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Tutorial 2 Solutions

(a) 10p30.40 is the probability that (30) and (40) both survive 10 years: 10p3o.10P40 =
0.97853.

(b) gs0.40 is the probability that one or both of (30) and (40) die within one year:
1-— P30:40 = 0.001526

(¢c) pao:s0 multiplied by a small time element dt is interpreted as the probability
that (40) or (50) or both die within time dt: ps + pso = 0.003274

(d) 10p[30):40 1s as for (a) but on a select basis: 19p[z0)-10Pu0) = 0.97887
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[30):140] 1s as for (b) but on a select basis: 1 — pyzg).ja0) = 0.001264
[4a0):[50] is as for (c) but on a select basis: jis0) + ps0; = 0.002293

foao)+1:60)+1 as for (f) but on select basis for (41) and (61) both with select
duratlon L: pia0141:601+1 = 0.008129.

3}q[30]+1 ro]+1 is the probability that one or both of (31) and (41), each with se-
lect duration of 1, will die within one year deferred for three years: 3 ‘q[30]+1 [40]+1 =
0.001976

(a) The CDF of Th0, P(Tinar < t), denoted ¢z, can be given as ;q,q,. The
density is therefore

d d d
f@(t) = %tCI@ = at%t% = dt (1 — Pz — tPy + tpxtpy)

tDzllart T tDylly+t — tPotPy (Hatt + Hy+t)
= Pzt + tPyMy+t — tPoylaott:y+t
(b) The density of Tmm 1S Paylatty+e- Lherefore its the expected value is given

by E[Tmin] = f t - tPaylotty+edt. Applying integration by parts, we let v =t
t=

such that d“ = 1 and we let Zt tPayMatty+t Such that v = —py, .

o0 [e.e]

t=o00
E[Tmzn] = _t'tpa:y‘t:() _/_tpacydt: /tpxydt

t=0 t=0



(c)
COV(Tin, Tonax) = El[TominTomaz) = B[Tonin] - B[ Tonaa]
= B[] BIT,] = &y (e +6y — &)
= Gy =y (fe =) = (G =) (80— B

(d) i. The density of K, is t‘qmy such that

E[Kmm] - Zk k‘me Zk kPzy — k—l—lpzy)

= 0 (Opxy - 1pxy) + 1 (lpzy - 2p:py) +2 (2pxy - 3p:ry) + -

1Pzxy + 2Py + 3p:cy Z kPxy-
ii.
00 1 2 3
gmy = / tpzydt = / tpxydt + / tpxydt + / tpwydt + -
t=0 t=0 t=1 t=2
~ 0. 5(0pxy + 1p:py) + 0. 5(1pxy + 2pxy) + 0. 5(2pxy + 3p:1:y) + -
k=00
= 05+ 1Pzxy + 2Py + 2Pzy +---=05+ Z kPzy = 0.5+ Exy-
k=1

(e) The ‘force of mortality’ associated with T},,, can be defined as

m _ f@ _ tPzx Mot + tPyMy+t — tPoylaotty+t
r+t:y+t 1 . F@ tp@ .

This way of defining a force is valid for any continuous random variable defining
the time to a future event. For t = 0 we have iz = 0. This is surprising
at first sight. However it is correct; the force pz7777 is defined in respect
of the random variable T},,, = max[T,,T,]. If we choose another pair of ages
' = x+sand y = y+s say, the force ,um defined in respect of the random

variable T}, = max[T,/, Ty/] is not the same as pzrsrayrst = Horagie For
the single life case, the random variables T, and T,, = T, were related by
P[T, < t] = P[T, < s+ t|T, > s], and this was required in the proof that
the forces defined in respect of T}, and T, were equal at equal ages, namely
[l 4+ = Mayste- Lhere is no such relationship between 75,4, = max|T,,T,] and

T} 0w = max(Ty, T,].

3. We have 1gp, = l”my = 0.96 and 10p, = . =l = 0.92. Therefore the required
probability is
1092 (1 — 10py) + 100y (1 — 10p2) = 0.1136.



4. (a) We note that this is the expected value of the random variable dz——. There-

fore
. = 21— pktt
Qzy = Z am‘k‘qu = Z T (kpzy - k—i—lpxy)
k=0 k=0
1 o
- C_Z Z (kpa:y ~ k+1Pzy — Ukany + Uk+1k+1pxy)
k=0
1 o0 o0 o0 o
-4 <Z kPxy — Z k+1Pzy — U Z Ukkpzy + Z vkﬂkﬂpwy)
k=0 k=0 k=0 k=0
S o - = . .
But > j41Pey = Y kPey — L and > 0¥ ipe, = S 0¥y, — 1. Substituting
k=0 k=0 k=0 k=0
gives

k=0 k=0

oy = ~ ((1 —) Z kkp$y> = kakpw since d=1-—w.

(b) daym is the expected value of the random variable 4 .

n—2 n—2
dry:ﬁ\ = Z am : k‘q:cy + n—1Pzy * dm = Z am [kpxy - k’—i—lp:r:y] + n—1Pzy * Clm

k=0 k=0
n—2

- Z (1) [(kPe + &Py — kPay) — (k41Pz + k+1Py — k1Pag)]
k=0

+(n—1px + n—lpy - n—lp@) . Gm

n—2

= Y gy [(kPe — k+1Pa) + (Py — k1Dy) — (kP — k1P57)]
k=0

+(n—1p$ + n—lpy - n—lp@) . am

n—2 I
- (Z - k|qx b dm) T (Z ik k‘Qy + n—1Dy dm)

k=0 k=0

n
— <§ {1 k| Geg + no1Pay - cm) = Gign + {yem — Gz
k=0

(c) Az is the expected value of the random variable vmaz+1,

Amy = 1—diigy =1 —d (iig + iy — iiay)

= (1 —diy)+ (1 —diy) — (1 — digy) = Ay + Ay — Ay,

5. We note that the expected value of the random variable vfmaee*1 jg

o0

Am = g V" lgzy where v =
k=0

1
144




The variance of v¥mest1 ig given by

Var[UKmaz+1] — E |:( Kmaz+1) :| _ (E |:,UKmaz+1i|)2
= Z kH ‘CI@ Azy) Z k{QW - (Am)z :
k=0 k=0
For a rate of interest j we define V = ﬁ and let V = 02, This means that
j = i? + 2i. Substituting in the above we get
max —_— 2 —_ 2
Var[vK H] = Z Vi k}q@ - (A@)(@ Q) Arr_y@ jmi2yoi (A@)(@ i)
k=0
6. (a) am 67 = 10.233 (from tables).
(¢) Groe7:101 = dro67 — V1005 10p67 ago:77 = 7.458.
(d) (1(71)267—| (a70.67 — 0458) — U 10p70.10p67.(a80;77 — 0458) = 7204

) a
7. (a) Agzym is the EPV of an assurance of 1 payable at the end of the year in which
the second of (x) and (y) dies, if that death occurs within n years, or 1 payable

in n years exact if one or both (x) and (y) survive n years.

A = E[Umin[Kmax+1,n]] — E[l_ddg\min[mﬂaﬁl,nﬂ = 1_dE[dmin[KmX+1,n]] = 1—dizym.

(b) Agym is the EPV of an assurance of 1 payable immediately upon the first death
of (x) or (y), if that death occurs within n years.

Amy:m _ E[Umm[Tmm n]] [ 5am‘] . 6dwy:ﬁ|~



