INTRINSIC  3d - ELasTICITY
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2.CLASSICAL AND “INTRINSIEY APPROACHES IN

3D -NonLiNEAR ELASTICITY N 2
C(x)
LI(@) f W (x, VO (=) V@(’x:))d:c j F(:n)o@(m)d:r_
enerﬂg dependence on V® é.pplied. Force
fma C-VO'VE (Prame- indifference)

® injective in L) (mon-interpenetrability)
detV@®>O in Q) (orientation-preserving)
®=0, on [ c9Q (boundary condition)

inf I(®) on

=1

Existence via “polyconvexity” J.Ball ARMA (19%3)

Question: Why hot C: (L -3 as the primary unknown
instead of @:Q—+>R'7 SS. Antman ,ARMA (1976)
Buk then: Quid f Pe)@(x)d= ? Quid ©=0,onl ?

Minimization prgb\em With censtraints on € UQP,JK_O)

Pbmi + Given €: QL ;-pS,:recoverg of ® 0 <R

such that V@' V@=-C in O ?

Pbm#?,: Conl:i.nuil:g OF c—!:-@ .. which ‘ZOPDLOQLES?
Minimizj'nﬂ ﬁ C =€ = -0 ?

N=WVWZ-PAAZ -—Dﬂ—r)’O—V)wPF'O—D

Applns: Differential geometry, 3d-nonlinear elasticity

Same \qu.esti,ons for surfaces in [R° as Functions of their

two fundamental Forms

< Applns : Differential geomebry, nonlinear shell theory

PcLﬁr fackorization
A(2,

Nofe :Rotation Ffield R in VO@=RC may be

also choten 2s a primary unknewn (see p._“ b\sh
P.G.C.-L.Gratie- O.losifescu = C.Mardare -C.Vallde | JMPA (ZOOE;)




3 Recovery of ®:Q R From & BeeS 3

symmetrie X

ExisTence TueOREMS:Lek C= (9:) pos:.l:we -definite in ()
-1
]'_II.J d'l—F i ﬂke(auﬁﬁ + 32» a&ﬁu) dv 2 (QH) !‘:‘ét‘ (guJ)

hec. cm'tcl n

(Rpmkdep a F akf‘P + FLkP ¥ = 1—1 r‘kq =0 in .Q_ [IFC -Veve

Thm Q¢ [Rhs stmplg --ccr'nneczl:etzfJ bpen
Existence of ®:Q R sk. VO'V®=C in Q.:

w[cece’@) - Bc ei(a)] #[RP, =0 in O (elassical)
Cc CY(Q) — @ed’(ﬂ :

i# [R"= 0 in S(Q)
E Mardare Anal. Appl. (2003)

(B)ICGWM(Q) — @ Gwz:(fﬂ IF Q_ijkzo ih ﬁfm) 8\
(gyY'e L'(Q) S.Mardare, Anal. Appl. (2004)

(‘l)lCeé (ﬂ)-—-w@ e@(ﬂ)] if RP,_Jk O in .O_ &
C positive-definite in Q0 & 3L Lipschite- conb's _
P.G.Ciarlet - C. Mardare , J.Math.Pures Appl. (ﬂOOLl-)
(S) C eWL‘:if’ C_O_)__u. @6W::_PCQ) For - any P>h'41 Co_ptimal.) :
. S.Mardare, Advsnees w Differential Egs. @,oozp_)

Thm. QC[R S\mPLﬂ -connected Baundecl Smoo(:k Iaalr'!
rhamt(-'old 43:(l clasg C"

CcW 'P(Q_) C(x)(:s). Cor alL
QCG.-O. R.tk_O in %(SL)

ce { }-—-e W™ hA)

is of class C for any mS 4, >4, 85, plm-1)> n.
C.Mardare , Anal. Appl. (200€)




n n
L, Recovery of ®:0+sR tron C:Q 8
Uniqueness TheoREMS , Ak.A.RiGIDITY THEOREMS®

