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d, d = 1, 2, 3, b ∈ R

d
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− ε∆u+ b · ∇u = f, in Ω,
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,

(ε≪ ‖b‖L∞)

Case ε = 0

b · ∇u = f, in Ω,
u = 0, on ∂Ω−,

}

,

Ω∂Ω−

characteristic curves :







d

ds
x(s) = b(x(s)),

x(0)) = x0 ∈ ∂Ω−.



Convection-diffusion problems

− ε∆u+ b · ∇u = f, in Ω,
u = 0, on ∂Ω,

}

,

(ε≪ ‖b‖L∞)

Case ε = 0

b · ∇u = f, in Ω,
u = 0, on ∂Ω−,

}

,

Ω∂Ω−

ε = 0:







d

ds
u(x(s)) = f(x(s)),

u(x(0))) = 0.

(u evolves along the characteristics)



Convection-diffusion problems

− ε∆u+ b · ∇u = f, in Ω,
u = 0, on ∂Ω,

}

,

(ε≪ ‖b‖L∞)

Case ε = 0

b · ∇u = f, in Ω,
u = 0, on ∂Ω−,

}

,

Ω

ε > 0: boundary layer



Example

−ε∆u+ b · ∇u = f, in Ω,
u = 0, on ∂Ω,

}

where

Ω = [0, 1]× [0, 1], b =

[
2
3

]

, and f(x) = 1.

wind direction

outflow boundary

Ω
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Possible remedies:

• Upwinding

• Strongly consistent stabilized methods (streamline diffusion, GALS,
etc)

• Bubble functions

• Shishkin meshes

...

(See e. g., M. Stynes, Acta Numerica, 14 (2005), 445–508.)



Shishkin mesh

−εuxx + bux = f,

u(0) = u(1) = 0.

}

N subdivisions

0 1



Shishkin mesh

−εuxx + bux = f,

u(0) = u(1) = 0.

}

1− σ = O(ε log(N))

0 1σ



Shishkin mesh

−εuxx + bux = f,

u(0) = u(1) = 0.

}

0 1σ

︷ ︸︸ ︷

N/2
︷ ︸︸ ︷

N/2



Shishkin mesh (2-D)

−ε∆u+ b · ∇u = f, in Ω,
u = 0, on ∂Ω.

}

,
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Shishkin mesh

But . . .

Difficult to construct if curved boundaries.

Also, linear systems difficult to solve, Linß
& Stynes (2001)



THE NEW STABILIZATION TECHNIQUE

Shishkin mesh simulation
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
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The estructure of the matrix Sh

S
h
 =

= A
h

A
h’

 =

us
h =





uc
h

uN

uo
h′



 , f s

h
=


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f c

h

fN
f o

h′



 ,

eN−1

e1

coord. vectors.



The estructure of the matrix Sh

S
h
 =

= A
h

A
h’

 =

Ahu
c
h + βuNeN−1 = f c

h
,

sN−1,N uN−1 + sN,NuN + sN,N+1 uN+1 = fN ,

γuNe1 + Ah′uo
h′ = f o

h′
.
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The key idea

Ahu
c
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α∗

eN−1 = f c

h
,

If we had α∗, we could forget about the rest.

So let us approximate it

By demanding that uα
h = A−1

h f c

h
− αA−1

h eN−1 be “oscillation-free”

or min
α∈R

∥
∥A−1

h f c

h
− αA−1

h eN−1

∥
∥
M
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The method

−εuxx + bux = f,

u(0) = u(1) = 0,

}

(P)

1) Compute the (oscillation-ridden) Galerkin approximation uh to (P)

(on a coarse mesh)

2) Compute the Galerkin approximation qh to
−εqxx + bqx = δ1−h,

q(0) = 0, q(1) = 0,

}

(on the same mesh)

3) Solve the l. s. problem min
α∈R
‖∇(uh − αqh)‖L2(0,1−h)

4) The new approximation is vh = uh − αqh.



Example 1

−εuxx + ux = f,

u(0) = u(1) = 0.

}

with solution

u(x) = x2 −
e(x−1)/ε − e−1/ε

1− e−1/ε
.

Results for

ε = 0.00001
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Example 2

−ε∆u+ b · ∇u = f, in Ω,
u = 0, on ∂Ω,

}

where

Ω = [0, 1]× [0, 1], b =

[
2
3

]

,

with solution

u(x) =
(

x−
e2(x−1)/ε − e−2/ε

1− e−2/ε

)(

y2 −
e3(y−1)/ε − e−2/ε

1− e−3/ε

)

.

Results for

ε = 0.000001
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Delta points x1, . . . , xn:

The new approximation is

vh = uh −

n∑

j=1

α(j)q
(j)
h ,

where q
(j)
h is the Galerkin approximation of

−ε∆q(j) + b · ∇q(j) = δxj
, in Ω,

q(j) = 0, on ∂Ω,

}

, j = 1, . . . , n

and

min
α(1),...,α(n)

∥
∥
∥∇

(

uh −

n∑

j=1

α(j)q
(j)
h

)
∥
∥
∥
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Example 2

The mesh. In yellow the region excluded from the l. s. problem.

Marked with ∗ the δ points.
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−ε∆w + b · ∇w = g, in Ω,

w = 0, on ∂Ω,
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,



A word of caution

Recall new approximation is vh = uh −
n∑

j=1

α(j)q
(j)
h ,

where q
(j)
h Gal. appr. of

−ε∆q(j) + b · ∇q(j) = δxj
, in Ω,

q(j) = 0, on ∂Ω,

}

,

(x1, . . . , xn delta points)

and min
α(1),...,α(n)

∥
∥
∥∇

(

uh −
n∑

j=1

α(j)q
(j)
h

)
∥
∥
∥.

a beter alternative is to try to approximate wh =

n∑

j=1

α(j)q
(j)
h

(Work in progress)
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CONCLUSIONS

• A new method to stabilize the Galerkin approximation.

– tries to outsmart a Shishking mesh.

– Key lies in adding ghost values on the outflow boundary

– and minimizing the norm of the gradient of the wiggles.

– Works on very irregular grids unrelated to Shishkin meshes

– Work in progress to reduce computational cost.
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time!


