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Tutorial 10: Solutions

1. (a)
T):/OTWtdt:/OT/OtdWSdt //dtdW / T — s)dW,

Hence X(T') is Normal (under )) with mean 0 and variance fo (T — 5)%ds =
13
317

(b) Hence exp(—X (7)) is log-normal with

Eq [e_X(T)} = es™”

(c)
Foru >t r(u) = +/ s)ds + o(W, — W)

:>/tTr(u)du - —t+// dsdu+a//dW du

- r(t)(T—t+/ / dub(s ds+a/ / du W,

- —t+/ ds+/

Hence [, r(u)du|F; is Normal under Q with mean r(t)(T —t)+ ;" (T —5)0(s)ds

and variance % (T — t)°.

P(t,T) = Eq {e— JiF ft:|

2

= o |-rO@ -0 - [T - s+ 5T - 0]

(d) In particular,

P(0,T) = exp [—T(O)T - /OT(T —5)0(s)ds + U;Tﬂ

= £(0,T) = —aaTlogP(O T)

= / / s)ds du — 702T2
= —|—/ s)ds — fa



Differentiate again with respect to 7"
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=0(T) =

o(T) — o°T

if(o,T) +o*T

(a) We have 0% = 0?(a) = 0.0008q.
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Numerical experiments can be found on the Excel spreadsheet which is available
at http://www.ma.hw.ac.uk/~andrewc/msc/.

(b)
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0.002 0.004
=006+ —=a=024
Q o

(a) The price of the call option is:

where P(0,1)

= P(0,10)
P(0,0.25)
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0.7595 or £0.76



¢ minimum information required is ,10), ,0.25), X, 0, o, T = 0.
b) The mini inf i ired is P(0, 10), P(0,0.25), X T =0.25
(exercise date), U = 10 (maturity date of underlying).

(a) The model is arbitrage free if there exists some previsible process () such
that

O‘<t’ T) = )(’V(t) - S(t7 T))

(t, T
where S(t,T) = —/tTU(t,u)

(b) “Weak” definition:

If a(t,T) and o(t,T') are functions of ¢, T" and the whole of f(¢,s) for all s >t
(and not on any aspect of the history F; given f(¢,s)) then the process is
Markov. However, it is necessary for us to know the whole of the forward-rate
curve at time ¢ rather than a finite number of observations.

“Strong” definition:

The same as the weak definition but in addition it must be possible to recon-
struct the whole of the forward-rate curve at time ¢ given

i. the whole of the forward-rate curve at time 0 (call this F)

ii. a finite number of observations at time ¢ (call this X (¢) where X (t) =
(X1(t),..., X\n(t)) with m < 00).

Equivalently, if X (¢) is some finite dimensional Ito process with r(t) = g(X(t))
for some function g, then the term-structure model is (strong-definition) Markov.

(¢c) 1. Ho and Lee:
r(t) = f(O,t)+/0ta(s,t)dWS—/Ota(s,t)S(s,t)ds
- f(O,t)+;02t2+aWt

= Markov
ii. Or more generally o(t,7) = o(t) for all ¢,T where o(t) is deterministic:

S(s,t) = — /St o(s,u)du = —(t — s)o(s)

= — /Ot o(s,t)S(s,t)ds = (5)*(t — s)ds

Q

= = (_ /Otg(s,t)S(s,t)d3> _



iii.

1v.

vi.

t N t .
Also / o(s, t)dW, = / o(s)dWs
0 0

:d[/ota(s,t)dm} — o(t)dWV,.

Hence dr(t) = gtf((), t)dt + </Ot 0(3)2d3> dt + o (t)dW,
= Markov
The same argument as in (ii) applies
= Markov
We concentrate on
t . t g -
/o o(s,t)dW, = ; deS

We use the following Lemma:

d M f(s,t)dWs] — f(s,0)dW; + (/Ot gtf(s, t)dVT/S> dt

Thus:

Y I R AT
ot—s+06 | t—s4+0 ' o (t—s—0)2 "
o ~
= ——dW, + X (t)dt
sVt X
But X(t) = /t I, 1
E o (t—s5—6)2 7

is another stochastic integral. Thus we can say that r(t) is Markov given
X(t). But X(¢) is only Markov given another stochastic integral etc.

