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Entropy

For random element X, entropy H(X) = H(p) = E[—logp(X)]

where p is the p.m.f of X (if X is discrete),
or the p.d.f of X (if X is continuous)

Conditional entropy of X given Y is
H(XY) = ZPY H(X]Y =y)

where H(X|Y = y) is the entropy of p(x|Y = y).

Two useful facts

e Shannon’s Chain Rule:
HX,)Y)=H(Y)+ H(X|Y)
e Conditioning reduces entropy:

H(X) = H(X]Y) = D(pxylpx x pr) = 0



Hypergraphs
We wish to consider various subsets of the random variables X1, ..., X,

Conventions

e [n] is the index set {1,2,...,n}

e A collection C of subsets of |n] is a hypergraph, and the sets in C are
hyperedges

E.g.: {{1,2},{1,3},{2,3,4}}

e For any s € C, Xg stands for the collection of random variables (X;
i € s), with the indices taken in their increasing order

e For any index 7 in [n], define the degree of ¢ in C as

r(i)={teC:iet}

e We will always implicitly assume that all hypergraphs we consider have
manimum degree r_ = min,cp, r(i) > 0, i.e., every index ¢ appears in
at least one hyperedge



Weak form of main inequality

The Inequality

For any hypergraph C on [n],
H(Xs|Xse) H(Xs)
Z r.(s) < H(Xp) < Z r_(s)
SeC N seC
where 7, (s) = max;es () (max degree within s)
and r_(s) = min;eg 7(7) (min degree within s)

History

® Shannon '48, Han '78, Chung—Frankl-Graham-Shearer '86

® Recent Applns: Friedgut—Kahn '98, Radhakrishnan '01, Kahn '01, Brightwell-Tetali 03,
Friedgut '04, Galvin—Tetali '04

Now unified. . .

e Both upper and lower bounds for general hypergraphs C

e Coefficients improved



Special Cases of the Weak Form

e Applying to the class C; of singletons,

H(X | X ) < HXp) <Y H(X
]\ n]

1=1
Upper bound is Shannon s, and lower bound is related to erasure entropy

o Applying to the class C,,_1 of all sets of n — 1 elements,

ZH n]\Z‘X><H
1=1

n—1

This is Han's inequality

e Using r_ <r_(s)and r, <r,(s), we have

—ZHXS]XSC)<H <—ZHXS
T+ SeC SeC

Upper bound is Shearer’'s lemma and lower bound is new



Strong (degree) form of main inequality

Theorem 1: [STRONG DEGREE FORM]

For any hypergraph C on [n],

H(Xs| Xgo\~g) H(Xg|X_g)
PR S R HXp) <Y - <S)<
SeC - SeC B
where < s s the set of indices less than every index in s

and > s is the set of indices greater than every index in s

Strong vs. weak form for C;

e The weak form says

1=1 1=1

e The strong form is Shannon’s chain rule!

> H(Xi| Xjpi) < H(Xpy) <) H(X| X))
1=1 1=1



Strong (fractional) form of main inequality

Fractional coverings and packings
« : C — R, is a fractional covering of [n| using C if
Z a(s) > 1 forevery j € [n]
SeC,S3)
Idea: If s > i, think of s as containing a fraction «(s) of i
Similarly, (3 is a fractional packing if

Z B(s) <1 forevery j € [n]

SeC,S3j

Theorem 1’: [STRONG FRACTIONAL FORM]

For any fractional covering o and fractional packing ﬂ

> B(s)H(Xs|Xse\os) < H(Xpy) < ) afs)H(Xs| Xos)
SeC SeC



Proof of the main inequality

ZO& Xs|X<S ZQ(S>ZH<Xj‘X<jﬂ87X<S)'

SeC SeC JES



> als)

SeC

Proof of the main inequality

H(Xs|X.g) =

D> als)

SeC

> Za(s

SeC

ZH<Xj|X<jﬂSaX<S>
jes

) > H(Xj| X))

j€S



Proof of the main inequality

Zoz H(Xs| X s) = Z@(S)ZH(Xj’X<jﬂS>X<S>

SeC SeC JES
> als)) H(Xj|X))
SeC JES

— Z H(X,|X_;) Za $)1jes)

SeC



Proof of the main inequality

Zoz H(Xs| X s) = Z@(S)ZH(Xj’X<jﬂS>X<S>

SeC SeC JES

> als)) H(Xj|X))

SeC JES

— Z H(X,|X_;) Za $)1jes)

SeC
> Z H(X;| X))

Jj€n]

= H (X))

Proof of lower bound is similar.



