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6.1 The neighbours of a typical vertex

General assumption: We consider the Voronoi tessellation
{C(N,x) : * € N} based on a stationary Poisson process N of
intensity A > 0.
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Definition: Consider the probability measure P .
0

(i) Almost surely there are exactly d + 1 different points
Xo,...,X4q € N (lexicographically ordered) such that

{0} =C(N,Xo)N...NC(N, Xy).

The points Xy, ..., X4 are the neighbours of the origin.

(ii) Let R := |Xo| = --- = |X4| denote the distance to the neigh-
bours and define the unit vectors
Xo X4
Uyi=—.....U; := —.
0 R ’ s Ud R
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Theorem: Under the probability measure IED?VO the following holds.
(i) The random variables ({x € N : |z| > R}, R) and (Uyp,...,Uy)

are independent.

(i) RY is Gamma distributed with shape parameter d and scale pa-
rameter A\kgq.

(iii) The conditional distribution of {x € N : |x| > R} given R =r
18 the distribution of a Poisson process restricted to the comple-

ment of the ball B(0,r).
(iv) {Uy,...,Uq} has distribution

cal/---/l{{uo,...,ud} € - }Aq(ug, ..., uq) S(dug) . ..S(dug)

where Ag(ug, - ..,uq) s the volume of the simplex spanned by
the vectors ug, ..., uq, S 1 the uniform distribution on the unit

sphere S~ and cq is an explicitly known constant.
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6.2 The length-biased distribution of the neigbours of
a typical face

Definition: Consider the probability measure P}, for some fixed
kell,...,d—1}.

(i) Almost surely there is exactly one k-face Fj, € Si(IN) such that
0 € Fi.

(ii) Almost surely there are exactly d — k + 1 different points
Xo, ..., Xq—k € N (lexicographically ordered) such that

Fr = C(N,Xo)N...NC(N, Xa—p).

The points Xy, ..., X4_r are the neighbours of Fy.
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(iii) Let
denote the distance of the origin from the neighbours.

(iv) There is a unique (d — k)-dimensional ball in the affine hull of
the neighbours containing the neighbours on its boundary. We
let Z denote the centre of this ball.

(v) Let
R = |Xy - Z|, R" :=1Z|.
so that
R?2 — R/2 + R//2
(vi) Define the unit vectors

_ Xo—Z Xig—p — £ Z

U : o Ugp = : .
0 R’ ’ y Vd—k R’ , ‘Z‘
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Situation under ]P’(])Wk for k=1, d = 3.

S O
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Situation under ]P’(])Wk for k=1, d = 3.
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Situation under ]P’(])Wk for k=1, d = 3.
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Theorem: Under the probability measure IP?Wk the following holds.
(i) The random wvariables ({x € N : |x| > R}, R), R?/R?, and
(Ugy ..., Ug_,U) are independent.
(i) RY is Gamma distributed with shape parameter d —k+k/d and
scale parameter A\kq.
(iii) The conditional distribution of {x € N : |x| > R} given R =r
18 the distribution of a Poisson process restricted to the comple-

ment of the ball B(0,r).

(iv) R'?/R? has a Beta distribution with parameters d(d — k)/2 and
k/2.
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(v) Fiz a d — k-dimensional linear subspace L C R®. The random
pair ({Uk.0s-- -, Uk.d—k},Uk) has distribution

/ /1{ (Do, ..., Dug_p}, ) € -}
Ad k uo,.. s Ug— k:) ftl SL(duo) S (dud k)SLL(du) (dﬁ),

where Ag_r(ug, ..., uq_x) is the (d — k)-dimensional volume of
the simplexr spanned by the vectors ug,...,uq_, V s the uni-
form distribution on the rotation group SOq, ci is an explicitly
known constant, and Sy, and Sy. are the uniform distributions
(normalized Haar measures) on the unit spheres in L and the

orthogonal complement L+ of L, respectively.
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6.3 The typical edge and its neighbours

Definition: Assume that IV is a stationary Poisson process of inten-

sity A > 0 and consider the Palm probability measure P .
(i) Let L denote the length of the typical edge C1.

(ii) Let Z denote the centre of the (d — 1)-dimensional ball deter-
mined by the d neighbours of C';. Let ®; denote the set of the
d unit vectors pointing from Z to the neighbours of (.

(ii) Let o' and o/ denote the angles in [0, 7] spanned by the edge
C'1 and the vectors pointing from the endpoints of C; to one of
the neighbours of (.

(iii) Let £ denote the volume of the union of the two balls centered
at the endpoints of the edge (C'; whose radii are given by the
respective distances from the endpoints to one of the neighbours

of Cl.
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Theorem: Under P?Vl we have the following assertions:
(i) The random variables (o/,a’), & and ®1 are independent.

(ii) The random wvariable & has a Gamma distribution with shape

parameter d + 1 and scale parameter 1.

(iii) The distribution of (cosa’,cosa’) has an explicitly known and

integral-free density.

(iv) The distribution of ®1 is the same as the distribution of the

corresponding unit vectors under Py, . It has been given above.

Remark: Under P?Vl the random variables o', o, ¢, and ® determine

the edge (7 and the positions of its neighbours up to a translation.
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