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Starting with the general elliptic curve

y? + przy + pzy = 2> + pox? + pax + pe

we will find the formal group law as a rational function in terms
of the Tate coordinates.

We will construct a function W(u; v, «) - the solution of the equa-
tion (the generalized Lame equation)

7 1 @/(’0)2 — @/(w)z
Vi) - (2@(” T4 (p(u) — p(v))2

with a periodic potential:

) V(u) = p(v)WV(u)

o (u+ )30 No (v — u) 30+ _ ¢(w)
o ()0 () exp (al(v)u), o= (o)

W(u) =




We will introduce the general elliptic Hirzebruch genus.
This genus is defined by a 5-parametric family of elliptic functions
(of order 3 in the general case).

It takes Z[u1, o, n3, na, tgl-integer values on any stably complex
manifold.



The general elliptic curve in CP?2 in Weierstrass form
Y22+ mXYZ 4+ p3Y 2% = X3+ 1o X?Z 4+ 14X 2% + peZ°.

T he Weierstrass parametrization.In the coordinate map Z = 0
with the coordinates x = X/Z, y = Y/Z we have

y? + przy + pzy = 2> + pox? + paz + pe.
The Tate parametrization. In the coordinate map Y # 0 with
the coordinates t = —X/Y, s = —Z/Y we have
s=t>+ pits + ,u2t23 + ,LL332 + ,LL4t32 + ,u633.

In the map X #* 0 with the coordinates v =Y/X and w=Z2/X

vw(v+ p1 + pzw) = 1+ pow + paw? + pew.

The degrees deg X = —4, degY = —6, deg Z = 0, deg u; = —2z.
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One can pass to the standard Weierstrass form
y? = 42> — gox — g3
by the affine transform = — z + 15 (4pua + 13), y — 2y + p1z + ps.
Then
=1 2)2 _ 2 2
g2 = 12( po + pug) (p1ps + 2u4),

1 1
g3 = 6(4“2 + 1) (uipz + 2ua) — @(4/@ + u2)3 — due — 3.

T he Weierstrass uniformization

p(u)? = 4p(u)> — gop(u) — gs.



Tate coordinates.

s(t) = t3 4 p1ts + pot?s + pzs® + pats® + pes>.

s(t) € Zlp1, p2, u3, na, pell[t]].

Let u(v) = (0,3v + ¢o, c3, 302 4+ 2¢ov + cq,v3 + cov? 4 cqv + ¢g).
The function S(t,v) = s(t, u(v)) satisfies the Hopf equation
a5 oS
— = 5—.
ov ot

The path u(v) defines a family of elliptic curves with the same
standard Weierstrass form for any v.



T he formal group law. A commutative one-dimensional formal
group law over the ring A is a formal series

F(t1,t2) =t1 +to +Zaz]t th, a;; € A,
t,J
such that the following conditions hold:

F(t,0) =t, F(t1,t2) = F(to,t1), F(t1,F(l2,t3)) = F(F(t1,t2),13).

The exponential of the formal group law. For each formal
group law F € Al[t1,t>]] there exists a series f(u) € A ® Q[[u]],
such that f(0) =0, f/(0) =1, and

flu+v) =F(f(u), f(v)).

We will need the formula

f(w) = —F(f(u) ta)

to=0"
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s =13 + pits + pots + pzs® + uats® + ugsS.

s =nt -+ b, s = nt.
S1 — S t18> — tos b
m=-1_"2 p= 12271 n(ty,t) =m+ —.
t1 — 12 t1 —to t3

We have t = —t if and only if u; = u3 = 0.
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Theorem 1. The general elliptic formal group law F,(t1,tp) is
given by the formula

Fu(t1,t2) = ((t1+t2) (1 —pzb—peb?) —t1to (1 +pam—+pab+2pgbm)) x
y (1 4 pom + pam? + pem>)
(1 + pon + pan? + pen3) (1 — p3b — peb?)?

Corollary. Fy(t1,t2) € Z[p1, uo, pu3, pa, kelllt1, t2]].

Example. In the case (u1,13) = (0,0) we get

(o + 2ugam + 3ugm?)

