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Convection-diffusion problems

—ecAu+b-Vu=f, in (), }

u =0, on 0,
(e <ol <)
Case € = 0
b-Vu=f, in (),
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Convection-diffusion problems

—cAu+b-Vu=f, in ),
u =20, on 0F), |’

(e < [[bl] <)

Case e =0

e > 0: boundary layer




Example

—cAu+b-Vu=f,  in (),
u=20, on OS2,

where

Q=[0,1] x [0, 1]. b:[é], and  f(z) = 1.
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Possible remedies:
e Upwinding

e Strongly consistent stabilized methods (streamline diffusion, GALS,
ete)

e Bubble functions

e Shishkin meshes

(See e. g., M. Stynes, Acta Numerica, 14 (2005), 445-508.)
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Shishkin mesh (2-D)

—cAu+b-Vu=f,  in (),
u =0, on 0¥). [’
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Shishkin mesh
But ...
Difficult to construct if curved boundaries.

Also, linear systems difficult to solve, Linf3
& Stynes (2001)



THE NEW STABILIZATION TECHNIQUE

Shishkin mesh simulation
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We consider
—EUgy + b, = f, }

u(0) = u(1) = 0.
Consider the Shishkin mesh in [0, 1],
0,h,2h,...(N —1)h,o,0 +h',..., 0+ (N —1)h, 1.

Let u; the vector on interior nodal values of the Galerkin appr.

s T
Uy, = [ul, e s UN1,UNSUNSETy - - - ,UQN_l] .
obtained by solving the linear system  Spuj, = f7,
. e -
U, ih
and le us write u, = | uny |, Iy =1/~
1o) (0]
| Uy | i ih/ _
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The estructure of the matrix S},

e o o :Ah
Sh: ® ° _@ )
Ah’: [ ) [ ] [ )
C - C
Apug + Buney_q — ihv
SN-1,N UN—-1 + SNNUN + |SNN+1 UN+1 = JN,
0]

Yun€r  + Apuy, = T
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. —1 pc —1
or  min|[A,Nf; —ady ey ],
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u(0) = u(1) = 0, } (P)

1) Compute the (oscillation-ridden) Galerkin approximation uy to (P)

(on a coarse mesh)

. L. Gy + by = 01,
2) Compute the Galerkin approximation g to €zz 1 09 1-h }

q(0) =0, q(1)=0,
(on the same mesh)

3) Solve the l. s. problem miﬂlg |V (up, — OéC]h)HL?(o 1—h)
(e1S ’

4) The new approximation is Up, = Up, — Q-
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Example 2

—eAu+b-Vu=f, in (, }

u =0, on 02,
where
Q=101 % [0,1], b—[é],
with solution
e2(:10—1)/5 _ 6—2/6 ) e3(y—1)/6 _ 6—2/6
u(x) = (x_ 1 —e2/¢ )(y B 1 — e3¢ )

Results for
e = 0.000001
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Galerkin approximation uy, on a uniform 21 x 21 mesh.
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Recall new approximation is Uy = Up, — Z ol )q,(l :

where q,(lj ) Gal. appr. of

(1, ...,x, delta points)

¥ (i~ a4
j=1

and min
a ... aln)

a beter alternative is to try to approximate wy, = Z a@qgj )
j=1

as a single Gal. appr. of

—eAw+b-Vw =g, in (),
w =0, on 0L}, [’
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Recall new approximation is Uy, = Up, — Z ol )q;zj ),
j=1

()

_ (7) . () — '
where ¢,/ Gal. appr. of AT+ b Vg Ojy i £L } ,

g¥ =0, on 052,
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(Work in progress)
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CONCLUSIONS

e A new method to stabilize the Galerkin approximation.

— tries to outsmart a Shishking mesh.

— Key lies in adding ghost values on the outflow boundary

— and minimizing the norm of the gradient of the wiggles.

— Works on very irregular grids unrelated to Shishkin meshes

— Work in progress to reduce computational cost.
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But keep on joining us from time to
time!