Thm | Q: connected open Subsek of =S (1) © immersion
@) & ') st VEVO=VE VO in QL Then:

I JeeR, él-QE@ st. Ox) =é+Q@(m),x_eQJ (elassical )

2) @cC)8de: VO O Q} LV VE-VE YO a.c.in Q) Then:
A cH()& detV®> 0 ae.in £1

|3ce{R 3Qc CO_,, sk Oh)=e+QAOR) for a.a. xe ()
P.G.Ciarlet - CMardare, Math. Models Methods Appl. Sei. (2003)

_

Rk. Information on sign of delzwg is essenbial in (2)!

Pbm : Given @el-l‘(ﬂ) st.det V@> 0 ae.in Q, identify the set:
{OcH(Q); detV@ >0 ace. in O VEVOVO VO ae.in O],
which is strickly larger than the ceb
(@ cH(Q);3eeR”IQO,,Ok)=c+QO) for 2. xe Q!



B.ConTinuiTy of C O | B_
bl =bb , be R" IA\-_-lbleq |Abl, AeM”

Thm l O-= equivalence clase of @ mod o ,Where
©8)eR<=Tec R.3IQ¢ O st. O@)= e+QO®R), xe )

(4)|cea"”gm ~O@ce(Q) /d@] Conbinviby wrb Frécheb

Lopologies® of C(Q) : let @ @), ks, 3nd@Oc£(Q)

be immersions s.b. (V@k)TV@k—*- VO'VO in GQ'C.Q).Then
AL KQE, eR\QCT, B0 in CYO).

* ey in C0) e YKEQ, sup |36 W)@]-o.
PG Ciarlek-F Laurent, ARMA 2003) {ii<e

I (?.)[C eez(ﬁ) —+0Qe¢ e""(ﬁ) /2 | Local Lipschitz - conbinuity
wrt Banach space norms  sup_ la“w(m)| if Q) is bdd
(xely

& QL ig l.ipschil:#.—conl:’s |x|&e
P.G.Ciarlet~ C Mardare | J.Math. Pures Appl. (2004)

(3) rC € ﬁl’(Q—) — @ EWT'P(_Q) /£ | For p2 2

Se_e next theorem

) - (2
RK.Continuity @MW {0) —-C =VO' V@l (Q) is clear
For 2ny p>2.



é e® < Jec \RM,E\QQ ©': : é@)—.—.c+@®(x))xe£1

4/ Rotational invariance:
IFlle ooy = U P ] (vaeco?" lcsu\a'la--= )

(@11, g = [, (@@ (VO |

PG.Ciarlet - C. Mardare, u.Novlinear science. (2004)

QcR™ bounded, connected, open with 951 Lipschitz- conb's
Let @Ce"(ﬁ R™) be s.E. deEV@)O in Q0. T"Ieh 3 Coﬁgbanl: e(@) .s.t(.
Vv ¢ GH‘(.O. R") s.b. de\:V¢>O a.e in .Q.
3 4>€ ¢ such that
N

k) is a [MonLINEAR KORN'S INEQUALITY |
| Cor Let @68(.0. lRm) be skt detV®>0 in Q.
i Let O H'(Q,R) be sk, det TO*Y0 aein Q L;4 T(-en

r
(VEOTVE - VO" V@} {3@" 5 @“

in L‘(.Q.,S“) s.t @ -#‘ i H‘(ﬂ [R )

—
Same result holds with H'(;R ) replaced by w" ( R)
-l Lo, R)  =ac- L""(n_ R
For any \a?;?\;



Conments (1) Eaclier results of F.John (1964,1972)
and RV.Kohn (1982) when ®=1d & & is bi-Lipschitz

(2) Yu. G.Resheknyak , Siberian Math. d. (2003).
Let @ cW" (Q- fR ), k>4, be such bhat:

ia L st. L IélL‘V(@Cx)gl £ L lE\ for all k>4, ge‘R aa.x eQ*
for almost all xeQ), C(x§de k[m‘r;,(VC"D () Ve (x) exists .