F(t1,t5) =t1 +t>+b .
pltt2) =t b4 b e 2 + g
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Example. In the case (u3, ua, pg) = (0,0,0) we get

F(t.ty) = t1 -1|-t2 — p1t1to
+ potito

T his formal group law corresponds to the remarkable two-parameter

Todd genus T, g: 2y — Z[u1, 2], @ particular case of which are

the famous Hirzebruch genera: the Todd genus (ur> = 0); the

signature (u1 = 0); the Euler characteristic (M% = —4u»).

) where H1 — CK—I—B, H2 — —CKB.

Example. In the case (u4,ug) = (0,0) we get

(t1 + t2)(1 — p3db) — pitito — pztitom
(1 — p3b)(1 4 potito — p3b)

Fu(ty,t0) =

13



The Hizrebruch genus.
Let f(u)=u-+ > fkuk—'_l, where frL € A®Q.
k>1

n
u-
Define * =L¢(oq,...,0n),
U Fay =t "

where o, is the k-th elementary symmetric polynomial of uq, ..., un.

The Hirzebruch genus Lf(MQ”) of a stably complex manifold
M?2" is the value of the cohomology class L¢(cy,...,cn) ON the
fundamental cycle (M2") of the manifold M?2", where ¢ is the
k-th Chern class of the tangent bundle of the manifold M2",

The Hirzebruch genus L is called A-integer if Lf(MQ”) € A_»o,
for any stably complex manifold M?27".
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Let us take a formal group F'(t1,t>) over the ring A and its
exponential f(u). Then the corresponding Hirzebruch genus Ly

is A-integer.
Corollary. (The general elliptic genus.)

Theorem 1 gives a 5-parametric Z[u1, po, u3, na, pel-integer
Hirzebrugh genus.
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=1 — uit — ,LL2t2 — 2138 — 2u4ts — 3#652-
to=0

0
—F,(t,t
8t2 ,UJ( ’ 2)

Let ¢o(u) = s(f(uw)). We obtain

{ Fl=1—p1f—pof?—2u3¢ — 2uaféd — 3uep?
¢ = f3 4+ p1fo(u) + puof?¢p + uzd? + pafe? + ugds.

Theorem 2. Let (u3,ua,pue) 7 (0,0,0). Then the exponential
f(u) of the elliptic formal group law F), is the solution of the
equation

uef> + Po(f) "% = Ps(f),

Po(f) = (ug—3poue) 2+ (2uapna—3u1pe) f+(Bus+r3), Ps(f) = ...

with the initial condition f(0) = 0 and the condition f/(0) =1
which fixes the branch of solutions.
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Let (us3, pa,pug) = (0,0,0). Then the exponential f(u) of the
elliptic formal group law Fj, is the solution of the equation

fl=1—p1f— pof?
with the initial condition f(0) = 0.

Example. Let ug =0, (u3,14) 7 (0,0):

FP=1-2u1f+ (u5 —2u2) %+ (Ruipo — 4u3) f> + (35 — 4ug) f*.

Example. Let (u1,uo,p3,14) = (0,0,0,0):
(f' = 1)(f +2)% = —27uefC.
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The exponential of the general elliptic formal group is

o(u; 92, 93) — 15(4u2 + 13)

flu) = —
KJ '(u; 92, 93) — m1p(U; 92,93) + 7511 (4po + 1) — p3

We have
1 1'(w) +e'(w) p
) 2 p(w)—pv) 27

where p(u) = p(u; g2, 93), ©'(w) = —pz and p(v) = 15(4ua + p3).

The exponential of the elliptic formal group law in the non-
degenerate case is the ellipitc function of order 2 iff ug = 0.

It is the ellipitc function of order 3 in the general non-degenerate
case.
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T he Baker-Akhiezer function.

o(v—u)

) = o)

exp(¢(v)u).

The Lame equation.
" (u) = 2p(u) P (u) = p(v)P(u).
The quasiperiodic solutions such that Iim (Cb(u) —l> = 0 are
u—0 u

d(u;v) and P(u; —v).
The periodic properties are

D (u + 2w, v) = P(u; v) exp(2¢(v)w — 2nLw),

D (u; v+ 2wg) = P(u; v).
Thus (In®(u))’ is a doubly periodic meromorphic function of u:
1p'(u) + o' (v)
2 p(u) — p(v)
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The Krichever genus.

Let fo(u) = Cb(lu), where ®(u) is the Baker-Akhiezer function.

