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Motivation
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For which arrival rates\;, ..., An) IS the systodic?



Mean fieldasymptotics
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A Applications
I Statistical physics
I Genetics / population dynamics
I Econophysics
I Chemistry
I Social networks
I X

I The Internet



Mean fieldasymptotics

. XN
N —o0
- @fb o @

XNk = (XN(k),i=1,...,N) Ve e X, Q,=F(Q,(t),yeX)
oV (k+1) = aV (k)KN



Convergence
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XN(k) = (XNk),i=1,....N) Ve e X, Q,=F(Q,(t),yeX)
oV (k+1) = aV (k)KN

Classical convergence result (exchangeable particles):
g (t) = X' (LNt])
lim £(g(-),i € Z) = Q®F weakly in D(R,, X)"
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Longterm behavior?

Classical convergence result (exchangeable particles):
g (t) = X;' (LNt))
lim L(gV(-),i€TI)=Q%* weakly in D(R,, X))

N—c

Ve e X, Q,=F(Q,(t),yeX)

1. Forergodicsystems, do the fixed points of the
mean field regime say something about stationary
distributions?

2. Does stability in the mean field regime say
something abouergodicityof finite systems?



Outline

Part I: Mean fieldasymptoticsand ergodicity

Part Il: The case of distributed communication
networks

Part Ill: Extensions



Outline

A Part I: Mean fieldisymptoticsand ergodicity



A particle system

A Time is slotted @

A N particles, state of XV (k) € x
(at most countable state space)

. r 1 .
A Empirical measuresy™N (k) = ~ Z Sx N (x) € P(X)

N = _Z‘*“ c P(D(N, X))



System evolution

A Particles evolutiomarginals

- Each particle does a transition with probability 1/N independently of
the rest of the particles

- Probability that a particle in statemoves tos(X: % FN (2, vV (k)

N—

A Limiting transitions ¥ (z,a) Y=° F,(z.a), VYa e P(X),z € X

A Scaling: accelerate time by N

J.hlr
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¥ () = XN(INt) Y =5 D) € P(D(RT, X))
i=1



Chaoticity

A A sequence of particle systemsJshaoticif;
VI C N finite, lim L£((XM)icr) = Q®NI weakly

N —oo

QeP)

(Chaoticitymeans asymptotic independence)



Chaoticity

A A sequence of particle systemsJshaoticif;
VI C N finite, lim L£((XM)icr) = Q®NI weakly

N —oo

QeP)

(Chaoticitymeans asymptotic independence)

A Sznitmanassuming exchangeability:€Daos is equivalent to

lim L(p™) = dg weakly in P(P()))

N—oc



Propagation of chaos

A Decoupling is a persistent property

Theorem If the sequence of systems (¢;" (+))ie{1,... N}

!

18 QQo-chaotic at time 0. Then there exists a trajectory
distribution Q € D(RT, X) such that the system is Q-chaotic.



Mean field equations

Theorem The limiting proportion Q. (t) of particles
i state x at time t satisfies:

dQ“‘—Z Y QuF(y,Q() = > Qu(t)Fu(z, Q1))

SsES yeX:s(y)=x SES




Proof

A A proof technique using I y A ONYB-&/0fal o6 Y dzNJIi |

1. Prove the tightness of (™)
2. Show that an¥ distribution in the support of an accumulation
point of L(pu IS solution of a martingale problem

3. Show unlqueness of the solution

Then L(p") = 00



Chaoticityin equilibrium

A Previous results valid for a finite time horizon only
A Does similar results hold in equilibrium?
AX Ay 3JSYSNIfsx y2H



Chaoticityin equilibrium

A Previous results valid for a finite time horizon only
A Does similar results hold in equilibrium?

AX Ay 3JSYSNIfsx y2H

A D NJ Klike @sult: assume

I all finite systems arergodicand the family of stationary distributions
IS tight
i 0KS ReylIYAOFt &adaeadsSy FT2N GKS Ay

Theorem In stationary regimes, the sequence of systems
are Q5 -chaotic, and for all x:

YY) @OF Q1) =) Qi () F(x, Q% (1))

SES yeX:s(y)=x SES



Mean field ancergodicity?
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XN(k) = (XNk),i=1,....N) Ve e X, Q,=F(Q,(t),yeX)
oV (k+1) = aV (k)KN

Do we have?

(XN (k). k2 0) ergodic  ,_, WreX, Qu=F(Qt)yeX)
for IV large enough globally stable



Mean field ancergodicity?
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T, N—o0
XN(k) = (XNk),i=1,....N) Ve e X, Q,=F(Q,(t),yeX)

oV (k+1) = aV (k)KN

Do we have?