Then 2 @e\_v-d'o(pﬂism) & @I‘= ek, Ql‘@k, cfe Rn, Qe O st.
V@TVQ=C aein Q0 & @km® in \I/"P(ﬂj Rh) for any p> 4.

(%) Some additional assumptions  required in aUL. cases :

bi-Lipschibz or “quasi—\'sometric mappings ; Smookh Limt



6.9&@@1: OF THE NONLINEAR KoRN INEQUALITY ()| &

Lemma4 s “Gradients guCPLcejAss’ns on Q a@®@as in Thm

‘neq, holds <= 3 constant C(@®) s.t.

e [V -RVOI .

YdeHQ,R) s.b. det V>0 ae.in O3 R_R<4>e)e©"},st

LM

<C(©)|V$Vd -vev0) .

PF General.mecl Pomcare mequahhd d constant d sit..

VyeH'Q;R), Il ;Q)éd("v‘l'"l.( T

[ipe=])

Let b ([ dx) f (¢-RO)dx = b($,0) 5o Ehat
"‘Fé (b+R@) satisfies L\pdx:O |
Combine [oincaré inequality applied to 4p and (k%) 0O

e ——

Lemma 2 : “Geometrie

rigidity ”

G .Friesecke, R.D. James, S.Miiller, Comm. Pure Appl. Math, (2002)

_QCIP% bounded, connected, open with D€L Lipschita- cont's
3 eonstant /\(Q) s.b. Ve H'(ﬂ R ) 3 R-= R(4>)e©+ sk,

h

de U
={f ml! \VCb@c)“Q\ dx}




Lemma3: “A matrix inequality” |Let Fe Mst. de:Fp0 |9

Mydef . Al
Then - ‘disE(Ff@+)g Qlené?; \FA-Q\élFT-F-Il

PE Q% F(F'R) e O,

=F rotational invariance

disk (F, G2 = |F-Qg| =] O, (FTF)"™- Q| £|(FTFY"™ - 1|

i
= mae §[v,41, - 41} & mane o=, w3 A" ) = |FTF - T |

0L Uy & -V 2 Singular values of F a

2 —

Lemma ‘f:“\heq. @#)holds it ©= a”. V®=1 & V@TV®=lj

QcR" bounded, connected,open with 9L Lipschitz -cont's
3 constant A(CL) sib. Ve € H(2;R") sb. det V>0 a.e.in O,

A(%

IR=R@)e, st |94 -Rl| 3/ 4iny < NOIVE'V - Ll 2

PR L2=s Ve H(Q;R"),
IR=R($)eT; st |Vb-R| Paspn < MQ)dist (7,5
L3 = Ve H'(Q3R") st.det Vb > O ae. in (L,

dist (Vo) O ) < |V TV () -I | For alimost all xe Q)
. integrate over Q. : D

C@)



Lemma S+ ‘neﬂ (*:K) holds iF &) is inj e@hvé in ﬁ_” 5 10
Le(:@eﬁ(Q_ R)be .sl: det V@)O in O &
® injective in Q. Then inequality (k#) of L1 holds.

PF(\) ASSUmPHOhS made on ® imply:

G4 @(QD) : bounded, comnected, open with 98 Lipschita- cont's

@)’Lﬁ“@‘e @A({ﬁ}} IR“-),- VGPGHI"(Q_; [R") with detPd Oae.in O,

| $ b OcH'(A,R) & det V>0 ae.in b

Lh=p e, @)% A () st VoeH(;R) with detVy0aein,

VeH(@QR") with der V0 ac'in 0, 3R- R(&) R®.0) T,
s, 196-Rllpg o <e o«a)u% % -1y, <

G 196-Ris 5 oy=Jr f 0% -R144 - f [V4YE - R | He- VO dx

> [ 19¢-Rv@l * VoI det V@ dx  _
>c (®)>O on QL

o) 196798 - Ty s, ary=/5 106776 -11d2
- |, 196" (969 -VEVOWE' | V@i

<f V&V VEOVE| VO VE'| detV@dx
= Zc,(®)<+eo on ()

(iv) Hence
(%) | IVO-RVB 2, gy < CO), (V47 - vovel |, S]
e @@ @ 0

Rk.Asshs @GGA(S—).;(R‘“) & -del:V®>O mﬁ are essential!



