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Tutorial 5 Solutions

. (a) Consider ;,4p%, and condition on the state occupied at time ¢:

t+dtp2° = tpgo dtpgoﬁ + tp?cl dtpigrt
= Y (1= — ) + 00 aepi s
= tpgo (1- /vbg}&-t - Ngit +o(dt)) + tp21 (M:lﬂ(-)l-t + o(dt)).
Therefore:

t+dtp20 - tp20
dt
and on letting ¢t — 0 we have:

d o 01 , 10 00 ¢, 01 02
%tpg; = Py Mzyr — tPg (Mm+t + :ux—l-t)'

old)

= tp?f Nigrt - tpgo (Mgit + Ngit) + dt

Similarly, we can show that:

d
%tpﬂl = 0 p0hy — 2 (pady + paiy)-

(b) Thiele’s equations are:

SV = VD)5 P p (V) — Vo) — (100 — V(1)
SV = V(05— 1l V() ~ V(1) — pi2,(00 - V(D)
d_, B

SV = o,

(c) In this case you cannot solve Thiele’s equations forwards, because V1(0) is not
known, even if you assumed that V°(0) = 0.. However you know that V¢(n) = 0
for all three states, so you would solve the equations backwards from there.

(a) The Kolmogorov equations assuming presence in state 0 at age x are:

0
atpgo = tpgl Mi:g)rt - tpgo Mg}i-t
0

01 _ .00, 01 01 10
atpx = Py Hpys — tPy Hpyy



(b)

()

(d)
(e)

but one of these is redundant since ;p2' = 1 — ;p%. There is a similar pair of
equations assuming presence in state 1 at age x:

0
atpil = tpglco /ﬁgit - tpglcl :u’i(it
0

0 _ 11, 10 10 , 01
atpx = Dy Hzpiye — tPy MHziy-

An example of an Excel worksheet (tut5_q2.x1s) for solving this problem can
be downloaded from the course web page at:

www/ma.hw.ac.uk/ andrea/f79af.

Thiele’s equations with annual rate of premium P are:

%vo(t) = Vo) o+ P — b (V1) = VO(t))
%Vl(t) = V()0 =1 -5, (V) = V1)),

See tut5.q2.xls. The premium rate 0.124379 per annum gives V°(0) =
0.000001.

With the rate of premium in (d), the policy value V°(¢) is negative for about the
last four years of the term. Negative policy values are generally to be avoided.
They mean that the life office is treating the policy as an asset instead of as
a liability. This may turn out to be correct if the policy runs for its full term,
but if (for example) the policyholder decides to cancel the policy sometime in
the last four years, the negative policy value would lead the life office to make
a loss.

We can list the life histories in the form of a table:

No. of (T3, 5:)
Transitions (Tl, Sl) (TQ, SQ) (Tg, 53) for i > 4
0 (007_1) (OO,—l) (007_1) (OO,—l)

1 (T1,1)  (o0,—1) (o0,—1) (o00,—1)

2 (Tl,]_) (TQ,O) (OO,—l) (OO,— )
3 (T1,1)  (To,0)  (T3,1) (o0, —1).

Likewise given the annual rate of premium P we can tabulate the required
present values.



()

No. of Present Value Present Value
Transitions in Integral Form in Annuity Form
10
0 P / e tdt P ay
0
Ty
1 p / e dt Pz
0
T 10
2 P </ et —i—/ e&dt) P (ag + 1, |a5—7)
0 Ty
T Ty
3 P ( / e Ot + / e‘”dt) P (ag) + 1, |a=75)-
0 T

Each term in the above table contibutes a terms to an infinite series which is
the expression for the EPV of the premiums, if we formulate the model using
random event times. Note that the probability that the life history has exactly
n transitions (n > 0), denoted H(n), is:

Hn)=PIh <Ty...<T,< 10,111 =Thio=... = x|

Hence the EPV of premium payments is:

EPV = P (H(0)am+ H(1)Elaz]
+H(2) E[(_Zm + T2’@m] + H(3) E[dﬂ + T2|C_LT3_4T2|] + ... )

The presence of the reversible transition means that the EPV of the premium
payment is an infinite series. Moreover, the nth term of the series involves
n random event times so the expected value that appears in the nth term
involves the distribution of this n-dimensional random variable, i.e. it will
require the evaluation of an n-dimensional integral. Compared with solving a
system of linear ODEs, this is very difficult and will quickly overpower even
quite a capable computer.