So we cannot say that () is unconditionally Markov.

. Hull and White:

Let X(t) = [fo(s,t)dW, = o [l e~ =) dWV,.

The we know that dX (t) —aX (t)dt+odW,; (Ornstein-Uhlenbeck). So X (t)
is Markov.

Hence r(t) is Markov.

r(t) = f(0,t) + [ J(s,t)dWs —o(s,t)S(s,t)ds. )
If o(s,t) is deterministic then r(t) is Markov if and only if fj (s, t)dW, =
X (t) is Markov.
Here
X(t) = Xi(t)+ Xa(¢)
t -
where X;(t) = ai/ e =) qi,
0

But dX;(t) = —oX;(t)dt + oy dW,



So X;(t) is Markov for ¢ = 1,2. Hence X (¢) is Markov in the sense that if
we known X (t) and X5(¢) it is Markov.

The values for X;(t) and X,(t) can be inferred from, for example, two
points on the forward-rate curve: for example, r(t) = f(¢,t) and f(¢,t+1);
or 7(t) and & f(t,T)|r—.

[Note: since X;(t) and X,(t) both depend upon W, they are not indepen-
dent but nor are they perfectly correlated given Fy.]

5. 0(t,T) = ce~*T= implies Hull and White. Hence
dr(t) = a(u(t) —r(t))dt + odZ(t)
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From Section 8.1 of the lecture notes:

t t ~
r(t) = e (0) +a / e p(s)ds + o / e~ dZ(s)
0 0

t ~
— () 4 (1— e g+ 0 / e t=9 47 (s)

0
t .
= g(tr(0) + [ hls,)dZ(s)
where g(t,r) = Mo+ (r— Xg)e ™
h(s,t) = oe ot

This is called the Vasicek model!
6. (a) Arbitrage-free = a(t,T) = o(t,T)(y(t) — S(¢t,T)) where (t) is the market

price of risk.
We know that:

FT) = f(0,T) - /O ' o(u, T)S (u, T)du + /O ' o, T)y(w)du + /0 ' o(u, TVdZ ()

If v(¢) is deterministic then f(¢,7") would be Gaussian. However, it is only
necessary that (t) is a previsible process. If (t) is stochastic then f(¢,T)
might not be Gaussian since the term fj o(u, T)7y(u)du may not be Gaussian.

(b) We exploit the result that if X(t) = a(t) + [y b(s)dZ(s) where a(t) and b(t)
are deterministic functions, then X (¢) is Normal with mean a(t) and variance
5 b(s)?ds.



If y(t) is determinstic then f(¢,7) is Normal with mean

£(0,7) — /Ot o(u, T)S(u, T)du + /Ot o(u, T)y(u)du

and variance

t
/ o(u, T)*du
0

PULT) = exp [— /tT f(t,u)du]

/tTf(t,u)du = /tT f(0,s)ds — /tT /Ota(u, s)S(u, s)du ds + /tT /Ota(u, s)dZ(u) ds
- /tT f(O,s)ds—/tT /Ota(u, $)S(u, 5)du ds+/0t /tTU(u, $)ds dZ(u)

Hence — [ f(t, s)ds is Normal under Q with mean

/tT f(0,s)ds — /tT /OtJ(U’ $)S(u, s)du ds

/Ot (/tTa(u, s)ds>2du

Hence P(t,T) will be log-normal with the same parameters.

and variance

(a) Let V(t) be the price at t for g payable continuously until time 7" plus 100
payable at T
Consider this as the price for coupons at the rate of g between ¢ and t + dt plus
the price V (t) for the payments after time ¢ + dt. Thus:
T

V(t) = gdt+g | P(t,u)du+100P(t,T) + o(dt)
t+dt

= g.dt+V(t)+ o(dt)

T

where V(t) = ¢ +tP(t,u)du+100P(t,T).
Now dV(t) = g tjdth(t,u)du+100dP(t,T)
= g jdtP(t,u)(r(t)dtJrS(t,u)dZ(t))+100P(t,T)(r(t)dt+S(t,T)dZ(t))

— V()r(t)dt + <g /t ! P(t,u)S(t, u)du + 100P(¢, T)S(t, T)) dZ(t)

= £)dt + <g /t " Pt w)S(E w)du + 100P(t, T)S(t, T)) dZ(t) + o(dt)



Hence

ii.

ii.