Lemma 6:“(mq.@1)%o\ds for any Qce 4(@,' Pm) s.k. o\el:V@ 20 in @.” 4 1

PEG) Ve (L, open ball Vi) centered at o sib. @]\7&) is injective
VxedQ , 3 open ball B(x) sk,
| W) (Emtnzr.@)l%) is injective (detV@®>0in Q)

QR Lipsclﬁtz—cont's = 3 W() open nbhd of x defl
by a local Frame st. W(x) cB) and
V()% We)NCQL is connected  and

’aVSQc.) is LiPschit%-COh\:'s.

By compactness, ﬂ:JLzJAV(o:J)‘. By re-ordering V= Vo)

N
£l -_-,Jl;a\/‘i » V; bounded ,connected, open, dV; Lipschitz-cont's

K
Ul“!_i"_’\;)qu- connecbed ;1<k4N, and ®l7,, injective , 1< j<N.

(it) Induction: For some 12k<N, 3 C (@), 3 R, = Rk@,@)e«): sk,
| I9-RIBN o)< CilO) ITEID- VOO o)

(*xl)k o ¢kd§¢luk , ® d;._"-@lﬁk (Nol‘e . U, =V4)
LS=13 CNL.@)) 3 ﬁk-w\ =§k+4<¢)€ ©': s.k.
Nf ~ ~ ~ Ve 2T Al
(*L)L | ‘\v¢kﬂ; Rk+y Q;Jku‘j\%(vkﬂ;mn) & Ck(@) \W¢:+?¢kﬂ- vq,.vekn“ e s sn)
.“ $k»? = .¢le+ 1 ’®|<+«‘é G\_Vkﬁ

63 means of a bechnical trick, inequalities
(kw), & (ex)) yield 2 Single inequality
(kx), , over the set U, .. a




1bis

Anobher approach bo Ehe Fundamental Eheorem of
Riemannian aeco\me\f!r3 in RS bg way of votaktion felde :

P& Crarlet, L.Gratie,O. losifescu, C.Mardare, C Vallée ,IMPA
7 [200%]

THMm] QcR® : Simply-connected | open

Ce‘wg;f(,o_)- Si) Q'Nev\ that sal:sties‘

)| curL A+ cor N =0 in B'(Q;MY)
where
o\ec A T
debUiu(cumu)u = (t'r[U(cum.u)]) }
'Ude@c"/?/

Then Ethere exicts @CW (ﬂ ®) sueh Ehat
Ve’ V@= C in WK(Q_;S?}

Necessity of *): C.Vallée (4992)
No Chrictoffel symbels “intringic” matrise operators
Proof congists in:

(a) Determining an orthogonal matrix field R szf(ﬂ,’ @3)
(an idea that gqoes back Lo RT&h\e\o\ @0\'—13))

(b) Determining an immersion (D.. R*) Ehat
sabisfies VO = RCHQ in (L 5

Eﬁ successively 30\,\/;‘»«9 two PFaff Systems .

