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Tutorial 2 Solutions

1. (a) The recursive relationship between pure endowment policy values is:

(Vt)+P)1+410) =pere V(E+1).

To prove this, write:

(V(t) + P) = Aa:+t2n_£t| - Pp (dmzm - 1)

and note that:

1 1
Am+t2n—t =GtV X 0+ pryyv Az—i—t—l—lin—t—l

and:

Ayt tin—t = 1 + Pzt V aertJrl:nftfl

SO:

(Ax—&-tin—lﬂ - P (d:r—i-t:m - 1))(1 + @) = px+tAa:+t+11#| - prth dx+t+1;m|

(b) The policy value for a level annuity-due payable for life is just d,.;. The
recursive relationship between policy values is therefore:

(pyr — 1)1+ 1) = Pyt - Guter-
The statement stands as its own proof.

2. An Excel workbook showing how this example may be laid out can be accessed

through the module webpage.

3. (a) Let (DA>:L~1+T:W denote the EPV of a decreasing term assurance with initial
sum assured of n—r. Define V(¢) as the policy value just before the payment of
the ¢ premium and P as the net premium. The policy value at time ¢, together
with the net premium paid at time ¢, when accumulated at the rate of interest
1 should produce a value sufficient to provide a sum assured of n —t at the end



of year to the proportion ¢,.; expected to die during the year, and also to set
up a reserve of V(¢ + 1) for the proportion p,; expected to survive. Therefore:

(V(t)+ P)(141) = Gyt (n — 1) + pae V(£ + 1).
Proof:

V(t)+ P = (DA),. g — Py + P
= (DA, = — Paymn— 1) - (1)
We note that

(DA)xi-t;m = Qz+tV (n - t) + Doyt v (DA)Q:{FH-I:M’
and
gyt = 1 = Gy 1) = U Patt Gy yp 10711
Substituting these into equation (1), we can write:

(V(t) + P)(l + Z) = Qztt (n - t) + Pt ((DA);HH;m - de+t+1;m)
= Gurt(n—1) +pere V(E+ 1)
as required.

The reserve can be found directly, or by using the relationship in (a) twice from
the boundary condition V' (n) = 0. Either way we need to find the net premium,

1
éx:ﬁ\ ‘

We have z = 30, n = 30, mortality is according to the A1967-70 ultimate table
and interest is 4% p.a.

P =

% _ 31A3 59— <]A)é0:ﬁ _ 31(M3zo — Meo) — (R0 — Reo — 30Mj0)

dso:m d30:%| N3y — Ngo
_ 30Msp — Ra1 + Rei 30(1981.9552) + 21167.520 — 75245.722
a N3o — Neo N 219735.21 — 35841.261
= 0.029258.

Using the recursive relationship for the first time with g5 = 0.01299373, we
have
(V(29) + 0.029258)(1.04) = 1 x 0.01299373 4+ 0

so that V(29) = —0.016764. Using the recursive relation for the second time
with ¢s3 = 0.01168566, we have

(V(28) + 0.029258)(1.04) = 2 x 0.01168566 + (1 — 0.01168566)(—0.016764)
so that V(28) = —0.022716.



(c)

The problem is that the reserve is negative. A level premium has been used to
pay for a decreasing risk. This could cause problems if the policyholder lapses
the policy since it will leave the insurer with a loss. One way to deal with this
problem is to charge a higher level premium payable for a term shorter than
the term of the policy so that negative reserves do not arise.

6.5Vasas - (1 +0)*° = 050415 + 0.5P41.5 - 7Vas.25.
But 7Vis.95 = Ayoqs) — Pssam - Gyo1g = 0.50121 — 0.02393(12.969) = 0.19081.
Assuming a constant force of mortality between exact ages 41 and 42, then

(0,5}941,5)2 = P41 giving 0.5P41.5 = 099949 Therefore

(1 —0.99949) + 0.99949(0.19081)
6.5V35.25 = (1.04)05 = 0.18751.




(b)

(16V 3535 + Pasam) (1+4)"% = 02551 X 0+ 025051 - 1625V 3555 and

. Agssm .
6V 35:251 = 51:91 — 4735:25) 1 A51:91 = Azq:9) — * 451:9]
6V 1 AL p 1 Al 35:25]
35:25]
= %—ﬁw 625) = 0.50604
Dy, 16.027° ' '

Assuming a constant force of mortality between exact ages 51 and 52,
(025}?51)4 = P51 glVng 0.25P51 = 0.9993. Therefore

(0.50604 + 0.02197)(1.04)%2
0.9993

(c) We note that the premiums are paid quarterly and the sum assured is paid at
the end of year of death or on survival to maturity.

16.25V35;%| = = 0.53358.

(16.75V(345);%| +0.25 x P(345);ﬁ) (1+9)°% = 02505175 + 0.25D51.75 - 17V(345);g|-

But
N Ai&ﬁ _ 0.3&2359 YW
. a(&s):ﬂ 16.027 — £(1 — D_gg)
(4) (4) 3 D60
17V 53 = Asam— (0.0244) 55 = 0.73424—(0.0244)(6.91 -2 (1-5 7)) = 0.56836
52

Assuming a constant force of mortality between exact ages 51 and 52, then
0.25P51.75 = 0.9993, giving

v (1 —0.9993) + 0.9993(0.56836)

— 0.25(0.0244) = 0.55701.

Also

(16.5‘/%45);@ +0.25 X P(345);ﬁ) (1+ i)0'25 = 0250515 - V"7 + 0.25D51.5 - 16.75‘/(9,45);@

such that

@ (1— 0.9993)(1.04)0'25 +0.9993(0.55701)
16-5V35:%| - (1.04)025

— 0.25(0.0244) = 0.54579.



5. We have:

6.

(V(£)+179.3)(1.04) = quse(1,000+ V (t+1)) 4+ pore V(E+1) = 1,000 gy e+ V(¢ +1).

Solving backwards V'(4) = 784.48, V(3) = 577.00 and V' (2) = 377.27.

(a)

Thiele’s equation is:

SV = V()5 1+ s V1)

Intuitive reasoning: during time dt, interest of V(t)dt is earned and annuity
benefit of dt is paid out. If the annuitant dies during time dt, which happens
with probability p,; dt there is no sum assured to pay but the life office keeps
the reserve V(t).

For proof, note that the policy value is V (t) = G, 50 that Ay, =1 -3V ()
and Thiele’s equation above is thus equivalent to Question 2(b) of Tutorial 1.

The appropriate boundary condition is V(n) = 0.

Thiele’s equation is:

%v(t) = V()0 + oyt V(1):

Intuitive reasoning: during time dt, interest of V' (¢) dt is earned and no benefit
is paid out. If the annuitant dies during time dt, which happens with probabil-
ity p,4+dt there is no sum assured to pay but the life office keeps the reserve
V(t).

1 —5(n—t

For proof, note that the policy valueis V() = A, =e ) —tDors. Hence:

d d
—V(t) = e pay + 64(7%”% (n—tPa+t)

dt
d (np
SV ey & (oD
V(t)+e o <tpx)
(n— -1
= V(t>5—|—€ o t)npx?(_tpxﬂawrt)

= V(o (B
tPx
= VD4 e V)

The appropriate boundary condition is V' (n) = 1.
Thiele’s equation is of the form in (a) above during payment of the annuity,
and of the form in (b) above during deferral.

The appropriate boundary condition is V(w — x) = 0, where w is the limiting
age of the life table.



7. We have:

V() = V()64 P — g (10,000 + V(t) — V(1))
= V()6 + P — 10,000 1.

The appropriate boundry condition is V' (n) = 10, 000.



