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Considering a time period t + dt, then the probability that a life who is healthy
at age x will be dead by age x 4+t + dt is

D = pi' - Pldies between ages x +t and x + t + dt from healthy | healthy at = + ]
+p2? - Pldies between ages o +t and x + t + dt from sick | sick at x + ]
+.pi3 - P[stays dead between ages z + ¢ and x + t + dt| dead at x + ]

=y (ore - dt + 0(dt)) + p,? (Vieye - dt + o(dt)) + ¢p; (1)

On rearranging, dividing by dt and taking the limit as dt approaches 0, we get

d
atpglcg = tpil Mgt tpglgz Vgt

To evaluate ;pl3 numerically we choose a small stepsize s and using Euler’s
method we have

dt
= 0+s[ops' - fa + 0Py - Va-
O+ s[l-pe+0-vp] =ty s

d
Dy A opy + s [—tpglg3|t:0}

For the next iteration we use ;pi* =y, - s as the boundary point and have

d
2spi«3 R sp;;3 +s |:£tpglg3‘t:s:|

= o5+ 5 [ D2 Hars + DY Vays]
= spglcl (/’LZB+S : 5) + spgng(V:ers : 5) + phy - S

where ¢pl! and pl? are evaluated in the same way as described in the lectures.
These steps are repeated until the required occupancy probability is derived.
(i)We can derive

d

Etpil = =2 (Ot + fate) + 4Dy~ Pore = —en (2p) +pi7p. (1)



and

d

dttpm tpil *Opyt — tpi2 : (Pm+t + 7/3:+t> = tpil i tpf(?u)' (2)

Differentiating equation 1 w.r.t. ¢t and substituting equation 2 we get

& d d d
TatPst = =2yt ey = =2yt o (e = i (2))

But from equation 1

1 d
12
_ = L2

such that
d2 11 d 11 2 11 d
g2tPe = T2y TP — 20 dttpx + 0, (21)

which gives the second order differential equation

d? d
ﬁtpglcl + 4#%1&1’? + 3N2tpglgl = 0. (3)

We note that given ;pl! = 0.5 (e 7" + e3#) then
d d?

dttpw = —0.5u (e +3e~") and ﬁtp}vl = 0.5p% (e + 9e™ %) .

Substituting these three equations into the L.H.S of equation 3 we get 0
which shows that (pl! = 0.5 (e " + e~3") satisfies the differential equation.

(ii)For 0 < d <t

t
12
APy = / D e spmds
s=t—d

t
= / 0.5(e™H 4+ e731) e 21t=5) g
s=t—d

(Note that ,p22 = =)

t
= 0.562“t/ p(ets + e H)ds
s=t—d

= 0.5 2 [6“5 _“5}
= ().5e 2t [e“t et oilt=d) 4 ot d)}

=05 e - —¢ —p(t+d) e—u(:ﬁ—d)]



(iii)Note that
tpég = t,tpég =0.5 [eiﬂt — e dmt _ p—2ut + 672Mt:|
Hence for 0 < d <t

tpé(% - d7tp§g =0.5 (e_“(t"‘d) _ e—u(?,t—d))

(iv)The expected present value is

30
— 10,000 / v (ipo — 0.25,0050) di
t=0

10,000 /30 0'56_0.0515 (6—0.01(t+0.25) o 6_0‘01(3t_0'25) dt
t

=0

30
= 5’000/ (670.06t70.0025_670.08t+0.0025) dt
t=0

1 1 30
— 5 OOO o —0.06t—0.0025 —0.08t+0.0025
’ { 0.06° T 0.08° .
= 5,000 (—2.7481 + 1.1368 + 16.6251 — 12.5313)
= £12,413

2. This is the probability that a life aged  who is currently sick, and has been sick for
duration z, will be healthy at age x + t. For this to happen, the life must recover
from the current sickness between ages x +u and x + u + du, where du is small and
< x+4u < x+t, (probability  p22 . priuztu-du) and, from being healthy at age
z +u+du, must be healthy again at age z -+t (probability ;,p..,). The probability
of this happening is:

22 11
uvaz -Prtu,z4u -du~t—upx+u

and the required probability is the sum (i.e. integral) of these probabilities over all
possible values of w.

3. Consider ;;4p.?, where dt > 0, and condition on the state at age x + ¢. The life
may be:

dead (probability ;pi?)

healthy (probability ;pl!), in which case the life must die before age x +t + dt
(probability piz¢.dt + o(dt))

sick, in which case the life must have fallen sick for the last time between ages
x4+ v and « + u + du, for some u between 0 and ¢, (probability Wil gy du),

remained sick until age = + ¢ (probability ;_,p2?3,) and then died before age
x +t+ dt (probability v, s¢—y.dt)



Combining these probabilities, we have:

t —
t+dtp3153 = tpgl{o’ + tpil Pttt + / Upclcl'O-I+u't—up§c3—u‘(Vﬂ?-l-t,t—u-dt) du + O(dt)

u=0
Rearranging, dividing by dt and letting dt decrease to 0 gives the required differential
equation.

To calculate numerical values for ;pl?, we choose a small stepsize and using Eulers
method and the boundary condition gpl* = 0, we get a value for ;pl*. We do
a second iteration using ,p!* as the new boundary condition to get a value o,p3.
The iterations are repeated for as many times as required to get the occupancy
probability.

. Consider ;. 4#p?> . Using the same argument as in the answer to Question 2, we have:
+dtF gy z ’

[— t J—
t—&-dtpi?z = tpi?z_l_ tpgzg}z,u:r:-q—tdt“‘ tpi,zzjjx—i-t,z—ﬁ—t-dt—{'/ upgzg,lz-ax—i—u-t—up?giu'(Vx—i-t,t—u-dt) du+0(dt)
u=0
Rearranging, dividing by dt and letting dt decrease to 0 gives the following differ-
ential equation:

d

t

23 __ 21 22 21 22

%tp;uz - tpx}z'/’l’ft—l-t + tpm7z'yft+t,2+t + / ’le;LZ‘0$+U‘t—upx+u'ym+t,t—u dU/
u=0