For (a): BR RA , Where

= 4 (U We; - (VU LU puuTy,
e —J—th column of U=€



7. INTRINSIC  APPROACH  TO 19
3D-Linearizen ELASTICITY Pure brackion pbm:
Q N aw) = e I
@% (w velll‘?ﬂ;lk") ) ’,.-.%(ad-v;,a-a,;\ﬁ)
—~ ijke o S5
)_D J(v):%fﬂl\ e & (w)dx -Jﬂfvdx}
- L=
LM)=0VYv e—H‘(ﬂ;[Ra) s.b. e; (=0 &> \Yv=a+bnid with a,be IR}
Existence: Korn's inequaliby ; Uniqueness up ko> iF £ eonnected
ﬁ Tueorem: (L bdd, -simP\.Sseonr_\ecEed, connecteds Lipschita bdry

| Given: e =(e;) € L%sm(ﬂ) s.t. (Wak St Venant conditions)
@;J'ke(e)d:e-f agjeck+3kiej@ - 32; ejk— akﬁd = O i H” (Q)

| Then Ehere exisks ve HA(Q;,HZE) s.E. e%%'(a.v.*'a.v'j)

Uniqueness: up to a+bnid
Proot is based on a “weak Poincaré Lemma”; See P.Eabisl
HC@Roumv : There exists an isomorphism

[

Rk:This corollary provides a new pf of Korn's inequality -
P.G.Ciarleb, P.Ciarlek,Ir, , M3RS (00S
P.G.Ciarlet, P. Ciarlet Ir., G.Geymonat, F.Krasucki, C.R.AS, (200%)
*’i‘...Amrouche,P.c\.(’/ia\r(e\:, P.Q.Ciarlel,Ir.. C.R.A.S, LO0O0%)

THeorem: QL bdd, simplg,connectéa,connec\:e 5 Lipschitz. bdry
The ninimzation pbm: Find €€ E(Q) such that

Q); as;ijke =0} =H'q;R*/ {v-aaa—h/\iel}

E@Q)% {eel?

Sym
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Weak version ' of a classical theorem of Poincaré

A classical theorem of Poincaré (see, e.g., page 235 in Schwartz!4) asserts that,
if functions h;, € CH(Q) satisfy Gk = Orhy in a simply-connected open subset O
of R® (or R™ for that matter), then there exists a function pE CS(Q) such that
hi = Orp.in §. This theorem was extended byl Girault & Raviar$!? (see Theorem
2.9 in Chapter 1), who showed that, if functions A, € L2(Q) satisfy 8,y = Oihy in
H=1(Q) on a bounded, connected and simply-connected open subset Q of R3 with
a Lipschitz-continuous boundary, then there exists p € H'(Q) such that hy, = 9;p
in L*(92). We now carry out this extension one step further.

Theorem .. Let Q be ¢ bounded, connected, and simply-connected open subset

- of R? with a Lipschitz-continuous boundary. Let hy € H=Y(Q) be distributions that
satisfy

8[]1;,; = 6;Chl in H;2(Q)

- Then there ezists a function p € L*(Q), unique up to an additive constant, such
that

hi, = Op in H-1(Q).
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| Theorem: Q) bdd, connected ; Lipschite bdry
(1) Given @= (&) € L D Sb ( Donati conditions #1):

[ egs0ns0 For ol 8=(s;) R o (@) ;.b. dav $=0in0 J

|

Then Ethere existe vg(y)e H‘(n_) s.b.

(2) Given €= (eJeL (D) £ (Donati eondibions #2):

fn eySydr =0 forall 8=(s;)€ Lfsm(ﬂ) _s.&.div&:O inH )

Tl\en there existe V=(v,)e H‘ (Q st
TW ng , lensor, N.§, (Aamn

G.Geymonat , F.Kragueki , Rend. Accad. Naz.Sei, (2005)
C Amrouche P Q.Ciarlet, L Gratie, S. Kesavan , JMPA ((2006)

Both (4) and (2) again \.eao\ te minimizabion problems
Ehat  directly provide the Strain E=(&,.)

L LkL
S Ehat directly provide the S‘:ftﬁ5ﬁsl O'J A Ekl.‘

FINMITE ELEMENT  APPROARIMATION : |
P.G.Ciarleb, P.Ciarlet, Ir., S.Sauber, Jun Zou (in progress)



