= C/{2wZ + 2u'Z}, q = 0,

_ w2zt )
o(x)o(z)’

(82 — 2p(x))P(z, 2) = p(2)¥(z, 2),

(&

3 3 _ 1
(03 = 300 — S¢/(2) ) ¥(, 2) = 59/ ()i(z, 2).



Example T =CPl/{a~ —a}, g=o0, ga =1, k=12

a
(2
a

wzexz<1_|_§(33)>’
=7

(v2 — a?) sinh(az)

Y(a) = (—a) = &(x) = + Cosh(az)  ysinh(as)’

(8323 _ u(x))w — 22¢’ u(ac) _ 2@2(a2 _ 72)

" (acosh(az) + vsinh(az))2



Commuting differential operators correspond to the following data
(D. Mumford):

a) ' a complete curve over C
b) g € ', smooth point, and isomorphism

T, 2 C

c) F torsion-free sheaf on I’ such that

h2(F) = rt(F) = 0.



Example T =CPl/{a~ —a}, g=o0, ga =1, k=12

a
(2
a

w:exz<1_|_§(33)>’

z =7

(72 — a?)(—2 + e2a%)

2a — 2v + €2a:c(a + ,Y)’
16&2620’56(0,2 _ 72)

(2a — 2~ + e2a% (g 4+ ~))2’

Y(a) = 2¢(—a) = §(z) =

(02 — u(x))p = 22y, u(z) = —
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Rank [ > 1

Spectral data

{raqak_lafyla sy Vg XLy - - 7alg}

a; = (a14,...,05_1) — vector

(v, ) — Turin parameters define stable (in the sense of Mumford) vec-

tor bundle of rank [ degree Ig on ' with holomorphic sections ny,...,m

-1
m(vi) = Y ami(y)-
j=1
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Vector Baker—Akhiezer function ¢(z, P) = (yg(z, P),...,¢;_1(x, P):

1. y(z, P) = (L3 &s(x)k™2) Wo(z, P), §o = (1,0,...,0), fwg = Awy,

© 1 0 ... 0 0)
0 0 1 0
0 0 0 0 1
\ k+uo(z) ui(x) wa(z) ... w_1(z) O )
2. on I —{q} ¥ is meromorphic with the simple poles in Y15+ 5 Vg

3. Resy; = a;jRes 4.

If f(P) is meromorphic function with the pole in g of order n, then
there exist L(f) such that

L(f)y(z, P) = f(P)Y(x, P), ordL(f) = In.

12



Method of Turin parameters deformation (Krichever—Novikov

method)

dl dl—l
@%‘ = XZ—1W%' o+ Xo¥y
Xs — meromorphic on I, xs has lg simple poles Py(z),...,F,(z). In

the neighbourhood of g the functions xs have the form
xo(z, P) = k+ go(z) + O(k™ 1),
xj(x, P) = gj(@) +O0(k™1), j<i-1,

xi—1(z, P) = O(k™1).

13



At the point P;(x) one has the expansions

c;i(x)
= d; O(k — ~;(x)).
X = (@) + d;i;i(x) + O(k — ~;(x))
'heorem Parameters ~;(x), a;;(z) = % and d;;(z),0 < j <1~

2,1 <1 <lg satisfy the equation
¢ij—1(x) = —vi(=),
dio(z) = ajo(@) o y—o(@) + ajo(x)d; 1—1(x) — g (@),

dij(x) = ajj(w)a;—o(x) — oy j_1(x) + oyj(x)d; 1 (x) — aj(x), 5 > 1.

14



Dixmier: g=1, [ =2

2
3—04) — 2,
d2
el ‘O‘>+(
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Krichever, Novikov: g=1, [ =2

M p® = P3(\) = 423 4+ goX + g3
Ly = (07 + u)2—I-20x(p(72)—@(vl))8x+(c:c(@(vz)—@(71)))95—@(72)—@(71),

v1(xz) = v0 + c(z), v2(z) =70 — c(2),

o2
u(z) = ——+——+2<n><vl,w>ca; 3 (Pe(yote, 70—0) - P2 (71,72)),

20 Cor

P (v1,72) = C(v2 —71) + C(v1) — ¢(2).

Operator L, can be find from the equation

L5 = P3(L1).

