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5.1 Voronoi tessellations
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Reminder:

(i) The space of all point configurations in R? is defined as
N, = N,(RY) := {¢ c R?: ¢ is locally finite}.
(ii) Any ¢ € Ny is identified with a counting measure:
©(B) :=card{x € ¢ : x € B}, B CR"

(iii) The o-field N is the smallest o-field of subsets of Ny making
the mappings ¢ — ¢(B) for all Borel sets B C R? measurable.

A Short Course on Stochastic Geometry Slide 3/ 18



Ginter Last 5. Mean value formulae for stationary tessellations

Definition: The points of ¢ € Ny are in general quadratic position

if the following two conditions are satisfied.
(i) Any k € {2,...,d+ 2} points of ¢ are in general position.
(ii) No d + 2 points of ¢ lie on the boundary of some ball.
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Definition: Let ¢ € Nj.
(i) The Voronoi cell C(p,x) of x € ¢ is the set of all sites y € R?

whose distance from x is smaller or equal than the distances to

all other points of .

(ii) The Voronoi tessellation based on ¢ is the system

Si(p) ={C(p,x) : T € p}.

Remark: If the convex hull of ¢ coincides with R?, then all Voronoi
cells are bounded and S4(y) is a face-to-face tessellation. Moreover,
if the point of ¢ are in general quadratic position, then Sg(¢) is also
normal in the sense that any k-face is contained in exactly d —k+1

cells.
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Definition: Let C' be a convex polytope. Then

C = U U relint F

ke{0,...,d} CeS,(C)

where S (C') is a finite set of k-dimensional polytopes whose affine
hulls are pairwise not equal. A polytope F' € Si(C) is called a
k-face of C.

Definition: Let ¢ € Ng and k € {0,...,d}. The system of all k-faces
of the Voronoi tessellation Sy(¢p) is defined by

Se(p) = | Sk(©).

CeS4(p)
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5.2 Typical faces of stationary Voronoi tessellations

Assumption: N is a stationary simple point process on R¢ such
that almost surely N is non-empty and the points of NV in general

quadratic position. We consider the (random) Voronoi tessellation

S4(N) = {C(N,z) : = € N}

generated by N.

Definition: For a k-dimensional convex set C' let 7 (C) denote the
centre of gravity of C'. Define the stationary point process of centres

of k-faces by
Ny :={mx(F): F € Sx(N)}.
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Assumption: For any k € {0,...,d} the intensity
Y = B[Nk ([0, 1))

is assumed to be finite.

Remark: We have v4 = A.

Definition: Let k € {0,...,d}. Under the Palm probability measure
P}, we denote by Cy € Sp(N) the k-face satisfying m(Cy) = 0.
The distribution

IP)(J)Vk, (Ck ~ )

is the distribution of the typical k-face of the Voronoi tessellation
based on V.
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Definition: For any k € {0, ..., d} we define the stationary random
measure M} on RY by

Mp(B):= > |FNBl,
FeSK(N)

where |C|; denotes the k-dimensional area (Hausdorff measure) of
a measurable set C' C RY.

Assumption: For any k € {0,...,d} the intensity

pr = E[My([0,1]%)]

is assumed to be finite.

Remark: We have My = Ny and hence vg = .
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Definition: Let k € {0,...,d}. Under the Palm probability measure
IP?Wk we denote by Fy € Si(IN) the k-face satisfying 0 € Fj. The
distribution

P?\@ (Fk c )

can be interpreted as an area-biased version of the distribution of
the typical k-face.

Proposition: Consider k € {0,...,d} and a measurable and shift-

invariant function g : Ny — [0,00). Then

1By [9] = vER, [|Cklk - 9],
BN (9] = peBhy, [[Felp ' - 9] -
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5.3 Mean values for typical faces

Corollary: For any k € {0,...,d} we have

e = EXN, [|Cklx]
e = By, [1Feln ] -

In particular

Proposition: We have

d .
(—=1)7y; = 0.
71=0
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Definition: Let P? denote the system of all convex polytopes in R?.
For k € {0,...,d} we define v, : P4 — N by

v (F) := card Sk (F).

Proposition: Consider the planar case d = 2. Then vy = 2\ and
v1 = 3A. Moreover,

1
B, [1Cala] = 1
.2

ER, [10C21] = =5,

En, [v0(C2)] = 6,

B, [|Ch)y] = £
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Theorem: If N is a stationary Poisson process of intensity \ then

the intensities g are explicitly known. In case d = 2 we have
Mo = 2)\, 1 = 2\/X

and in case d = 3 we have

2472 4872 2472
i T = (B 1)

p— A p—
j220) 35 ) 251

Problem: Assume that IV is a stationary Poisson process. Determine
the distributions

Py, (Cr€:), k=0,....d,

and
Py (Fr €9), k=0,....d
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5.4 General tessellations

Definition: A mosaic (tessellation) in RY is a countable system M

of compact subsets of R? (cells) with the following properties.

(i) Any bounded set is intersected by only a finite number of the
cells.

(ii) All cells are convex and have a non-empy interior.

(iii) The union of the cells is all of R

(iv) The interiors of the cells are mutually disjoint.

Remark: The cells of a mosaic are convex polytopes.
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Definition: A random tessellation in R? is a simple point process
X on the space C’ of non-empty compact subsets of R? such that
P(X € M) = 1. The elements of X are called cells of X.

Definition: A random tessellation X in R? is called face-to-face if

the faces of different cells do not overlap. In this case the system of
all k-faces of X is defined by

Se(X) == | Sk(0).

ceX

Definition: A random tessellation X in R? is called normal if every
k-face of X is contained in precisely d — k + 1 cells of X.
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Definition: A random tessellation X in R? is called stationary if

XZL2X+y yeRL

Definition: Let X be a stationary random tessellation in R¢ and
ke {0,...,d}. Then

Mp(B):= Y |FNBl,
FeSk(X)

defines a stationary random measure M} on R? and
Ni :={mp(F): F € Sx(X)}

defines a stationary point process Nj, (of centres of k-faces) on R

The intensities of My and N, are denoted by ux and v, respectively.
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Proposition: Let X be a stationary random face-to-face tessellation
in RY. Then the relationships between the Palm probability mea-

sures PO, and P given above for stationary Voronoi tessellations
M;, N
remain valid. In particular

EX,[Va(Ca)] = X7,
E[Va(Fa)~'] = A

and

d .
(=1)7; =0.
—

J
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Proposition: Let X be a stationary random face-to-face and normal

tessellation in R?. Then 7o = 2\ and v, = 3\. Moreover,

1
ER, [|C2|a] = T
- 2

EX, [|0C2 1] = %,

En, [v0(C2)] = 6,

1 M1
E [1Cq]1] = £=.
N, L Chl1] )
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