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1. In the following, we omit trivial equations of the form %w(t) = 0.

(a) SV = V)5~ (ul3, + ) (1= V()

(b) %vl(t) = V()6 — pyf, (V2(0) = V(D) — gy (VP(E) = V(D))
%v%) =V2(t) 0 — pzh (1= V3(2))
SV = VA1) 6 — iy, (1= V(D).

(c) %Vl(zﬁ) = VIt 0+ p 2 Vi) =k, (1= V().

(@ SVt = Vi - plZ, (Vi) - V) + V)
SVt = VA1) 6 — 42, (1 VA1),

(€) SVH(D) = V(1) — L+ (122, + bl ) V()

0 %m) — V)6 — 1= pl2, (V) = VA1) — ul3, (V3 () - V(1)
SV = VA6~ 1+ 2, VA
%v%) — V()6 — 1+ 3, VA(D).

(g) %Vl(t) = V(t) 6+ pyty VE(t) — i, (V3(t) = V(1)

Evi‘(t) =V3(t) 6 — 1+ 4, V3(t).

2. A spreadsheet to help with this exercise (tut6_q2.xls) can be downloaded from:
www.ma.hw.ac.uk/"andrea/f79AF.

The easiest approach is to program Thiele’s equations with general annuity-type
benefits b; and assurance-type benefits b;;, each defined in a separate cell, and then
find the answers simply by setting each benefit to 0 or 1. The general equations are:



4.

%Vl(t) = Vi) —bi+ Mgl;it (b2 + V2(t) = V1) = gy (s + V(t) = V(1))
%VQ(t) = V2(t) 6 = by + 4124 (bas — V(D))
d

—V3E) = VA()8 — b+ 3L, (b — V().

The answers (to 6 decimal places) are as follows:

(a) 0.215863
(b) 0.015415
(c) 0.130831
(d) 6.956499
) 7.829249
) 0.339573.
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(a) 10p30.40 is the probability that (30) and (40) both survive 10 years: 19ps0-10P40 =
0.97853.

(b) g30.40 is the probability that one or both of (30) and (40) die within one year:
1-— P30:40 = 0.001526

(¢) pa0.50 multiplied by a small time element dt is interpreted as the probability
that (40) or (50) or both die within time dt: pyo + pso = 0.003274

(d) 10P[30]:120) is as for (a) but on a select basis: 10ps0)-10Pp0) = 0.97887

)
)
) h
) h

(
(t
(g

[30):40] is as for (b) but on a select basis: 1 — pizop.ag) = 0.001264
fpa0):[s50] 1s as for (c) but on a select basis: fia0) + ps0) = 0.002293

paoj+1:60)+1 as for (f) but on select basis for (41) and (61) both with select
duratlon 1 H[40]+1:[60]4+1 = 0.008129.

h) 3|q(30)+1:40j+1 is the probability that one or both of (31) and (41), each with se-
lect duration of 1, will die within one year deferred for three years: 3 ‘Q[30]+1 [40)+1 =
0.001976

(a) The CDF of Thnaz, P(Ties < t), denoted gz, can be given as ,q,:q,. The
density is therefore

d d d
fe(t) = th@ = %t(thy = (1 —1pz — 1Py + tP2ipy)

tPzHa+t T tPyly+t — tPxtDy (Matt + My+t)

= tDalla+t T tPyly+t — tPaylatty+t



(b) The density of T,in 18 1Payllatty+t- Lherefore its the expected value is given

by E[Tin) = [t tPayllorey+edt. Applying integration by parts, we let u =t

t=0
such that ‘jl—;‘ =1 and we let % = (Payllatty+t Such that v = —p,,.
o0 [o¢]
t—
E[Tmzn] = _t'tpxy‘t:go - / _tpa:ydt - /tpxydt
t=0 t=0

(c)
COV<Tmin> Tma:p) = E[TmznTmax] - E[Tmzn] : E[Tmax]

o

= B[] BIT,] = &y (G0 + 6y — &)
by (B En) = () (B =)

(d) i. The probability function of K, is t‘qu so that:

k=00 k=00
E[Kmm] = Z k - k‘QIy = Z k (kpxy - k—l—lpmy)
k=0 k=0
= 0 (Op:cy - 1pxy) +1 (lpxy - 2pxy) +2 (2pmy - 3p:1:y) + -
k=00
= 1Pzy + 2Py + 3Dzy +- = Z kPxy-
k=1
1.
00 1 2 3
ga:y - / tpacydt - / tp;zydt + / tpzydt + tpwydt + -
t=0 t=0 t=1 t=2
~ O5(0pmy + lpmy) + O5(1pry + 2pxy) + 05(2pmy + 3pxy) + -
k=00
= 05+ 1Pxy + 2Pzxy + 2Pzxy +---=05+ Z kPzy = 0.5+ Exy-
k=1