The degree packing and degree covering

Fractional form =- degree form

For any hypergraph C, the numbers a(s) = r%(s) provide a fractional cov-

ering:
o liies) (ieS}
> ey eyl

ScC,S>i SeC SeC (>

1

1€
1

Similarly the numbers 3(s) = rts) provide a fractional packing

Degree form = fractional form

Consider repetitions of sets
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Other approaches to the main inequality

e Friedgut '04 proved the upper bound of the weak form

— Expressed in terms of hypergraph projections rather than entropies

— Proof more complicated, and cannot be used to get lower bounds

e Can also prove the weak form using folklore results from game theory.
Elements (ignoring subtleties):

— A set function f : 2" — R is increasing if f(s) < f(t) when's C t,
and submodular if f(sUt)+ f(sNt) < f(s)+ f(t) for any s, t

H(Xg)] is increas-

— Fujishige '78: Entropy as a set function [i.e., f(s)
ing and submodular

— Shapley '71: Games defined by submodular, increasing set functions have
a hon-empty core

— Bondareva-Shapley theorem (1960's): A game defined by a set function f
has a non-empty core iff f is fractional subadditive



Additional remarks

Duality

The collection of lower bounds for H(X|,) using all C and (3 is equivalent
to the collection of upper bounds using all C and «. In fact,

Gapy(C,) = (3 als) = 1) Gapy(C, )
SeC
where 3 is a fractional packing of the (complementary) hypergraph C =

{s¢:s € C} defined as 3(s°) = Zsi((?()s) 1




Fractional Form of Entropy Power Inequality

Theorem 2: For independent random variables with densities and finite
variances,

sum ) > Zﬁ (sumsg) [M.M. '08]
SeC

where N(X) = %) and sumg = Y, ¢ X

Connection to Entropic CLT

[ HiStOI’y: Shannon '48, Stam '59, Artstein-Ball-Barthe-Naor '04, M.M.—Barron '07

e Gaussian is MaxEnt: N (0, 0%) has maximum entropy among all densities
on R with variance < o2

e Entropic Convergence: Let X; be drawn i.i.d. from a density. If X =

0 and EX? = 0% and S, fZXZ,thenasn—MXD

D(S,|IN(0,0%) | 0 orequivalently,  h(S,) T h(N(0,0%))
[Barron '86, Artstein et al. '04]



Upper bounds for entropy of sums

Theorem 4: [UPPER BOUND FOR DISCRETE ENTROPY]

If X, are independent discrete random variables, then

H(sumj,) < Z a(s)H (sumg)

SeC

for any fractional covering « using any collection C of subsets of [n]

Theorem 4’: [UPPER BOUND FOR DIFFERENTIAL ENTROPY]

Let X and X, ..., X, be independent R%valued random vectors with den-

sities. Suppose « is a fractional covering for the collection C of subsets of
(n]. Then

WX +sump;) <) a(s)h(X + sums) — (Za >X)

SeC SeC

If h(X) > 0, then Theorem 4' is identical to Theorem 4 except that the random variable

X is an additional summand in every sum
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Determinantal Inequalities

Let K be a positive definite n X n matrix and let C be a hypergraph on
(n]. Let K(s) denote the submatrix corresponding to the rows and columns
indexed by elements of s. Then for any fractional partition o,

(i) <1< s

SeSs Ses

Special cases

e Hadamard's inequality (C; with degree partition):
K| < H K
i€[n)
e Fischer inequality:
K| <| K(s)| - [K(s)]
e Szasz inequality, basic form (C,_; with degree partition):

Kl < T[ IK(s)=

SeCp—1



Independent sets in graphs

Goal

Let G = (V, F) be an arbitrary graph on n vertices. An independent set
is a subset of vertices such that no two of them are connected by an edge
of G. How many independent sets does (G have?

E.g.: Complete bipartite graph K, , has 2™ + 2" — 1 independent sets

A Probabilistic Method

e Consider a randomly drawn independent set, represented by the 0-1 ran-

dom variables X|,,. Then the entropy H(Xp,) = log |Z(G)].

e Apply an entropy inequality to bound H(X,) using certain subset en-
tropies for a clever choice of hypergraph (new element: ordering is key)

e Perform an estimation of the resulting bound



Counting independent sets

Main Result

Let G = (V, E): an arbitrary graph on n vertices
<: the ordering on V' according to decreasing order of degrees

p(v): the number of neighbors of v which precede v

Then )
7(6)| < [ 2 Vit

veV

History

® Kahn (2001) proved the result for d-regular, bipartite graphs, and subse-
quently extended it to all d-regular graphs

e Kahn's conjecture (open): For any graph G = (V, E),

1 1

d(u)d(v) _ H <2d(u) 4 Qd(v) B 1) d(u)d(v)

uwekl

@) < 1] |ZEawae)

uwekl



Construction of hypergraph

Let < denote the ordering on vertices according to the decreasing order of
their degrees. For each i € V, let

