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Discovery procedure

Certain subjects predominate in a given area
of mathematics but not in others, even though
they may be important there.

Example Sheaf theory originated in topology
but has gone on to be useful in algebra. For
example, the work of Dauns and Hofmann.



In ‘our’ context, topological full groups arose
in the study of operator algebras but should be
interesting to group theorists.

How should they be defined independently of
étale groupoids?



Topological full groups were introduced by Ma-
tui. But we shall use the term in the following
sense.

A Boolean space is a compact Hausdorff space
with a basis of clopen sets. A Boolean groupoid
IS an étale topological groupoid whose space of
identities is a Boolean space. A local bisection
of a topological groupoid G is a subset A of
G such that a,b € A and d(a) = d(b) (resp.
r(a) = r(b)) implies that a = b; this is equiv-
alent to requiring that A—1A, AA—1 C G,, the
identities of G. A bisection of G is a subset A
such that A=1A =G, = 4471

A topological full group is the group of compact-
open bisections of a Boolean groupoid. Using
non-commutative Stone duality, these are the
groups of units of Boolean inverse monoids.



I came to the theory of étale groupoids mainly
through the work of Kellendonk.

However, I also studied the Thompson group V
from the vantage point of inverse semigroups.

It is worth noting that Thompson originally
constructed his groups starting from A-calculus.

T he categorical way of handling A-calculi is to
use Cartesian closed categories.



Example

I shall define two categories C7 and C5 and
show how they may be used to construct the
Thompson group V.

We shall begin with the category C>. This has
as objects those sets equipped with a binary
operation A and two unary operations «q and
ao satisfying the following two laws:

BCA1l M\ ai(x),ar(x)) = x.

BCA2 o;\(x1,10) = x;.

Any structure that satisfies these two laws is
called a binary Cantor algebra.



The category (5 consists of all binary Cantor
algebras and homomorphisms between them.

The category C5 is an example of a variety in
the sense of universal algebra.

Varieties always have free objects. Denote the
free object on one generator in the variety by

We have that V = Aut(F(x)).



We now define the category C1.

The objects of this category are the pairs (A, f)
where A is a set and f: A — A? is a bijection.
The homomorphisms are the obvious maps.

It is not obvious, but it can be shown that the
category (7 is Cartesian closed.

This category is known as the Jonsson—Tarski
topos.



It is not obvous but C1 and C5 are isomorphic.

This result was known to Higman in 1974.

As a result of this isomorphism we are dealing
with a variety which is also Cartesian closed

Thus we are dealing with a Cartesian closed
variety.

This variety gives rise to the topological full
group V.

T his turns out to be typical.



Theorem 1 (Garner/adapted) All topological
full groups arise from Cartesian closed vari-
eties.

Theorem 2 (Garner/adapted) If a topological
full group occurs in a minimal ample groupoid
then in fact the Cartesian closed variety is ac-
tually a topos.
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Garner eschews universal algebra and prefers
to work with topos theory.

I have many questions, but here is one: what
is the analogue of the binary Cantor algebra
for the groups that arise from finite directed
graphs?
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