Consider the probability of staying in state 1 for time ¢ + dt:

11 11 11 : 11 11
t+dtDy = Dy dtDy (since here gp, = apy)

Dr {1 = (o + e + payy) At} +o(dl)
Therefore:

7, o(dl)

rratDs — opi! 12 13 14
" = (U T Moy F M) 1Dy dt

dt

and on letting dt — 0 we get:

d

_ A _
atpglcl = —(Nglcit + Ni:it + Nachrt) tpglcl-



(b) Since:

0
sp{ = [ ittt e = exp0) = 1
0

and:

d t
S R
dt o

t
= —(Hae + Mo + Hyly) X exp {— /0 oy i, + uiirdr}
= —(Mase + 1055+ Hae) Dy

we have found a solution as required.

5. The equation of value is:

e—5t e0.05t tpfljg dt

o B[40
092P / e 0t 005t pllar = E)
0

]

40
B / =0t 005t 13 gy
0

Putting 6 = 0.05 gives the desired result.

3 40
0 60 o 100 — 60 4408 |,

= (0) — (~10) = 10.

Now:

and: 40 404 (100 — 60 — t)
/ e g dt = / w0
0 0
3 40
S 2022 — &
4000 31,
1 40°
= ——[(20(40%) — — ] — (0
o (209 5) - 0)
8
= — (=2.66667)
3
and:

0 16
-0t 0.05¢ 13 : 13 12
/ (S (S tPgo dt = ? smce  ¢Pgg = 2 X tPeo
0



hence:
_ 8 16
0.92 P (10) = 5,000 3 + 10,000 3
_ 66,666.667
hich gives: P = —————— =7,246.38 to 2 d.p..
Which gives 0.92 < 10 7,246.38 to p

(a) Consider the two possible routes of getting to state 2 in time ¢ + dt:

= tpglcl dtp;jQ + tpglcQ dtpf?
= pat el dt+ )t (1 — (2, + p2h,) dt) + o(dt).

12
t+dtPx

Rearranging gives:

o(dt)
dt

12 12
t+dtPy — tPg

; B = )+

and on letting dt — 0 we get:

d
Etp;? = tpglcl l%lgit - tpglcl (Mfit + N?sit)-

(b) Using Euler’s method we get:

d

12 12 12
sPy = 0Py +s = T
P op i tP o

=0+ s (ops' s> — ops? (u2* + p2")
=s(p,” = 0) = s ;"

Hence, using stepsize s = 1, we get 1pl? ~ 1 x pl? = 0.025.

(c) We can take another Euler step by starting from the result of the first step:
Hence:

d

12 . 12 12
2sPy ~ sPy + s %tpz

t=s

11, 12

= syt s [prt it — ot 3+ 12L)]

=i, [l ettt )]

So, using a stepsize of s = 0.5, we get:

1P & 0.5(0.025) (1 + e 0200254000 _ () 5(0.05 4-0.02))
= 0.024346 to 6 d.p..



(d) Using the formula given we get:

2 = 0.025 ( —1(0.054+0.02) e-1(o.oz5+olo1))
v 0.025 + 0.01 — 0.05 — 0.02

= 0.023723 to 6 d.p..

Both answers from (b) and (c) are quite close to the actual value, but both
overstate it. Answer (c) is closer — as expected since it uses a smaller stepsize.

To get a more accurate answer using Euler’s method, use a smaller stepsize.