Pi)={jeV:{i,j} € Eand j < i}
and define p(i) = |P(i)|

Consider the hypergraph C to be
e the collection of sets P(i) and

e p(i) copies of singleton sets {7}, for each ¢

Each ¢ appears in

e d(i) — p(i) sets of the form P(j), corresponding to each j such that
i <7 and {i,j} € FE, and

e once in each of the p(i) singleton sets {i}
Thus (i) = d(7) (degree of i in C=degree of i in (7)



Proof of bound on number of independent sets

1 p(i)
: .H(sz'|X Pi)‘i‘E:—.H(Xi‘X i)
Z minjepyd(j) -\ PO T L) )

H(X) <




Proof of bound on number of independent sets

1

H<X) < Z min P()d<]>H(XP(z')|X<P ) Zp Z X ‘X<z)
ev IS eV
< z( Xpo) + B G Xr)
eV

using property of ordering, and since conditioning reduces entropy



Proof of bound on number of independent sets

1 p(3)
< ) — Zmlﬂjep()d(]> ( P(z)‘ <P(i ) ZGZV Z | <
pli)

_Z( +d<z> H(Xi| Xp( ))

eV

1 1

=) — q(xp;)) log + p(i) gz pi ) H (X X pioy = 2pa)

eV d@) xP%;Ri( o Q($P(¢)> P(i) P(i) (2) )

where R; = {xp(;) : 7|, represents an independent set }
and q(zp(;)) = Pr{Xp = Tp)}



Proof of bound on number of independent sets

1

HX) <Y — P()de(Xp(i)\X{P ) ZPZ (X)X )
% JE i€V
_z( Xpo) + B (G X))
eV
—; Z ( 1ogq(;(i)>+p<z'>q<xp<z->>H<X@-|Xp<@->=:cp<z->>)

B N |Range( ilTp( )\p
Z Z q(Tp ()

eV



Proof of bound on number of independent sets

H<X>§me]€;> T (XKool Xaao) + E;pj (XX
_z( Xpo) + B (G X))
eV
—Z Z ( 1ogq(a;_)>+p<z'>q<xp<¢>>H<X@-|Xp@->=xp<z->>)
ZEV !
[Range(x;|xp(; )\p
_ZEZV Z CIIUP 10% ( )

p(i) 1
<y a0 [% log—+ Y qlzpy)log ]

i€V zp(;) €EX\{0pi} q<xp(i))

where qgo = (](Op(i))



Proof of bound on number of independent sets

1 p(7)
H(X) < H(X X ) H(X,|X-,)
( >_Zm1n36p()d(]> P()‘ <P(i ZEZV d(i) | ~
pli) )
—H(X;| X
< z( )+ g X))
eV
1
_ i) log + p(0)g(@p) ) H(Xi| Xpi) = zp ))
; Z ( Q($P(¢)> " " "
[Range(x; | p;) ) [P
S z IS
eV
op(i) 1
< Zd [qolog + Z Q<xP(z)) lo Q(CE )]
= SCP(Z')GXz'\{OP } P)
< L] g(Qp()+2p()>



Relative entropy version

If ) is a product measure,

D(P
D(Py, Qx,) < 3 2 Ls10s)

SeC "= (S>

Remarks

e Equivalent to the main entropy inequality (if we put in conditioning)
e Hypothesis testing interpretation

e Gives a generalized tensorization property of the entropy functional



Summary

e A new entropy inequality for joint distributions, unifying and extending
much previous work

e Related: entropy inequalities for sums
e Applications: counting, determinantal inequalities, hypothesis testing etc.

e Open problems abound (e.g.: can we deploy the lower bound for count-
ing? Kahn's conjecture?)

Thank you for your attention!

o — O — O



EXTRAS
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Extensions: Zero-error source-channel codes

For any N-vertex (source confusability) graph GG and
any (channel characteristic) graph F,

one may estimate the number of homomorphisms from G to H:

1

| Hom(G, F)| < [] |1Hom(K )0y, F)|7

p(v),p
veV

where p(v) denotes the number of vertices preceding v in an ordering
induced by decreasing degrees.



0 1

Independent sets

5—colorings

Figure 1: The graphs F relevant for counting independent sets and number of 5-colorings.



