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Earth’s magnetic field = 1 Gauss
Maximal field on Earth (MRI) = 1 Tesla = 10* Gauss
Deatly field strength = 10° Tesla = 10° Gauss

In new magnetars one expectes fields of 10'! Tesla. In recent theories, up to 1016 Tesla
in the heart of the magnetars.
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REMARK. Same problem but very different situation in nonrelativistic quantum mechanics
(with the Schrodinger and the Pauli operators).
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Let us first consider the case of Coulomb potentials V,, := T V> 0.

H, := Hy — ﬁ can be defined as a self-adjoint operatorif 0 <v <1

(actually also (recent result) if v = 1).

Its spectrum is given by:

J(HV):(_OO)_l] U {>‘,1/7>‘57} U [1700)
0<A =v1—-102<-- <Ao< 1.

and the fact that A1 (H + V) belongsto (—1,1) is a kind of “stability condition" for the
electron.
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Does A\ (B, V) ever leave the spectral gap (—1,1) ? and if yes, for which values of B ?
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: A
In the first case, A1 = min (Az, 2)
270 ||z|[?
A A
In the second case, A\; = min max (Hml’;) , A\1 = max min (Hx\,;) ,
L x
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If (i) ¢1 > a— ,then ¢ is the k-th eigenvalue of A in the interval (a—,b), where
b — inf (O-ess(A) M (CL_, +OO))
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X X

Suppose that V' satisfies

lim V(z) = 0,

1%
|| — o0 |ZB| o




¥R —C?, wz(“") =
X

Suppose that V' satisfies

lim V(x) =
o ()
Then, for all £ > 1,
A (B, V) = inf
Y subspace of Cg° (R3,C 2)
dimY =k

1%
0, —— <V<0,
||
sup sup
PEY\{0} (%)

XE€CS° (IR3,C2)

(¥, 9)
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and
Byl oo @ Hs+V)Y)
Y= (0, %)

X
x€C§° (R3,C2)

is the unique real number X\ such that

o - VB el 5 / 2
1+V de = )\ dx .
/]Rg(l_VHH FV)lpl?)da R
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A (B,V) = inf AB ()
PECEH (IR3,C2)
p#0

o - Vel|? B
/133 (1 —V +AB(p) +(V+1- AB(SO))IsOIQ)dx =0

AV 2
[ Ve o) [P [ Dl
R3 1—|—>\1(B,V1/)+ Tz] R3 IR3 |33|

QUESTIONS : When do we have A\ (B,V) € (—1,1) ?

If the eigenvalue X\, (B, V) leaves the interval (—1,1), when ?
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TOOL TO ESTIMATE IT :

, 2
[ A eV [ ez [ ViePds
IR3 ]_—I—)\l(B,V)—V R3 R3
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and of course we are intersted in the case C =1 in (¥), and C = —1 in (*¥).
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e lim,_,; B(v)>0, lim vlogB(v) ==

r—0
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eFor B=0, \(0,V,) =vV1—v2 €(—1,1)

eForall B>0, \i(B,V,) <1

e Forall v € (0,1) there exists a critical field strength B(v) such that

e lim,_,; B(v)>0, lirrb viegB(v) =7

e For v small, the asymptotics of B(~) can be calculated by an approximation in the first
relativistic “Landau level".
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and we are looking for B,, — B(v) suchthat \{(By,v) — —1.

If everything were compact, we would be able to pass to the limit and obtain
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Now define the functional
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)2
Now we would like to estimate B(v) . This can be done analytically or/and numerically.
As we said before, analytically we have some estimates for v closeto 0 and to 1.
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where the coefficients depend only on z3, i.e.,
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Now, we shall restrict the functional £5 ,, to the first Landau level. In this framework, that
we shall call the Landau level ansatz, we also define a critical field by

B =infd{ B >0 : liminf A2 (b,v) = —1
r(v) m{ > 1brr}1§ T (b,v) },

where

(b, v) = inf Ao, b, v] .
pEA(B,v), I ¢p=0
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WEW)?
L]
L := inf 0.
S AN T
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Ly[f] = E /OOO b(z) f* dz—z//ooo a(z) f2dz

v
oo\/i 2 /9 00 86—32/2

b(z =/ s24+22s5e % /“ds and a(z =/ —————— ds.

== D) VEEe

COROLLARY. pv) <p~v) <0 = B)<B*W).
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THEOREM. For v € (0, 1), B~ (v +v3/2) < B(v) < BE(v)

THEOREM. lim v log B(v) = =.

vr—0
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NUMERICAL OBSERVATION. For v near 1, B(v) is below B*(v) by 30%.
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BON ANNIVERSAIRE !
HAPPY BIRTHDAY !




	
	 Physical problem
	 How to find models sustaining those huge magnetic fields?
	The free Dirac operator
	Eigenvalues of the Dirac operator {�f without} magnetic field
	Magnetic case I
	 Eigenvalues {Cviolet below / in the middle } of the continuous spectrum.
	Abstract min-max theorem (Dolbeault, E., S'er'e, 2000)
	Application to magnetic Dirac operators I
	Application to magnetic Dirac operators II
	Application to magnetic Dirac operators III
	
	First results to estimate $,lambda _1(B,V)$
	Some results (with J. Dolbeault and M. Loss)
	A better method to determine $,B(
u )$ 
	
	The Landau level approximation
	
	Final results
	

