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Question 1
(a) Find the Fourier cosine series for the function f(x) = z? for 0 <z < 1.

Sketch the graph of the function to which the Fourier series converges for the range
-3 <z <3

1 1 1
Find the sum to infinity of the series 1 + 1 + 5 + 6 +... [11 marks]

(b) By using the Fourier Inversion Theorem find the function f(r) whose Fourier
transform is f(&) = e~ where a is a positive constant.

Hence, by taking Fourier tranforms, show that the solution of the equation

Ut = Uy fOor —o0 <z <o00andt>0; wu(x,0)=gx)for —oo<x<o0

1 o0 _(@=9)?
u(z,t) = fm[mg(s)e i ds

18

[9 marks]

Question 2
(a) Show that there exist infinitely many positive eigenvalues \; < Ay < A3 < ...
of the boundary value problem

—y" =Xy;  y(0)=0, y(1)+2y(1)=0.
What is the approximate value of A\, when n is large? [10 marks]

(b) Solve the following PDE
*uy +y*u, =0, u(l,y) =v. [10 marks]

Question 3
(a) Find the solution of the heat equation u; = ku,, for 0 < z < L, t > 0 subject to
the boundary conditions u(0,¢) = 0 and u(L,t) = 0 for ¢ > 0 and an initial condition

- Toforogxgé
u(x’o){Ofor§<x§L

Explain briefly the physical situation represented by the equation above.
[14 marks]

(b) If u(z,t) satisfies the heat equation
U = Uy for 0 <ax <landt >0

the initial condition u(z,0) = 0 for 0 < x < 1 and the boundary conditions u(0,¢) =
0 = u(1,t) for t > 0, show by considering the function E(t) = [} u?(x,t)dz that
u(z,t) = 0.
[6 marks]
continued overleaf
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Question 4
(a) Solve V2u(z,y) = 0 on the rectangle 0 < z < 2,0 < y < 1 subject to the
boundary conditions

u(z,0) =0 and u(x,1) = sin(7z) for 0 <z < 2; u(0,y) =u(2,y) =0for 0 <y < 1.
[10 marks]

(b) The steady state temperature u(r, @) of a plate in the shape of the circle centre
the origin and radius 1 satisfies the equation

Uppr + —Up + *2’&99 =0
T T

where (r,0) denotes plane polar co-ordinates.
If the steady state solution satisfies the boundary condition that u(1,6) = cos?(6),
find wu(r, 6). [10 marks]

Question 5
(a) By taking Laplace transforms solve the initial value problem

() =3x(t) —y(t); y(t) =5z(t) —yt); 2(0)=1; y(0)=2.

[7 marks]

(b) By considering the eigenvalues and eigenvectors of an appropriate matrix, find
the general solution of the system of equations

a'(t) = a(t) = 3y(t);  y'(t) = 4a(t) — 6y(t)
and hence sketch the phase plane for the system. [11 marks]

Write down the solution of the above system satisfying the initial condition
z(0) =2, y(0) = 2. [2 marks]

Question 6
(a) Determine the nature and stability of the equilibrium point (0, 0) for the system

¥ =3 —4dy+a* -yt oy =x-—2y—y>
[5 marks]
(b) Write the equation

¥ =x— a3

as a system of first order equations and find all the equilibrium points and the equa-
tions of the trajectories in the phase plane

Hence sketch the phase plane for the system. [15 marks]

continued overleaf
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Question 7
(a) Find all equilibrium points for the system

¥=z3-vy); vV=y(l—-y+zx)

and determine the nature of each.
Hence sketch the phase plane of the system in the first quadrant.

Sketch the graphs of the functions z(t) and y(¢) which are the solutions of the above
system satisfying the initial condition z(0) = 1 and y(0) = 1.
[14 marks]

(b) By considering a Lyapunov function of the form V(z,y) = az? + by? for an
appropriate choice of a and b, determine whether or not (0,0) is a stable equilibrium
point for the system

=2y — xy?; y = —x — 9> [6 marks]
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