1v.

bo(t,r(1)) = <g /tTP(t,u)S(t,u)dqu100P(t,T)S(t,T)>
and a,(t,r(t)) = V(t)r(t)dt — g.dt.

T
V) = 10 / e~y + 1006017
0

= 100
o(t,u) = e 01w
= 5(0,u) = —/ a(0,v)dv
0
— _0./ e*Olvd,U
0
= —100(1 — e %)
T
=dV(0) = _1000/ 6—0.1u(1 - 6_O'lu)du + 10000‘6_0'1T<1 — e_o'lT)
0
— _5000.<1 _ 670.2T)
dv(0) oot
= ——= = —00(l—e "
V(0) o e )

—dV (0)/V(0) increases from 0 to 50 as T' goes from 0 to oo, so the maxi-
mum occurs when 7" = oco: that is we get the maximum volatility with an
irredeemable coupon bond.

Zero-coupon bonds have a volatility of 100 (1 — e~%1T). For example with
T = 16.094 this is 8¢ which is higher than that for irredeemable coupon
bond.

It follows that a bond with a term of about 16 years to maturity and with
a sufficiently low coupon rate will have a volatility of between 50 and 8c.



Not used in 2004
8. (a)

V(t) = Eq {e_ S s ax (H(T) = 7,0 | F

(b) i. From the notes we use the change of measure drift v(t) = —S(¢,7") but

T
S(t,T) = —/ o(t,u)du
t
and o(t,u) = oe *“ under Vasicek
(1 _ e—a(T—t))
= St,T) = —0

«
D) = (1)

ii. We have dW, = dW, +~(t)dt and

dr(t) = alp—r(t)dt + odW,
= a(p—r(t)dt + o(dW, — ~(t)dt)
= a(u(t) — r(t))dt + odW,

2
where pu(t) = p— % (1 _ efa(Tft))

p(t) is a deterministic function. A
Suppose that X (s) = o [} e‘O‘A(S_“)qu for s > t.
= dX(s) = —aX(s)ds + odWs.
Suppose also that 7(s) = e(s) + X (s) for some deterministic function e(s).
Then dr(s) = de(s) + dX(s)
A d A

= a(u(s) — r(s))ds + odW, = d—eds + (—aX(s)ds + odiV,)

s

= a(u(s) —e(s) — X(s))ds = €' (s)ds —aX(s)ds
= ¢(s) +acs) = pls)
2

=e(s) = e () + (u — ;) (1 — e‘a(s‘t))

+;;QQ(TS) (1 . 672a(57t)>

Now X(s) is an Ornstein-Uhlenbeck process under Pr so it is normally
distributed.
= r(s)|F; is normal with:

Epp [r(s)| 7] = els)



Varp, [r(s)|Fi

iii. Suppose that X ~ N(u,o

BIX - 0] = o5 |

Varp, [X(s)|F]

_ / 0.26—204(5 u)du
t

= 0

2). Then

X —p

2

(1 _ 6—2a(s—t)>

2a

o

-2 | —op(z - 0

(o}

where zy = (g — p)/o and Z ~ N(0,1).

Hence

E[(X — o)+

= Ep, [(r(T) = re)+ | Fi]
20
where

iv.

V() =

where P(t,T) =

o

== (S

V2m

o
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e 2% — 0,20 (1 — D(z0))

P, T)Ep, [(r(T) = re)+|F]

PT
1) [ i
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or e~2% — 0.z (1 — (I)(Zo))]

in the usual way
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