16



Theorem (Grinevich)

Commuting operators L1 and Lo corresponding to an elliptic curve
have rational coefficients if and only if

o dt
o) = /q@?) VP3()

where q(t) is a rational function.
If vo = 0, and ¢g(x) = z, we have the Dixmier operators.

Theorem (Grinevich, Novikov) Operator Ly is formally self-adjoint
if and only if @(71) = p(’yQ).

17



Rank [ =2, g > 1: self-adjoint case

Let L be an operator of the forth order of rank 2, then
M w? = F(2) =z29+1—|—029z29—|—---—|—co,
q IS a branch point,
o: =T, o(lz,w) = (2, —w).
We have
V" = xo¢ + x1¢,

where ¥ = (¢1,v>) is a Baker—Akhiezer function.

18



Theorem (M.) If
x1(z, P) = x1(z,o0(P)),
then operator L is self-adjoint
L=L*"= (02 +V(2)?+ W(z).

If g =2, and L is self-adjoint then x1(z, P) = x1(z,0(P)).
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w2 = F(z) = 22911 4 czngQ + - 4 ¢,

o= LHI@ @) 1Hy (@) () w L A@)
O 2 2y (a) 2 z—g(z)  2z—71)...(z—79) = 2
oy M@ @)
O B E—)

P]_(CU) — (’Y17 \/ F(Wl))) . ng(fL') — (’797 \/ F(Vg))a
Pyt1(x) = (71, = F (1)), - - -, Pag(x) = (vg, =/ F(79));

J(Pi):Pi+ga 1<:<g.
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n) L @)

M=t = oy @ T @) — @)’
dg’l dQQ’l vo(z) —v1 () Yg(x) — 79—1(56)'
0 — H,L‘ B w(’Y’L’)

2 29i(vi—v1) - (i = Yi— )i = Vi) - (i = vg)”

H; w(7;) '
QL e —_I_ ’ 1 S ! S 7
T2 T oyl — ) (= i) (i — i) - (i — )
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dip = —= 2 _ = R +
Z 27; =11 29 = %i-1 2% — Yit1 27 — g
w(z) K
2(z—v1) ... (z —vi—1)(z —vi41) - . (2 — vg) 2
p _ 1 Him 1Hi—17;_1  1Hi417i44 1 Hyg
0= —2 .t _Z .t _
"+ 279; — 71 29 = Yi-1 2% — Yi+1 27 — g

. w(z) o K
% (2(Z —v1) - (2= vi—1)(z —vig1) ... (2 — ’Yg)> o= 23
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We have 2g equations on v1,...,v¢, H1,...,Hg, Kk
L; = dig(z) — (a?(z) + a;(x)d;1(x) — f(x)) =0, 1 <i < 2g.
‘These equations can be reduced the g—1 equations on ~1,...,7v9. From
Li — Li-|—g — O
one can express H; in terms of ~q,...7v4. From
Li —|— LH—g =0

one can express k in terms of v1,...7v4, and H;. We have g—1 equations

on ~vi,...,7%g. Operator L has the form

L=L"=(9; + V() + W(a),
where

1
V__Ea W——E(’Yl+°“+79>-

23



Example: g = 2 The equations on ~1, v have the form
A5 +75 (cotesri eart +91 =121+ (=12 +y1(e1+27291))
+2(72 — y)VC¥EYS + 2(71 — ¥2) 7175 (1 = v2) 91 = o)
—v(co + c373 + cavs + 73

/12

475" —1E75° 4+ 67195 (] +72) + 2987578 + 73 (e2 — 75° + 27595

+y2(c1 + 27175° — 695 (7] +5) — 4117575)) = 0.

24



If

Y1 =7, Y2=7+Fc

we have
(04 + c1 + cer + 6203) + (5¢3 + 2¢o + 3ce3z)y + (10(:2 + 303)72

+10cy3 4+ 54% — 16424 = 0,

1,8 4
g (y)—/<3p(y)> dy,

5 1 1
P = y5+5cy4+§<10c2+3c3>y3+5<5c3+2c2+3cc3>y2+<c4+cl+cc2+c2c3>y+5,

B

y = v(x),d,c € C.