(XN (k). k2 0) ergodic  ,_, WreX, Qu=F(Qt)yeX)
for IV large enough globally stable
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Counterexample 1

Ao
A N independent queues  — (™

JE
AV =1/N - 1/N?

cN =1/N

A Alwaysergodic

A Mean field regime unstableq, (t) = Prlq = ] = Q. (0)



Counterexample 2*

A N particles with state in {0,1} and kernel depending on the
proportion of particles in state 1;

1/4 3/4 )

< C—e/2= Ku)= ( 1/2 1/2

. i 1 0
pw>=>C+e/2= K(u)= ( 2/3 1/3 )

c (3 . ].,r"lfi]: :i;"l'il ) 1 ()
e IF §1{-—¢ } E] = K {IH} = O ( 1;;'2 lfa'z ) { {l n:f-} ( 2};':} ]_J,“':} )

C'—pu

* BaccelliLelarge McDonald Allerton conference 2004



Counterexample 2*

A Stable mean field regime: > 9/13, o = (2/5,3/5)
A CyCIGSH;lH < (< H;’TJ._ o = {1{},-3']_3 :i;’ll:ijl = {JEL.[;I{[JEL{;:I:Ij‘f{jj..:].j{{]!&.;}}}
A Bistability: cycle or unique fixed point depending ap
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* BaccelliLelarge McDonald Allerton conference 2004



Mean field ancergodicity?
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(XN(k), k2 0) ergodic  ,_,  vzeX, G.=F(Qyt)y€X)

for N large enough globally stable

A We show the equivalence for a classjaEueingsystems
Including slottedAloha systems



Outline

A Part Il: The case of distributed communication
networks



Distributed MAC protocols

A How to share an interfered channel in a distributed way?



Distributed MAC protocols

Collision: both transmissions fall

A How to share an interfered channel in a distributed manner?



Distributed MAC protocols

Collision: both transmissions fall

A How to share an interfered channel in a distributed manner?
I Randomize! Wait a random time before transmitting
I Be polite: listen before you talk, CSMA (Carrier Sense Multiple Access



Distributed MAC protocols

BUSY |

TRANSMISSION | |

Attempt probability:p(t)

, time



Distributed MAC protocols
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BUSY |

[ TRANSMISSION | |

, time

Attempt probability:p(t)



Distributed MAC protocols

BUSY |

COLLISION
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COLLISION |

Attempt probability:p(t)

, time



Distributed MAC protocols

BUSY

TRANSMISSION

N

Attempt probability:p(t)

Nonadaptive MAC (Aloha)

- Constant transmission
probability

\_/tn p(t) = Po

Adaptive MAC

time

- Adaptive transmission probability
- e.g. exponential backff (DCF)

success:
collision:

p(t) — po
p(t) — p(t)/2



WLANSsfull interference

A A fully connected interference graph
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Interference graph



Aloha: the stabllity region

At O1S0a | NNARGS Ay dZaskbhiag 0 dz
stationaryergodicprocess
A2 KSy Aa 0UKS aeéadasSy aidalof SK




Why is it difficult?

A A set of correlated queues

I The capacity of a given gueue depends on the buffer contents of the
other queues (a user does not attempt to use the channel when its
buffer is empty)

A Agenda
i [ I MY O0KS OflFaaArAoltf W f2KFEQ aeé
I L > 1: noradaptive CSMA system

, time

TRANSMISSION time

>
>




A A single user

Stateof-the-art

A

S




Stateof-the-art

. )
A Asingleuser ~— ip A<p

A Twousers,Tsybakova A { KI Af 2 3QT i

I At the stability limit one queue is
saturated, and the service rate of the
20KSNJ wasSsSyaQ O2yai

At < pi(l —p2), Az < pa(l — A/(1 — pa))
or Ay < pg(l —f}l):}‘q < pl(] — )'kg/(l —Pl))



Stateof-the-art

A More users (N >2): the stability condition becomes sensitive
to the statistics of the arrival processg¢s] LJ- Y1 2gal A

(AN Pr(Q) = 0,k € K],VK) = AN

A Arbitrary N and correlated arrivals,y' I Yy i K| NI Y Q dm™

A BoundsEphremidesS (i Ff @ Ay OS (KS vy
A All the literature on coupled processors, eGphenBoxma
AXo



Our approach

Explicit stability region Explain why the formula
when N is large > IS extremely accurate for small
N (say 2, 3)




Asymptotic stability region
A Define the approximate stability region as

AN = {/\ e RY : Jp € [0, 1]V : Vi, \; = PiPiH(l — Pjpj)}
j#i



Asymptotic stability region
A Define the approximate stability regias

AN = {/\ e RY : Jp € [0, 1]V : Vi, \; = PiPiH(l — Pjpj)}
j#i

Theorem For all € > 0, there exists Ne such that, for N > N,
(a) if \N +¢-1N € [}N, then the system 1is stable;
(b) if \N —e- 1N & AN, then the system is unstable.

1V = (3, ., 7), AN =, 000



Consequences

A The stability region is almost insensitive to the statistical
properties of the arrival processes

A The approximate stability region is exact for 2 users!
A Capacityof Aloha systems

O 2 vy 2 S Odyl#déd/ikhaiioe 1979
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