I. M. Krichever showed Lfo obtains the property of rigidity on
SU-manifolds (Calabi—Yau manifolds) with the action of a circle.

The Hirzebruch genus defined by the series fi,.(u) = fo(u) exp(aju),
IS called the Krichever genus.

Consider the transform

d(u)
T(p(u)) = S0

20



Consider the function ®(u;v) = ®(u;v) exp(—Fu),
where ®(u;v) is the Baker-Akhiezer function, and the function

1) =0t = S,

The function ®(u) = ®(u;v) is a solution of the equation

2
" (w) = 2p(u) + U1 ()W) = (p(v) + D).

Corollary.
Let fu,(u) be the exponential of the formal group law F(t1,t2)

where p = (ILL]_,,LLQ,ILL3,ILL4,O). Then
1

f,u(u)7
where v is determined by p(v) = i5(4uz + p2) and ¢’ (v) = —pus.

(In®(u;v)) = —
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In the case of general u, let

_o(u+ ’U)%(l_o‘)a(v — u)%(H_O‘)

exp ((—% + aC(v))u) :

where o(u) = o(u; g(p)). Then

10 +ag ()
) = o —e) 2

Corollary. Let f,(u) be the exponential of the general elliptic
formal group law. Then

1

(InW(u)) = ()

/
for p(v) = —112(4,u2 + ,u%), o= @,(w) = K3
' (v) [ 2
p3+4pue
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The function W(u) with a = 2,/((15)) satisfies the equation

2
W (u) — (2p(u) + p1U1(u) — Uz (u))W(u) = (p(v) + %)W(U)
where Us(u) = Us(u; v, w) = U1 (v; u,w)U71(v; u, —w) and

C1¢/(w) + ¢/ (w)
2 p(u) — p(v)

Ui (u; v,w) =

We have

D (u; —v)) 5(1-a)

_ . M1
V(uw) = P(u;v) exp(—?u ( D(u0)

The periodic properties are
W (u 4 2wy; v) = W(u; v) exp(a(2¢(v)wy, — 2n,v) — piwy,)-
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Example. (u1 = 0).

(v 2 w 2
£ (o) — ) V) = POV

W (u) — (2p(u) -

Example. (u1 =0, u3 =0 = a = 0).

\/a(u + v)o(v —u)
o(u)o(v)

W () = /D (u; v)P(u; —v) = = Jp(u) — p(v),

p(v) = 2uo, (p(v))? = 4pe.
W (u)2 W (u)? = W(u)® + poW(u)* + paW(u)? + ue.

In the case ug = 0 we come to

W (u)? = W(uw)? 4+ poW(u)? + ua.
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A Hurwitz series over A is a formal power series in the form

k
u
p(u) = ) ory € A®Q[ul]
k>0 '
with ¢ € A for all k=10,1,2,3,....
For the sigma function
4
a; ; gou® . ,
o(u) =u ) > ( ) (2g3u®),

i 750 (4i+65+1)" 2
there is the Weierstrass recursion

a;; =30+ 1)a;41 -1+

16(j + 1) (4i4+6j—1)(20+35j—-1)
+ 3 %i—25+1 7 3 ai—1,j

CLO,():]_, ai’j:OfOI’i<OOrj<O.
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The sigma function is a Hurwitz series over Z[%?,Qgg,]:

o(u) € HZ[7, 2g3)[[ull,

that is a; ; € Z.

Corollary. For any v let ar» = p(v), a3 = ¢'(v), ag = 972. Then
g3 = —a% + 4a‘§’ — 2apa4. Thus o(u) € HZ[ay, az, ag][[u]].

Conjecture. Let a(i,5) = 2F3!s(3, 5), where s(i, j) € Z is coprime
with 2 and 3. Let

(4i+65+1)0  pioi
23i+45 3i+i 41 51 27138100, 9),

where s1(3,§) € Z is coprime with 2 and 3.

Then k=kq, [ = 1.
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In the vicinity of u = 0 the exponential of the general Krichever
genus
1 k—l—l
v~ T2V

is a Hurwitz series over Z[ay, as, as,aa,ag], Where

H1
2 b

1 2
a> = p(v) = §(4u2 + ©1),

a1 —

a3 = p'(w) = —ps,
1

aq — 592(“)7

2
ag = 4pue + p3.
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