(e) The ‘force of mortality’ associated with 7T},,, can be defined as

_ Ja5(1) _ tPallatt + tDylbytt — tPeyllatty+t

1— Fry(t) iDry '
This way of defining a force is valid for any continuous random variable defining
the time to a future event. For ¢ = 0 we have jz5(0) = 0. This may be
surprising at first sight. However, considering the multiple-state model, for
both lives to die in time dt requires two transitions, which is an event whose
probability is o(dt), hence:

<
i Pllae < T > 0] ofdt)

— =0.
dt—0 dt dt—0 dt




D.

6.

lirlO:y o l:)::erlO

We have 1pp, = 0.96 and 1op, =

= 0.92. Therefore the required prob-

lx:y la::y

ability is:
1002 (1 = 10py) + 10py (1 — 10p2) = 0.1136.

(a) This is the expected value of the random variable dz——7). Therefore:

o0 o0

.. . 1 — pktt
Qoy = Z amk‘qmy = Z T (kp:py - k—l—lpmy)
k=0 k=0
1 o0
= 8 Z (kpmy — k+1Pxy — UkJrlkpmy + ’Uk+1k+1pwy)
k=0
1 oo o0 oo o0
= d (Z kPxy — Z k+1Pzy — U Z vkkpmy + Z Uk+1k+1pzy)
k=0 k=0 k=0 k=0
o0 o0 o0 o0
But > ki1Pey = Y ey — L and Y 0¥ ipe, = 3 0Fips, — 1. Substituting
k=0 k=0 k=0 k=0

gives

1 o0 o0
gy = pi ((1 — ) kakpxy> = kakpxy since d=1-—w.
k=0

k=0

(b) This is the expected value of the random variable a—‘

MIN(Kpmin+1,m)

n—2 n—2

Qrym = § arF - k‘me + n—1Pzxy * Am1 = E aE1 [kp:py - k—l—lpzy] + n—1Pzy * Aml
k=0 k=0
n—2

= Z Gz (kP2 + 5Py — kPzg) — 541Dz + 541Dy — k+1P7)]
k=0

+(n71px + n—1Dy — nflp@) ' Clm

n—2
= Z A1) (kP2 — k1P2) + (Py — k41Py) — (kD2g — k41D2y)]
k=0

+(n—lpx + n—1Py — n—lp@) : am

n—2 n—2
k=0

k=0
— <Z ag7a) - k‘QW + n—1Pzy - dm) = g + Gy — Aggm
k=0
(c) Az is the expected value of the random variable vfmes+1,
Az = 1 —digg=1—d(dy + dy — sy)
= (1 —diy) + (1 —diy) — (1 —diyy) = Ay + Ay — Ay



7. The expected value of the random variable: pfmaz+l ig

Amyziu’fﬂ-k\qzy where ”:1-1H"
The variance of v5me=+1 is given by:
Var[pfre ] = B (v ’"”“)}—(E [vK’””“Dz
= i )7 ke — (Asp) i e — (Asg)”
k=0 k=0

For a rate of interest j we define V= 1/(1 + j) and let V = v*. This means that
j = i? + 2i. Substituting in the above we get:

Varfo et = 3 VI g = (Asy)” = Ay = (Asy)’
k=0

where the asterisk indicates rate of interest j.

8. (a) am 67 = 10.233 (from tables).
)

(

(¢) drggraol = droer — v 10D 108 Gsorr = T.458.

(d) a;10267 o= (.67 — 0.458) — v'10ps.10pdr . (Gisorr — 0.458) = T7.204.
(€) trggr = 42 + Gy — tr0.67 = 15.44.

(f) 612 = figer — 0.458 = 14.982.

)
9. (a) Agzym is the EPV of an assurance of 1 payable at the end of the year in which

the second of (x) and (y) dies, if that death occurs within n years.

A = E[,Umin[Kmax-‘rl,n]] — E[l_d('i;\min[f(mxﬂ,n]] = 1—dE[dmin[Kmx+ Ln]] = 1—dizgm.

(b) Agym is the EPV of an assurance of 1 payable immediately upon the first death
of (x) or (y), if that death occurs within n years.

Agym = E[pmTminrl] = B[1 — 5dmin[Tmin,n]] =1 —dazym.



