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Motivation

For which arrival rates                          is the system ergodic?



Mean field asymptotics

ÅApplications
ïStatistical physics

ïGenetics / population dynamics

ïEconophysics

ïChemistry

ïSocial networks

ïΧ

ïThe Internet



Mean field asymptotics



Convergence

Classical convergence result (exchangeable particles):



Long-term behavior?

Classical convergence result (exchangeable particles):

1. For ergodicsystems, do the fixed points of the 
mean field regime say something about stationary 
distributions?

2. Does stability in the mean field regime say 
something about ergodicityof finite systems?
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A particle system

ÅTime is slotted

ÅN particles, state of i:

(at most countable state space)

ÅEmpirical measures:



System evolution

ÅParticles evolution marginals
- Each particle does a transition with probability 1/N independently of 

the rest of the particles 

- Probability that a particle in state x moves to s(x):

ÅLimiting transitions

ÅScaling: accelerate time by N



Chaoticity

ÅA sequence of particle systems is Q-chaotic if:

(Chaoticitymeans asymptotic independence)



Chaoticity

ÅA sequence of particle systems is Q-chaotic if:

(Chaoticitymeans asymptotic independence)

ÅSznitman: assuming exchangeability, Q-chaos is equivalent to



Propagation of chaos

ÅDecoupling is a persistent property



Mean field equations



Proof 

ÅA proof technique using {ȊƴƛǘƳŀƴΩǎǊŜǎǳƭǘ όYǳǊǘȊΣ DǊŀƘŀƳΣΧύ

1. Prove the tightness of
2. Show that any distribution in the support of an accumulation 

point of                 is solution of a martingale problem
3. Show uniqueness of the solution

Then



Chaoticityin equilibrium

ÅPrevious results valid for a finite time horizon only

ÅDoes similar results hold in equilibrium? 

ÅΧ ƛƴ ƎŜƴŜǊŀƭΣ ƴƻΗ



Chaoticityin equilibrium

ÅPrevious results valid for a finite time horizon only

ÅDoes similar results hold in equilibrium? 

ÅΧ ƛƴ ƎŜƴŜǊŀƭΣ ƴƻΗ

ÅDǊŀƘŀƳΩǎ-like result: assume
ïall finite systems are ergodicand the family of stationary distributions 

is tight

ïǘƘŜ ŘȅƴŀƳƛŎŀƭ ǎȅǎǘŜƳ ŦƻǊ ǘƘŜ ƛƴŦƛƴƛǘŜ ǎȅǎǘŜƳ ƛǎ Ǝƭƻōŀƭƭȅ ǎǘŀōƭŜΣ ǘƘŜƴ Χ



Mean field and ergodicity?

Do we have?



Mean field and ergodicity?

Do we have?

bƻ Χ



Counter-example 1

ÅN independent queues

ÅMean field regime unstable: 

ÅAlways ergodic



Counter-example 2*

ÅN particles with state in {0,1} and kernel depending on the 
proportion of particles in state 1: 

* Baccelli, Lelarge, McDonald, Allertonconference 2004



Counter-example 2*

ÅStable mean field regime:

* Baccelli, Lelarge, McDonald, Allertonconference 2004

ÅCycles:   

ÅBi-stability: cycle or unique fixed point depending on 

ÅΧ ŜǘŎΦ   



Mean field and ergodicity?

ÅWe show the equivalence for a class of queueingsystems 
including slotted-Aloha systems



Outline

Å Part I: Mean field asymptoticsand ergodicity

Å Part II: The case of distributed  communication 
networks

Å Part III: Extensions



Distributed MAC protocols

ÅHow to share an interfered channel in a distributed way?



Distributed MAC protocols

ÅHow to share an interfered channel in a distributed manner?

Collision: both transmissions fail



Distributed MAC protocols

ÅHow to share an interfered channel in a distributed manner?
ïRandomize! Wait a random time before transmitting

ïBe polite: listen before you talk, CSMA (Carrier Sense Multiple Access)

Collision: both transmissions fail



Distributed MAC protocols

time

BUSY

TRANSMISSION

Attempt probability:
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Distributed MAC protocols

time

BUSY

COLLISION

Attempt probability:

COLLISION



Distributed MAC protocols

time

BUSY

TRANSMISSION

Attempt probability:

Non-adaptive MAC (Aloha)
- Constant transmission  

probability

AdaptiveMAC
- Adaptive transmission probability

- e.g. exponential back-off (DCF)



WLANs: full interference

ÅA fully connected interference graph
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Aloha: the stability region

ÅtŀŎƪŜǘǎ ŀǊǊƛǾŜ ƛƴ ǳǎŜǊǎΩ ōǳŦŦŜǊǎ ŀŎŎƻǊŘƛƴƎ ǘƻ ŀ όMarkovian) 
stationary ergodicprocess

Å²ƘŜƴ ƛǎ ǘƘŜ ǎȅǎǘŜƳ ǎǘŀōƭŜΚ hǇŜƴ ǇǊƻōƭŜƳ ǎƛƴŎŜ ǘƘŜ тлΩǎ  



Why is it difficult? 

ÅA set of correlated queues
ïThe capacity of a given queue depends on the buffer contents of the 

other queues (a user does not attempt to use the channel when its 
buffer is empty)

ÅAgenda
ï[ Ґ мΥ ǘƘŜ ŎƭŀǎǎƛŎŀƭ Ψ!ƭƻƘŀΩ ǎȅǎǘŜƳ

ïL > 1: non-adaptive CSMA system

time

timeTRANSMISSION



State-of-the-art

ÅA single user



State-of-the-art

ÅA single user

ÅTwousers, Tsybakov-aƛƪƘŀƛƭƻǾΩтф

or

ïAt the stability limit one queue is 
saturated, and the service rate of the 
ƻǘƘŜǊ ΨǎŜŜƳǎΩ ŎƻƴǎǘŀƴǘΦ



State-of-the-art

ÅMore users (N >2): the stability condition becomes sensitive 
to the statistics of the arrival processes, {ȊǇŀƴƪƻǿǎƪƛΩфп

ÅArbitrary N and correlated arrivals, !ƴŀƴǘƘŀǊŀƳΩфм

ÅBounds, EphremidesŜǘ ŀƭΦ ǎƛƴŎŜ ǘƘŜ улΩǎ

ÅAll the literature on coupled processors, e.g. Cohen-Boxma

ÅΧΦ



Our approach

Explicit stability region
when N is large

Explain why the formula
is extremely accurate for small 
N (say 2, 3) 



Asymptotic stability region

ÅDefine the approximate stability region as



Asymptotic stability region

ÅDefine the approximate stability region as



Consequences

ÅThe stability region is almost insensitive to the statistical 
properties of the arrival processes

ÅThe approximate stability region is exact for 2 users!

ÅCapacityof Aloha systems

Χ ŎƻƴƧŜŎǘǳǊŜŘ ōȅ Tsybakov-Mikhailov, 1979
Χ        ŎƻƛƴŎƛŘŜǎ ǿƛǘƘ ǘƘŜ ƛƴŦƻǊƳŀǘƛƻƴ ǘƘŜƻǊŜǘƛŎ    

capacity, Massey-Mathys, 1985 


