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1.1 Framework

(i) The phase space X equipped with a o-field o-field X. It is

assumed that (X, X) is a Borel space, i.e. Borel isomorphic to a
Borel subset of [0, 1].

(ii) A ring X} of bounded sets, such that X is the countable union

of sets from AXj,.

(iii) The space N = N(X) of all locally finite (i.e. finite on X}) count-

ing measures on X.

(iv) The space Ny = N (X) of all simple counting measures on X.

This is the space of point configurations in X

(v) The o-field N' = N(X) is the smallest o-field of subsets of N
making the mappings ¢ — ¢(B) for all measurable sets B C X
measurable.
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Remarks:

(i) Any Polish (i.e. complete and separable metric) space is a Borel

space.

(ii) If X is a Borel subset of a Polish space, then X" is always chosen
as the system of all Borel subsets of X. One possible choice of
Ay is then the systems B(X) of all Borel sets that are bounded

with respect to the underlying metric.

(iii) A locally compact, second-countable Hausdorff space is Polish.
In this case A} is chosen as the system of all relatively compact
subsets of X.
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Lemma: Any ¢ € N can be measurably decomposed as

o= 0,
j=1

for some n € NU {oc}, and z1,22,... € X. In particular, Ny is a
measurable subset of N.
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1.2 Definition of a point process

Definition: A point process on X is a measurable mapping N from
a probability space (€2, A,P) into (N, N). In the canonical case, P
is a probability measure on (N, N) and N is the identity on N. A
point process N is simple if P(N € Ny) = 1.

Lemma: Let N be a point process on X. Then there are random
elements X7, X5, ... in X such that

Remark: A simple point process can be identified with the (random)
set {X,, :n < N(X)}.
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1.3 The intensity measure

Definition: The intensity measure A of a point process N is the
measure A on (X, X) defined by

A(B):=E[N(B)], Be€AX.

Theorem: (Campbell’s theorem) Let N be a point process and con-

sider a measurable function f:X — [0,00). Then

/ﬂ@NM@EEZﬂ@

reN

18 a random variable and

5| [ fa) Nido)| = [ o) Atao),

where A s the intensity measure of N.
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1.4 Binomial and mixed binomial point processes

Definition: Let X7, Xso,...,X,, be m independent random vectors

in R? with common distribution F. Then

N = f:léxn

is called binomzial process with sample size m and sample distribu-
tion F'.

Remark: If N is a Binomial process as above, then N(B) has a
Bin(m, F'(B))-distribution for all Borel sets B. In particular N has

intensity measure

E[N(B)] = mF(B), B &€ B(R%).

A Short Course on Stochastic Geometry Slide 7/ 19



Gilinter Last 1. Spatial Point Processes

Definition: Let X;, Xs,... be an infinite sequence of independent
random vectors in R? with common (diffuse) distribution F' and let

T be an integer-valued random variable independent of the sequence
(X,). Then

N = i:ldxn

is called mixed binomial process with random sample size 7 and

sample distribution F'.

Proposition: Assume that N is a mixed Binomial process, where 7
has a Poisson distribution with parameter A > 0. Then N(B) has a
Poisson-distribution with parameter AF'(B). Moreover, N(B) and
N(B’) are independent, whenever B and B’ are disjoint.
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1.5 The distribution of a point process

Definition: The distribution of a point process N is the probability
measure Po N1 on (N, N).

Theorem: Let N and N’ be point processes on X. Then the following

assertions are equivalent:

(i) NL N

(i) [fdN £ [ fdN' for all measurable f : X — [0,00).
(iii) For all measurable f : X — [0, 00):

[exp /f dx ]:Elexp /f N’(da;)]].
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1.6 Marked point processes

Definition: Consider a Borel space (Y,)) and consider the product
space X X Y equipped with the product o-field X ® ). Define

(XRYV)y:={BxC:BeX,CecY}.

A marked point process on X with mark space Y is then a point

process on X X Y.

Remark: If ® is a marked point process on X with mark space Y
then
O(- xY)

is a point process on X, the ground process of W.
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Definition: Let Q be a probability measure on (Y,)) and let

be a point process on X. A marked point process ® on X with
mark space Y is called (independent) Q-marking of IV if there is
a sequence Y7, Ys,... of independent random elements in Y with
distribution Q such that (Y,,) is independent of N and

N(X)
d
oL Z 3(X,.¥)-
n=1
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Lemma: Let N be a point process on X with intensity measure A
and let ® be a Q-marking of N. Then ® has intensity measure

A®Q.

Example: Let p € [0,1] and consider a sequence Y7, Y3, ... of in-
dependent {0, 1}-valued random variables with P(Y; = 1) = p for
1 =1,2,.... Then the point process

N(X)
N, = Y 1{Y, = 1}éx,.

n=1

is called p-thinning of N.
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1.7 Stationary point processes

Definition: A simple point process N on R? is stationary if

N(R%) N(R%)

Z5x+x—N Z5x, $€Rd

Remark: A point process N on R? is stationary if
9, N LN, zecRe
where 6, N is the point process defined by

0.N(B):= N(B+z), BeBR?.
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Proposition: Let N be a stationary point process on R?. Then

P(N(R%) =0) + P(N(R?) = c0) = 1.

Convention: Let N be a stationary point process. If not stated
otherwise it will always be assumed that

P(N(R?%) = o00) = 1.
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Definition: Let N be a stationary point process. The intensity
A= Ay of N is defined by

A= E[N([0, 1]%)].

Proposition: Let N be a stationary point process on R with a finite
intensity A. Then the intensity measure A of N s a multiple of

Lebesgue measure, i.e.

A(B) :)\/13(:6) dr, B e B(RY).
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Definition: A marked point process ¥ on R? with mark space Y is

stationary if
0,0 2T 2 ecR?

where 6,V is the marked point process defined by

0, V(B x C):=¥((B+2xz)xC), BeBRY, Cec).

Definition: Let ¥ be a stationary marked point process. The inten-
sity A = Ay of U is defined by

A= E[¥([0,1]* x Y)].

Remark: The intensity of W is the intensity of the ground process
of W.
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1.8 The Palm distribution

Proposition: Let W be a stationary marked point process with a finite
intensity A. Then there is a probability measure Q on Y such that

the intensity measure A of ¥V is given by

A(B x C) = \Q(C) / 15(x)dx, BeBRY), Ce.

Definition: The measure Q is called Palm mark distribution of the

stationary marked point process V.

Example: Assume that ¥ is an independent Q-marking of a station-
ary ground process N. Then W is stationary. Moreover, QQ is the

Palm mark distribution of W.
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Lemma: Let N be a stationary point process on R?. Then
V(B x(C):= /]_B(ZC)]_(;'(H:CN)N(CZZC), B € B(R%), C € N(R?),

defines a stationary marked point process on R? with mark space
N (R%).

Definition: Let N be a stationary point process on R with finite in-
tensity. The Palm mark distribution of the stationary marked point

process ¥ defined in the above lemma is called Palm distribution of
N. Tt is denoted by PY;.
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Theorem: (refined Campbell’s theorem) Let ¥ be a stationary
marked point process on R® with finite intensity A and Palm mark
distribution Q. Then

E U f(:v,y)\ll(d(:v,y))] = A// f(z,y) dz Q(dy),

for all measurable function f : R? x Y — [0, 00).

Theorem: (refined Campbell’s theorem) Let N be a stationary point
process on RY with finite intensity X and Palm distribution P%.
Then

E U f(:v,exN)N(da:)] = A// f(z, @) dz P (de),

for all measurable function f : R? x N — [0, 00).

A Short Course on Stochastic Geometry Slide 19/ 19