25



Example Let [ is given by the equation

10
w2 — 5 _ 3Z3+

—Z
Let

c=2 =1, =

Then L has the form

0 425 x> 425 z12 245z% 2569
Op+ 5 ) 03+ + =) 0+ = +—
49152 6z 38192 3z 0663676416 589824 144z

26



Rank [ =2, g > 1: non self-adjoint case
M w? = F(z2) =z29+1—l—029229—|—---—|—co,

g = (0, ./¢p),co # 0 is not a branch point. The functions xo(z, P) and
x1(x, P) have the form

1H1(a:)fyl(:1:) 1Hg($)7 (z) k()
XO(x’P)__E z —~v1(x) 2 z—'yg?:c) +22+ 2 T
(—1 )g wy1(z) - .. v9(x)
22(z —y1(x)) ... (2 — vg(x))’
vi (x) @ e @)

ale ) = @ T i@ @) (@)
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Main observation:
M w? = 22912 cg_|_1zg+1 + o,
Y2 — av¥1,..-,7%Yg — Ag71, aj S Ca
where ~1 satisfies the equation

2
(V)2 =924y, ceC.

Then equations on -~ are reduced to algebraic equations on ay, ¢, ¢,4.1, co.

28



Example: | =2, g=2uw? =20642:3+ 1, y1(2) = —y(z) =1,

6 333 4 333‘3

L, =085- _
1 16 2

3 3z z12 23206 3
934> (£8-57622)924+ (> _ 620, ,
: 556" )0+ 55 ~ 67 | Orm et e 5

4

1 1
Lo =08%— Zag — 32382 + 38(:%8 — 2368z°)0% + é(3:c7 — 3202)83

12 §) 11 5 16 10 4
45 3 35 — 3712 + 716800
(= 45z 30 8323— r=- 35z o, x x x |
1024 16 256 4 65536

~ 5a* 5 5
5212 8520 4 5 11 Bx A3
— — 150 | 87 — ——(3z** — 31362°)0
(2048 g T ) * " 256" =)0

5(z16 — 8192210 4+ 2437120z%) 524 5

15 ®) 3
_2464424+-21504023)8
65536 20067 T ) 0x

_|_

220 _|_15:1314 150528 +525x2
1048576 2048 256 4
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Example:

71_\/57 ’VQ_ﬁ7 /73_\/57 /74_%7

o= (DA +iv3i, b= _(-DI1+iVB)E
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522

__alo 2 6\ 96 5Y95 4+
= 9. +12\F 75 x+ (396fa:+a: YO0 4= (36\/§—|—x YO+
5x4(3528+\6x5)84+5x3(760+\Fx5) 53+
3456 * 192
_|_5:1:2(622080 + 3384222 + 219) e
82944
52(36288 4+ 960/22° +x10)ax+ 3Jr 612> 53310 N 219

6912 4 32\F 1536 9953282’
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Lo =012+

3 1512 242421 + 529 3 109 > 7
— 4+ —10
N LRI L ax+<f+ ) 7+

(1099[;4 57 ) 9+ 9680x3 + 10v/228

8 + 864+/2 128

97

£2(6072192 4+ 26064+/2x° 4 5210
27648

3772° 5a;11
ay + (294:10 + > 3

32f 1152

_|_42964992 4+ 6535296+/22° + 14736210 4 /2215

82
331776 t

28237824224 + 181376x° + 402214
884736

O+

463822848223 + 9092736x° 4+ 58321/ 213 4 118
23887872 ‘
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Open problems:

1. To find examples of operators rank 2

a) In the self-adjoint case g > 2

b) To find operators with polynomial coefficients in the case g = 3

(maybe there are exist only in the case g = 2")

c) In the non self-adjoint case g > 4

33



2. To proof in the case g > 2 that if an operator of order 4 of rank 2
IS self-adjoint then

x1(z, P) = x1(z,0(P)),

L=L*= (824 V(2))2 + W(z).

3. To find rank 2 solutions of Boussinesg equation in the case g > 1.

34



" = xo¢ + x1¢,

_2\/§x3z — 122222 4+ 22%23 — 122224 + (24 4+ /22°)z° — 24(1 + w)
242(2 4+ V/2x22 4 2224) ’

. 22(\V/2 + 2222)
2 4+ /2122 4+ 1224

w2 =z10—325—|—1.

X0 —

X1

Why ) is BA?
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